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FOREWORD 


Academician  !•  •  Llf  shits 

S.  I.  Vavilov  Institute  of  Physical  Problems, 
Academy  of  Sciences  of  the  USSR 


The  basic  problems  of  solid-state  physics  are  connected 
with  the  quantum  nature  of  solids.  A  number  of  new  remarkable 
phenomena  and  properties  of  matter  have  been  explained  and  predicted 
by  developing  the  ideas  and  methods  of  the  quantum  theory  of  solid 
state.  Although  the  scope  of  problems  in  this  field  is  extremely  broad, 
the  inner  logic  of  the  development  of  the  theory  makes  it  possible  to 
find  unexpected  links  between  what  would  seem  to  be  rather  distant 
phenomena  and  build  on  this  basis  a  new  approach  to  solving  a  wide 
spectrum  of  problems.  This  refers  to  most  interesting  problems  con¬ 
cerning  new  states  of  matter,  to  the  fluctuation  theory  of  phase  transi¬ 
tions,  and  to  the  problem  of  localization  of  quasiparticles  in  dis¬ 
ordered  systems. 

The  present  compilation  includes  four  articles  on  various  topics, 
each  of  which  contains  an  exposition  of  the  present  state  of  art  in  the 
most  interesting  and  timely  problems  of  solid-state  theory.  The 
authors  are  physicists  who  have  contributed  significantly  to  this 
field  of  science. 

The  paper  by  A.  F.  Andreev  deals  with  a  new  state  of  matter, 
quantum  crystals.  In  a  certain  sense  this  state  stands  between  clas¬ 
sical  crystals  and  quantum  liquids:  the  system  possesses  translation 
symmetry  (an  ordinary  crystal)  and  has  zero  static  shear  moduli 
(a  liquid).  Mass  transport  in  such  systems  is  due  to  special  quasipar¬ 
ticles,  delocalized  imperfections  (vacancies  or  impurities),  and  may 
be  similar  to  a  superfluid  motion  of  an  impuriton  liquid.  The  peculiar 
properties  of  such  systems  (mainly  solid  3He  and  solid  4He  and 
their  solutions)  are  at  present  intensely  studied  both  theoretically 
and  experimentally.  These  properties  are  the  manifestations  of  quan¬ 
tum  laws  of  motion  on  the  atomic-molecular  level  instead  of  the 
electronic  level. 

The  other  three  papers  are  devoted  to  the  study  of  electronic  prop¬ 
erties  of  solids.  The  work  of  D.  I.  Khomskii  deals  with  the  connec¬ 
tion  between  electronic  phase  transitions  and  the  problem  of  mixed 
(nonintegral)  valence  in  rare-earth  compounds.  Electronic  phase 
transitions  in  such  systems  possess  special  properties,  since  the 
problem  of  mixed  valence  is  related  to  other  fundamental  problems 
of  the  electron  theory  of  solids,  namely,  the  localization  of  electrons, 
the  metal-insulator  transition,  or  the  magnetic-nonmagnetic  tran¬ 
sitions. 
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Foreword 


The  paper  of  B.  L.  Altshuler,  A.  G.  Aronov,  D.  E.  Khmelnits- 
kii,  and  A.  I.  Larkin  is  devoted  to  coherent  effects  in  disordered 
conductors.  This  problem  is  one  of  the  most  difficult  and  not  yet 
completely  solved  problems  in  the  theory  of  disordered  systems, 
namely,  the  theory  of  localization  of  electrons  and  the  behavior  of 
transport  characteristics  of  electrons  near  the  mobility  boundary 
(the  boundary  between  localized  and  delocalized  states).  In  a  nar¬ 
rower  approach,  coherent  effects  are  quantum  corrections  due  to  the 
addition  of  amplitudes  of  multiply  scattered  particles  in  comparison 
to  the  classical  theory  of  transport.  These  corrections  grow  with 
XU,  where  X  is  the  electron  wavelength,  and  l  the  mean  free  path. 
For  example,  in  the  electron-electron  interaction  the  transition  to  the 
superconducting  state  constitutes  a  strongly  coherent  effect,  while 
production  of  virtual  Cooper  pairs  constitutes  one  of  the  mechanisms 
of  coherent  corrections  in  normal  metals.  The  article  analyzes  from 
a  unified  position  the  role  that  coherent  effects  play  in  disordered 
metals.  In  addition,  the  same  approach  is  used  to  examine  the  prob¬ 
lem  of  electron  localization  in  such  systems,  for  one,  localization 
in  magnetic  field  and  in  a  percolation  structure. 

The  last  article,  by  P.  B.  Wiegmann,  stands  apart  from  the  first 
three.  It  is  devoted  not  to  development  of  a  new  field  but,  rather, 
contains  for  the  first  time  a  full  and  exact  solution  to  a  problem 
that  was  formulated  and  studied  in  a  great  number  of  works  but 
which  did  not  as  yet  have  any  consistent  solution.  This  is  the  solution 
of  the  so-called  Kondo  problem,  which  studies  the  effect  of  magnetic 
impurities  on  the  transport  and  thermodynamic  characteristics  of 
nonmagnetic  metals.  The  mathematical  beauty  of  the  method  which 
enabled  the  author  to  solve  a  problem  that  did  not  yield  to  the 
efforts  of  many  theoreticians,  and  the  fact  that  the  problem  is  inter¬ 
esting  in  itself  explains  the  reason  for  including  this  article. 

It  goes  without  saying  that  the  selection  of  material  to  illustrate 
the  achievements  in  solid-state  physics  must  inevitably  be  subjec¬ 
tive.  For  one,  the  compilation  does  not  hold  works  on  superconductiv¬ 
ity,  a  problem  to  which  a  separate  book  could  be  devoted.  But  we 
still  believe  that  the  articles  should  be  of  interest  to  readers  who 
wish  to  know  what  is  new  in  solid-state  physics. 

Moscow 

February,  1982 

Academician  /.  M.  Lifshits 
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Defects  and  Surface  Phenomena 
in  Quantum  Crystals 


A.  F .  Andreev,  Corresponding  Member 
of  the  USSR  Academy  of  Sciences 

S.  I.  Vavilov  Institute  of  Physical  Problems, 
Academy  of  Sciences  of  the  USSR 


1.1.  INTRODUCTION 

The  usual  quantum  theory  of  solids  is  based  on  the  as¬ 
sumption  that  the  crystal  lattice  is  a  quasiclassical  object.  On  the 
one  hand,  the  quantum  effects  accounted  for  in  this  theory  play  an 
important  role  in  the  behavior  of  the  phonons  of  the  cyrstal,  namely 
at  temperatures  below  the  Debye  temperature.  On  the  other  hand, 
the  particles  that  comprise  the  crystal  are  considered  localized  near 
definite  equilibrium  positions.  The  latter  property  is  of  a  purely 
classical  nature.  Indeed,  in  this  case  the  identical  particles  compris¬ 
ing  the  crystal  become  distinguishable  because  they  belong  to 
different  lattice  sites.  But  quantum  mechanics  states  that  identical 
particles  must  be  indistinguishable.  Although  due  to  this  fact  the 
quasiclassical  picture  of  the  crystal  is  an  approximation,  its  accura¬ 
cy  is  high  for  the  majority  of  crystals  and  considerably  exceeds  the 
possibilities  of  experimental  techniques.  A  quantitative  criterion  is 
the  smallness  of  the  ratio  of  the  amplitude  of  zero-point  vibrations  in 
the  majority  of  crystals  to  the  lattice  period. 

There  is  a  small  group  of  so-called  quantum  crystals  (solid  helium 
being  the  most  striking  example)  in  which  the  amplitude  of  the 
zero-point  motion  is  exceptionally  large  and,  in  fact,  is  only  several¬ 
fold  smaller  than  the  lattice  period.  The  anomalies  in  the  properties 
of  quantum  crystals  are  the  consequence  of  this  fact  because  even  at 
absolute  zero  the  vibrational  energy  of  the  particles  is  of  the  order 
of  the  total  energy  of  the  crystal  and  the  vibrations  are  markedly 
anharmonic.  For  the  same  reason  the  usual  approach  to  calculating 
such  properties  of  the  quantum  crystal  as  the  ground-state  energy, 
compressibility,  and  phonon  spectrum  is  inapplicable.  To  describe 
these  properties  self-consistent  methods  of  accounting  for  the  zero- 
point  motion  were  developed  (see  the  review  article  by  Guyer  [1]), 
and  the  results  were  in  accord  with  the  experimental  data,  at  least 
qualitatively.  However,  there  is  a  completely  new  effect  associated 
with  a  new  aspect  in  the  motion  of  the  constituent  particles.  Because 
of  the  large  amplitude  of  zero-point  vibrations  in  quantum  crystals 
there  is  a  high  probability  of  the  tunneling  of  the  particles  to  neigh¬ 
boring  sites.  In  this  way  translational  motion  is  imposed  on  the 
vibrational  motion.  As  a  result  there  emerges  a  picture  of  indistin- 
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guishable  (in  the  quantum  mechanical  sense)  particles  delocalized  in 
the  crystal  lattice,  similar  to  that  in  quantum  liquids. 

The  present  paper  is  a  review  of  properties  of  quantum  crystals  in 
which  the  quantum  delocalization  of  the  particles  manifests  itself. 
Recent  years  have  seen  results  achieved  by  both  theoretical  and 
experimental  investigations  that  undoubtedly  indicate  that  here  we 
are  dealing  with  objects  very  different  from  ordinary  crystals. 

1.2  QUANTUM  EFFECTS  IN  CRYSTALS 

We  will  start  by  reviewing  the  quantitative  role  of  quan¬ 
tum  effects  in  crystals  and  establishing  the  type  of  crystal  in  which 
the  deviations  from  the  quasiclassical  theory  are  the  greatest.  As 
mentioned  above,  the  relative  magnitude  of  the  quantum  effects  is 
determined  by  the  dimensionless  parameter  A  ~  a2/a2,  with  u\  the 
mean-square  amplitude  of  zero-point  vibrations,  and  a  the  lattice 
period.  We  can  easily  express  A  in  terms  of  the  characteristics  of  the 
constituent  particles  if  we  estimate  the  amplitude  of  zero-point 
motion  by  the  well-known  formula  u20  ~  S/moo,  where  m  is  the  parti¬ 
cle  mass,  co  ~  (x/m)1/2  the  vibration  frequency,  and  x  the  effective 
stiffness  of  the  “spring”  that  holds  the  particle  in  the  equilibrium 
position.  The  stiffness  x  is  determined  from  the  condition  that  when 
the  particle  is  displaced  from  equilibrium  by  a  distance  of  the  order 
of  the  lattice  period,  the  change  in  the  potential  energy,  xa2,  is  of 
the  order  of  the  characteristic  interaction  energy  V  of  the  particles, 
i.e.  x~  Ula% .  This  yields  A~  (hla)(mU)-y%,  which  is  known  as 
the  quantum  de  Boer  parameter  [2].  This  parameter  is  maximal  for 
weakly  interacting  and  light  particles.  The  greatest  value  of  A  is 
achieved  for  crystals  of  3He  (A  ^  0.5),  4He  (A  ^  0.4),  hydrogen 
(A  0.3),  and  neon  (A  0.1).  For  all  other  crystals  whose  con¬ 
stituent  particles  are  of  one  type,  A  is  very  small.  However,  in  some 
important  cases  the  quantum  effects  are  significant  for  only  a  fraction 
of  the  constituent  particles.  This  is  the  case  for  a  solution  of  hydro¬ 
gen  in  lattices  of  some  heavy  metals  (niobium  or  zirconium).  Because 
of  the  small  mass  of  hydrogen  and  the  weakness  of  its  interaction  with 
the  matrix  atoms,  its  motion  in  the  lattice  is  not  described  by  the 
small  parameter  A,  though  the  matrix  atoms  behave  in  a  classical 
manner. 

How  does  A  depend  on  pressure?  We  know  that  the  interaction  U 
between  neighboring  particles  in  crystals  depends  on  their  separa¬ 
tion.  As  pressure  grows,  the  lattice  period  a  decreases  and  U  increases. 
The  de  Boer  parameter  A  either  increases  or  decreases  depending  on 
the  behavior  of  Ua 2.  Since  as  a  decreases,  the  interaction  energy  of 
electrically  neutral  particles  increases  much  faster  than  1/a2,  the 
parameter  A  decreases  as  the  pressure  grows.  For  this  reason  the 
quantum  effects  manifest  themselves  most  strongly  at  low  pressures. 
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The  applicability  of  the  quasiclassical  picture  of  a  crystal  is 
restricted  by  the  tunneling  of  particles  to  the  neighboring  lattice 
sites.  A  rough  estimate  of  the  probability  of  such  processes  occurring 
can  be  obtained  if  we  note  that  the  probability  is  that  of  finding 
a  particle  at  a  distance  u~  a  from  the  equilibrium  position.  At  low 
temperatures,  where  zero-point  motion  plays  the  main  role,  the 
probabilities  of  various  values  of  u  are  determined  by  the  squared 


(b) 


Fig.  1.1.  Tunneling  permutations  of  (a)  two,  ( b )  three,  and  (c) 
four  particles  in  a  crystal. 


modulus  of  the  wave  function  of  the  oscillator  ground  state  and  obey 
the  Gaussian  law  w  ( u )  oC  exP  ( — u2/2u%).  Therefore,  the  tunneling 
probability  is  proportional  to  an  exponentially  small  quantity 
exp  ( — A'1).  We  can  say  that  there  are  two  kinds  of  quantum  effects 
in  crystals.  Zero-point  vibrations,  their  contribution  to  the  crystal 
energy,  and  the  anharmonicity  of  these  vibrations  are  proportional 
to  some  power  of  the  de  Boer  parameter.  These  effects  do  not  lead 
to  a  delocalization  of  the  particles  and  do  not  destroy  the  quasiclassi¬ 
cal  picture  of  the  crystal.  Delocalization  is  an  exponentially  small 
quantum  effect  and  can  therefore  be  observed  only  in  quantum  crys¬ 
tals,  in  which  A  ~  1. 

Since  the  tunneling  probability  is  exponentially  low,  its  actual 
calculation  poses  a  serious  problem  [3-9],  which  as  yet  has  not  been 
solved.  In  the  simplest  case  we  are  dealing  with  a  tunneling  process 
in  which  two  neighboring  particles  change  places  (Fig.  1.1a).  In 
sufficiently  closely  packed  crystal  lattices,  such  as  the  hep  and  bcc 
lattices  of  solid  helium,  this  process  is  hindered  by  the  lack  of  suffi¬ 
cient  free  space.  Hence  multiparticle  tunneling  processes  are  more 
probable  [3,  7,  9-13],  since  cyclic  permutation  of  three  (Fig.  1.16)  or 
four  (Fig.  1.1c)  particles  requires  less  free  space.  An  increase  in  the 
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number  of  interacting  particles  obviously  decreases  the  probability 
of  the  process.  But  in  fact  there  is  no  increase  in  the  number  of  parti¬ 
cles  here  since  when  two  particles  change  places  (Fig.  1.1a),  the 
other  particles  are  much  disturbed  because  of  the  lack  of  sufficient 
free  space. 

If  the  crystal  consists  of  particles  of  one  type,  say  solid  4He,  the 
aforementioned  tunneling  processes  are  not  observed  directly  because 
they  reduce  to  permutations  of  identical  particles.  Delocalization 
of  the  particles  results  in  new  observable  phenomena  if  the  tunneling 
particles  differ  from  each  other  in  some  respect.  Depending  on  the 
nature  of  this  difference  there  are  two  types  of  phenomena  associated 
with  particle  delocalization  in  quantum  crystals.  In  the  first  case, 
realized  in  pure  3He,  the  constituent  particles  are  of  one  type  but 
possess  nonzero  nuclear  spin  and  may  differ  in  the  projections  of  this 
spin  on  an  axis.  Particle  delocalization  manifests  itself  here  in 
direct  exchange  interaction  between  the  nuclear  spins,  as  a  result  of 
which  crystals  of  solid  3He  possess  nuclear  magnetism  (see  [14-30]). 
In  the  second  case,  which  constitutes  the  topic  of  this  article,  delocal¬ 
ization  is  associated  with  the  behavior  of  impurities  and,  in  general, 
any  point  defects  on  the  surface  and  in  the  bulk  of  the  crystal.  In 
pure  form  this  is  observed  in  crystalline  4He,  while  in  3He  the  situa¬ 
tion  is  more  complex  because  both  types  of  phenomena  prove  to  be 
closely  linked. 

1.3  IMPURITY  QUASIPARTICLES:  IMPURITONS 

1.3.1  Diffusion  in  an  Impuriton  Gas 

A  direct  method  of  observing  delocalization  in  a  crystal 
is  in  the  following.  Let  us  consider  a  crystal  of  solid  4He  containing 
a  single  impurity  atom  of  3He.  Thanks  to  the  tunneling  processes 
discussed  in  the  previous  section,  this  3He  atom  can  move  through 
the  lattice  and  change  place  with  a  4He  atom.  Since  the  crystal  of 
4He  is  absolutely  periodic,  the  states  of  the  impurity  atom  at  absolute 
zero  are  described  by  the  values  of  the  quasimomentum  p.  The  energy 
E  (p)  of  the  system  is  a  periodic  function  of  the  quasimomentum.  The 
situation  is  similar  to  that  for  the  well-known  case  of  electrons  in 
a  metal.  The  impurity  atoms  behave  like  quasiparticles — impuri- 
tons  [31],  or  mass  fluctuation  waves  [32]— that  move  freely  through 
the  crystal  with  a  constant  velocity.  Impuritons  are  characterized 
by  the  width  A  of  their  energy  band  or  the  tunneling  frequency  A  IK. 
Since  here  the  tunneling  processes  are  essentially  the  same  processes 
that  in  pure  3He  determine  the  characteristic  frequency  1/ts  of  spin- 
flip  under  exchange  interaction  (see  the  review  [18]),  we  can  obtain 
a  qualitative  estimate  of  the  band  width  by  assuming  that  A !h  is  of 
the  order  of  the  spin-jump  frequency.  This  yields  A  ~  hi ts~  10“4  K. 
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Of  course,  this  estimate  was  obtained  without  due  regard  for  the 
difference  between  the  3He  matrix  and  the  4He  matrix;  in  particular, 
we  ignored  the  fact  that  at  low  pressure  solid  3He  has  a  bcc  structure 
while  4He  has  an  hep  structure.  The  characteristic  velocity  of  an 
impuriton  is  v~  dE/dp~  axs~  lO"1  cm-sec"1.  It  must  be  noted 
that  the  band  width  A  and  the  impuriton  velocity  v  are  considerably 
smaller  than  all  other  energies  and  velocities  in  the  crystal.  Below 
we  will  see  that  this  fact  explains  a  number  of  peculiarities  in  the 
dynamics  of  impuritons. 

At  low  concentrations  the  3He  impurity  atoms  constitute  a  rarefied 
gas  of  impuritons.  Therefore,  the  above  simple  reasoning  enables  us 
to  draw  an  important  conclusion  about  the  diffusion  of  impurities 
in  quantum  crystals  [31].  Namely,  there  must  exist  a  so-called  quan¬ 
tum  diffusion  similar  to  the  diffusion  of  particles  in  gases.  To  calcu¬ 
late  the  diffusion  coefficient  Z>,  we  can  use  the  formula  of  the  kinetic 
theory  of  gases  D  ~  vl ,  with  l  the  mean  free  path  of  the  impuritons. 
At  low  temperatures  the  phonons  may  be  neglected  and  impuriton- 
impuriton  scattering  plays  the  main  role.  The  mean  free  path  is 
<z3/mr,  where  n  is  the  number  of  impurities  per  unit 
volume,  na 3  the  concentration,  and  a  the  impuriton- impuriton 

scattering  cross  section.  As  a  result  the  diffusion  coefficient 

(1.3.1) 

hxo  v  ' 

is  inversely  proportional  to  concentration  and  does  not  depend  on 
temperature  [33-44]. 

It  is  important  to  note  that  the  scattering  cross  section  in  (1.3.1) 
differs  considerably  from  the  square  of  the  atomic  separation,  or  a2. 
This  discrepancy  can  be  explained  by  the  special  features  of  the 
impuriton  dynamics,  which  in  turn  are  caused  by  the  small  width 
of  their  energy  band.  Indeed,  let  us  consider  the  scattering  of  an 
impuriton  on  another  impuriton.  The  total  energy  of  the  system  is 

^12  =  -E  (Pi)  +  (P2)  +  &  (ri2)>  (1.3.2) 

where  pj  and  p2  are  the  quasimomenta  of  the  impuritons,  E  (p)  is 
the  energy  of  an  isolated  impuriton  as  a  function  of  the  respective 
quasimomentum,  and  U  (r12)  is  the  interaction  energy  of  the  two 
impuritons  (r12  =  rx  —  r2;  rx  and  r2  are  the  position  vectors  of  the 
two  impuritons).  The  sum  E  (px)  +  E  (p2)  changes  as  the  colliding 
impuritons  move  from  infinity  but  cannot  differ  from  its  value  at 
t  =  —  00  by  a  quantity  greater  than  2A,  since  A  is  the  entire  width 
of  the  energy  band.  Since  the  total  energy  is  conserved,  the  interac¬ 
tion  energy  cannot  vary  by  a  quantity  greater  than  2A  either. 
Obviously,  the  colliding  impuritons  cannot  come  closer  than  the 
interaction  radius  R0  determined  by  the  condition  that  |  U  (R0)  \  ~ 
~  A.  Since  A  is  small  compared  to  all  other  energies  and  17  (00)  is 
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zero,  the  interaction  radius  R0  and  the  scattering  cross  section 
a  ~  i?2  are  large  compared  to  a  and  a2,  respectively. 

At  great  distances  the  interaction  of  impurities,  and  in  general  of 
point  defects  in  crystals,  is  a  result  of  elastic  interaction.  An  impurity 
generates  in  the  crystal  a  strain  field  with  which  another  impurity 
interacts.  Elasticity  theory  [45]  gives  the  following  expression  for 
the  interaction  energy: 

£/(r12)  =  F0(n)(-^-)3,  (1.3.3) 

where  F0  is  the  characteristic  interaction  energy,  which  depends  on 
the  relative  alignment  of  the  impurities,  n  —  r12/r12.  Equation  (1.3.3) 
shows  that  F0  is  the  interaction  energy  of  two  impurity  atoms  of  3He 


Fig.  1.2.  The  diffusion  coefficient  of  the  sHe  impurities  in  4 H e 
crystals'with  a  molar  volume  of  21  cm®  as  a  function  of  impurity  concentration. 
(1)  data  cited  in  [331;  (2)  data  cited  in  [35]. 

in  the  4He  lattice  at  a  distance  r12  ~  a.  For  this  reason  it  must  coin¬ 
cide  in  order  of  magnitude  with  the  separation  temperature  of  solid 
sHe-4He  solutions,  i.e.  F0  ~  10'1  K  [46],  which  agrees  with  direct 
calculation  of  the  interaction  energy  for  8He  impurities  employing 
the  formulas  of  elasticity  theory  (see  [18]). 

Equation  (1.3.3)  yields  the  following  expressions  for  the  interaction 
radius  R0  ~  a  (F0/A)F3  and  the  impuriton-impuriton  scattering 
cross  section: 

a~  R*0  a3  <F0/A)2/*. 

The  diffusion  coefficient  is  [39, 42,  43] 

a® A  (  A  \2/3 
nx  {  v„  )  ’ 


D 


(1.3.4) 
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Figure  1.2  gives  the  experimental  data  obtained  by  Richards,  Pope, 
and  Widom  [33]  and  Grigor’ev,  Esel’son,  Mikheev,  and  Shul’man 
[35]  on  the  dependence  of  the  diffusion  coefficients  for  3He  impurities 
in  an  hep  crystal  of  solid  4He  with  a  molar  volume  of  21  cm3  on  the 
concentration  of  impurities.  The  data  were  obtained  by  the  NMR 
method,  so  that,  strictly  speaking,  what  was  measured  was  the  spin 
diffusion  coefficient.  However,  in  our  case  of  low  concentrations  spin 
diffusion  occurs  only  because  of  the  diffusion  of  the  impurity  atoms 
proper,  so  that  the  two  diffusion  coefficients  coincide.  The  experimen¬ 
tal  points  in  Fig.  1.2  fit  fairly  well  onto  the  straight  line  Dx  = 
=  1.2  X  10"11  cm2*sec“1.  If  we  compare  this  result  with  Eq.  (1.3.4), 
we  find  that  the  band  width  A  is  about  10“4  K,  which  agrees  with  the 
estimate  based  on  NMR  data  on  pure  3He.  Besides,  the  experiment 
verifies  that  the  diffusion  coefficient  does  not  depend  on  temperature 
at  T  <C  1.2  K.  Hence,  the  entire  body  of j  experimental  data  agrees 
completely  with  Eq.  (1.3.4),  which  is  based  on  the  assumption  that 
the  impurities  form  an  impuriton  gas.  As  x-*  0,  the  diffusion  coeffi¬ 
cient  grows  without  limit,  which  agrees  well  with  the  fact  that  a 
single  impuriton  moves  like  a  free  particle. 

1.3.2  Diffusion  of  Strongly  Interacting  Impuritons 

The  use  of  the  model  of  an  impuriton  gas  introduced  above 
is  restricted  to  situations  in  which  the  mean  separation  between 
impurities  is  much  larger  than  the  interaction  radius,  i.e.  alx 1/3  > 
;>  i?0,  or  #<C  A/F0~  10“3.  But  experimental  data  has  proved  (see 
Fig.  1.2)  that  the  diffusion  coefficient  is  approximately  inversely 
proportional  to  concentration  in  a  much  wider  range:  10 “4  <  x  < 
<  10~2.  The  reason  for  this  can  be  understood  if  we  consider  higher 
concentrations:  10'3  <C  x  <  10“2.  Within  this  range  the  mean  sepa¬ 
ration  of  impurities  is  smaller  than  i?0,  and  the  impurities  do  not 
constitute  a  rarefied  impuriton  gas  [38,  44,  47]. 

To  examine  the  behavior  of  an  impurity  atom  when  it  strongly 
interacts  with  other  impurities,  let  us  consider  two  impurity  atoms 
separated  by  a  distance  that  is  smaller  than  the  interaction  radius: 
r12  <  *0.  We  seek  range  of  separations  within  which  the  impuri¬ 
ties  can  be  treated  as  impuritons  with  an  interaction  Hamiltonian 
defined  by  (1.3.2).  This  formula  is  valid  if  U  (r12)  is  a  slowly  varying 
function  of  impuriton  coordinates.  Namely,  the  variation  in  the 
interaction  energy  due  to  an  impurity  tunneling  to  a  neighboring 
site  must  be  small  compared  to  the  band  width  A  for  isolated  impu¬ 
riton,  i.e. 

8U  (r12)  s  V  (r  12  +  a)  -  U  (r12)  -  a  -j£L  <  A  (1.3.5) 

0rl2 

If  this  is  not  so,  the  inhomogeneity^in  the  interaction  energy  strongly 
influences  the  tunneling  probability,  as  a  result  of  which  the  quasi- 
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particle  energy  spectrum  E  (p)  changes  considerably.  At  r ^  ~  R0  the 
condition  (1.3.5)  is  satisfied  with  a  large  margin.  Indeed, 

8U  (R0)  ^  V0^  ~  A  -  10~*A. 

The  condition  is  violated  when  rX2  ^  Rl7  where  Rx~  a  (Fq/A)1/4. 
Hence,  there  is  a  range  of  separations,  Rx  <  r12  <  i?0,  in  which  the 
interaction  of  impurities  is  strong  and  yet  we  can  still  consider  them 
as  impuritons  with  the  interaction  Hamiltonian  given  by  (1.3.2). 

Concentrations  for  which  the  above  picture  of  interacting  impuri¬ 
tons  remains  valid  are  determined  by  the  condition  that  the  mean 
separation  between  impurities  is  smaller  than  R0  but  greater  than 
i?l9  i.e. 

<C  x  <  >  or  lO^Ca;  <  10~2. 

These  are  the  very  concentrations  that  must  be  examined  to  explain 
the  experimental  data  presented  in  Pig.  1.2. 

It  is  convenient  to  start  the  qualitative  solution  of  the  problem 
of  strongly  interacting  impuritons  by  studying  the  motion  of  a 
single  impuriton  under  a  force  F  that  is  constant  in  time  and  space. 

The  equation  of  motion,  p  =  F,  yields  the  time  dependence  of  the 
quasimomentum:  p  =  p0  +  F£,  where  p0  is  the  initial  quasimomen¬ 
tum.  If  F  is  directed  along  one  of  the  crystallographic  axes,  the 
energy  E  (p)  and  velocity  v  =  dEld p,  which  are  periodic  in  p  with 
a  period  of  the  order  of  h!a,  vary  in  time  with  a  period  of  the  order 
of  h/aF.  The  time  average  of  the  velocity  is  obviously  zero.  Hence, 
under  a  constant  force  an  impuriton  oscillates  in  space  with  a  frequen¬ 
cy  of  the  order  of  aFlh  and  an  amplitude  of  the  order  of  v/(aF/h)  ~ 
—  A  IF. 

There  is,  however,  an  essential  difference  between  this  particular 
case  and  the  general  case,  when  the  F  may  point  in  any  direction. 
Since  for  an  arbitrary  (irrational)  direction  the  periodicity  in  momen¬ 
tum  space  breaks  down,  all  three  components  of  the  impuriton  veloc¬ 
ity  change  in  a  random  manner.  The  path  of  an  impuriton  then  is 
a  random  curve  like  the  one  in  Fig.  1.3.  Since  the  interaction  energy 
— F  r  cannot  change  by  more  than  A,  the  trajectory  is  confined  to 
a  vertical  layer  with  a  thickness  of  the  order  of  L~A/F.  The 
characteristic  radius  of  curvature  of  the  trajectory  coincides  in 
order  of  magnitude  with  L,  and  the  impuriton  moves  along  this 
trajectory  with  a  velocity  v  ~  aAlh.  Therefore,  it  undergoes  diffusion 
in  a  plane  perpendicular  to  the  force.  The  diffusion  coefficient  is  of 
the  order  of  vL7  i.e. 
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Such  behavior  is  generally  well  known  from  the  electron  theory  of 
metals,  but  in  the  case  of  electrons  the  diffusion  is  practically  unob¬ 
servable  since  L  is  always  considerably  greater  than  the  mean  free 
path  due  to  the  large  width  of  the  energy  band. 


Fig.  1.3.  The  trajectory  of  an  impuriton  under  a  constant  force. 


The  above  reasoning  enables  us  to  clarify  the  nature  of  motion  of 
strongly  interacting  impuritons.  The  force  exerted  by  one  impuriton 
on  another  is 


F 


n  ® 

Vn  — 

V  o  -4  • 


(1.3.7) 


Under  this  force  the  impuritons  diffuse,  and  the  diffusion  coeffici¬ 
ent  defined  via  (1.3.6)  and  (1.3.7)  is 
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(1.3.8) 


To  calculate  the  diffusion  coefficient  for  a  3He-4He  solution  with 
the  impurity  concentration  x  from  10“3  to  10~2  it  suffices  to  substi- 
i  tute  the  mean  distance  between  impurities  alx 1/3  for  r12  in  (1.3.8), 
This  yields  [38,  47] 


3,  (1-3.9) 

j  which  is  in  good  agreement  with  the  experimental  data  because  when 
concentration  is  at  its  lower  limit,  i.e.  x~  A/F0  ~  10~3,  formu¬ 
la  (1.3.9)  gives  the  same  result  as  (1.3.4).  The  precision  of  experiments 
in  the  10-3-10-2  range  of  concentrations  is  not  high  enough  to 
i  distinguish  between  the  x~x-  and  the  ar4/3-law.  Thus,  experimental 
data  in  the  region  of  not-too-low  concentrations  is  naturally  explained 
by  the  special  mechanism  of  impuriton  diffusion  under  the 
interaction  forces. 
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1.3.3  Phonon -Impuriton  Interaction 

Up  till  now  we  have  studied  the  low  temperature  region, 
a  region  where  quantum  diffusion  is  determined  primarily  by  impuri¬ 
ton  interaction.  As  temperature  grows,  the  phonon-impuriton  interac¬ 
tion  starts  to  play  an  important  role.  This,  in  turn,  decreases  the 
mean  free  path  of  the  impuritons.  As  a  result  the  diffusion  coeffici¬ 
ent  must  decrease  as  temperature  grows.  For  the  same  reason,  how¬ 
ever,  at  high  temperatures  the  diffusion  mechanism  that  must  become 
more  important  than  the  quantum  diffusion  of  impuritons  is  common 


Fig.  1.4.  The  temperature  dependence  of  the  impurity  diffusion 
coefficient  for  various  impurity  concentrations:  <  x2  <  £3. 


thermo  activation  diffusion,  which  grows  exponentially  with  tempera¬ 
ture.  There  are  therefore  three  characteristic  temperature  regions 
for  this  process  (Fig.  1.4).  In  region  I  (low  temperatures)  diffusion  is 
restricted  to  impuriton-impuriton  scattering  and  does  not  depend  on 
temperature.  In  region  II  (medium-range  temperatures)  diffusion  is! 
generally  restricted  to  phonon-impuriton  interaction  and  the  diffusion 
coefficient  decreases  as  the  temperature  grows.  Finally,  in  region 
III  (high  temperatures)  the  thermoactivation  mechanism  of  diffu¬ 
sion  plays  the  main  role.  Since  diffusion  depends  on  impurity  concen¬ 
tration  (at  low  concentrations)  obviously  only  in  region  /,  an  increase 
in  concentration  leads  to  region  II  narrowing  and,  finally,  to  its 
extinction.  The  two  dashed  curves  in  Fig.  1.4  represent  the  change  in 
the  temperature  dependence  of  the  diffusion  coefficient  with  concen¬ 
tration  (here  xx  <  x2  <  #3)- 
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Let  us  consider  the  phonon  region  II .  The  time  that  elapses  be¬ 
tween  two  phonon-impuriton  collisions  is v~(APi1cffpi1)'~1,  whereWp^ 
~  (27©a)3  is  the  number  of  phonons  per  unit  volume,  c  the  speed 
of  sound,  and  cTph  the  phonon-impuriton  scattering  cross  section. 
At  temperatures  that  are  low  compared  with  the  Debye  temperature 
0,  long-wave  acoustic  phonons  play  the  main  role.  As  known,  the 
cross  section  of  scattering  of  such  phonons  on  point  defects  is  pro¬ 
portional  to  the  fourth  power  of  the  phonon  wave  vector  q~T/®a. 
Hence,  avh  ~  a2(qa )4  ~  a2(77©)4  and  %  ~  (ale)  (©/T7)7  ~  (K/@)  (0/T)7. 
The  expression  for  the  diffusion  coefficient  D~  u2Ttr,  however,  in¬ 
cludes  not  t  but  the  transport  time  Ttr  between  collisions.  This  is 
obviously  due  to  the  fact  that  at  all  attainable  temperatures  the  band 
width  for  impuritons  is  smaller  than  the  particular  temperature. 
In  these  conditions  the  quasimomenta  of  the  impuritons  are  on  the 
order  of  %/a ,  whereas  phonon  momenta  are  considerably  smaller. 
Then,  according  to  the  theory  of  low-temperature  electrical  conduc¬ 
tivity  in  pure  metals,  the  transport  time  differs  from  %  by  an  ad¬ 
ditional  factor  of  (Q/?7)2.  Thus,  in  the  phonon  region, 
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(1.3.10) 


i.e.  the  diffusion  coefficient  is  proportional  to  the  ninth  power  of 
temperature  [31]. 

When  can  formula  (1.3.10)  be  used?  The  mean  free  path  for  impu¬ 
ritons  is  l~  irr~  a(A/©)  (©/T)7.  At  T<C  Tor  where  T0~  ©  (A/©)7, 
the  mean  free  path  is  large  compared  with  the  atomic  separation,  and 
the  above  derivation  of  formula  (1.3.10)  is  justified.  Kagan  and 
Maksimov  [41]  and  Kagan  and  Klinger  [42]  have  shown  that  formu¬ 
la  (1.3.10)  remains  valid  without  any  change  up  to  temperatures  of 
the  order  of  the  Debye  temperature.  This  is  readily  seen  from  the 
following  line  of  reasoning,  which  also  shows  that  the  concept  of 
impuritons  remains  valid  even  when  the  mean  free  path  of  impuritons 
is  much  smaller  than  the  atomic  separation  [47]. 

To  calculate  the  diffusion  coefficient  we  must  resort  to  the  Boltz¬ 
mann  equation  for  the  impuriton  distribution  function  /  (r,  p,  £): 


*L+y. 

dt'y 


iLa-F.-^-=  I, 

dr  ^  3p  ’ 


(1.3.11) 


where  I  is  the  collision  term  (phonon-impuriton  collisions).  The 
important  thing  is  that  the  impuriton  energy  spectrum  has  the  form 
E  (p)  -  E0  +  e  (p),  with  E0  a  constant  independent  of  quasimo¬ 
mentum,  and  e  (p)  a  function  of  quasimomentum  (this  function  is 
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of  the  order  of  A  in  magnitude  and  therefore  much  smaller  than  T). 
If  T<C  Tq,  the  collision  term  can  obviously  be  written  as 

I=  —  j  d3p'  ^3g  jrf3g'FF(q,  q')  {n  (q)  [1  +  n  (q')l  f  (p) 

—  n  (q')  [1  +  n  (q)l  /  (p')>  6  (p  +  q  — p'  — q')  8  [co  (q)  —  co  (q')], 

(1.3.12) 


where  n  (q)  is  the  phonon  distribution  function,  co  (q)  the  phonon 
energy  spectrum,  and  W  the  phonon-imp uriton  scattering  probabil¬ 
ity.  Formula  (1.3.12)  differs  from  the  usual  collision  term  only  in  one  1 
respect:  in  the  argument  of  the  delta  function  reflecting  energy  con¬ 
servation  we  have  neglected  e  (p)  and  e  (p')  in  comparison  with  phonon 
energies,  since  the  latter  coincide  in  order  of  magnitude  with  the 
temperature  and  hence  are  much  larger  than  A. 

We  can  easily  see  that  the  Boltzmann  equation  (1.3.11)  with  a  col¬ 
lision  term  (1.3.12)  is  valid  ii  hh:<^  T.  The  more  stringent  condition 
£/t<c  A,  which  is  equivalent  to  the  interatomic  distance  being 
small  compared  with  the  mean  free  path,  is  not  required  here.  Indeed, 
if  the  distribution  function  /  and  the  force  F  are  slowly  varying  func¬ 
tions  of  spatial  and  temporal  variables  and  F  is  sufficiently  weak, 
Eq.  (1.3.11)  holds  in  the  general  (quantum)  case,  too,  but  /  in  the 
general  case  cannot  be  expressed  only  in  terms  of  distribution  func¬ 
tions.  But  if  we  neglect  e  (p)  in  the  formula  for  the  impuriton  energy, 
then  condition  Rl t<C  co  ~  T  guarantees  that  (1.3.12)  expresses  the 
collision  term,  since  the  quantum  uncertainty  in  the  energy,  Rl t,  is 
small  compared  with  phonon  energies.  If  this  is  so,  the  term  e  (p)  ~  A 
does  not  appear  in  our  problem  at  all.  The  only  difference  between  the 
case  where  &/r<C  A  (or  a)  and  that  where  R! r^>  A  (or  Z<C  a)  is 
that  in  the  former  the  term  e  (p)  can  be  included  in  the  argument  of 
the  energy-conservation  delta  function  in  (1.3.12),  whereas  in  the 
latter  such  inclusion  would  be  an  overestimate  of  the  accuracy.  In 
both  cases  it  suffices  to  use  (1.3.11)  and  (1.3.12)  to  calculate  the 
diffusion  coefficient,  which  yields  (1.3.10).  The  condition  that  Rl r<C 
<C  T  is  obviously  equivalent  to  T  <C  0.  However,  a  remark  is  in  order. 
The  above  line  of  reasoning  does  not  prove  the  validity  of  (1.3.10)  for 
the  observed  diffusion  coefficient  up  to  the  Debye  temperature.  In 
our  discussion  we  have  assumed  that  the  contribution  of  thermoacti¬ 
vation  diffusion  is  negligible,  but  in  fact  in  3He-4He  solution  this 
mechanism  becomes  the  major  one  at  T  0. 

Figure  1.5  illustrates  the  experimental  data  on  the  temperature 
dependence  of  the  diffusion  coefficient  for  various  concentrations  of 
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8He  impurities  in  hep  crystals  of  solid  4He  with  a  molar  volume  of 
21  cm3  [48,  49].  Curve  1  corresponds  to  a  very  low  concentration, 
x  =  6  X  10“5  [48].  The  temperature  regions  I  and  II  can  be  clearly 
seen  in  this  figure.  In  the  phonon  region  II  the  experimental  points 
are  described  by  a  power  law  T~~n,  where  n  =  9  ±  1  [48],  which  fully 
agrees  with  (1.3.10).  Curve  2  corresponds  to  a  rather  high  concentra¬ 
tion,  x  —  7.5  X  10~3  [48].  Here  the  temperature  regions  I  and  III 
are  clearly  seen,  and  the  intermediate  phonon  region  is  not  present, 


Fig.  1.5.  The  temperature  dependence  of  the  diffusion  coefficient 
for  3He  impurities  in  4He  crystals.  The  impurity  concentrations  (in  %)  are: 
(1)  6  X  i0"3  [48];  (2)  0.75  [48];  (3)  5  X  10~2  [49]. 

as  it  should  be  at  high  concentrations.  Curve  3  corresponds  to  an 
intermediate  concentration,  x  =  5  X  10~4  [49].  All  three  tempera¬ 
ture  regions  are  clearly  seen  here. 

When  comparing  formula  (1.3.10)  quantitatively  with  the  experi¬ 
mental  data  in  region  II,  we  must  bear  in  mind  that  for  the  T~9-law 
the  diffusion  coefficient  strongly  depends  on  the  value  of  the  Debye 
temperature.  More  precise  calculations  done  by  Pushkarov  [39] 
show  that  in  (1.3.10)  we  must  substitute  for  ©  a  quantity  that  is 
approximately  0/8.  Mikheev  et  al.  [48]  compared  (1.3.10)  with  the 
experimental  data  and  found  a  value  for  the  impuriton  band  width  A 
that  agrees  with  the  above-cited  value. 
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We  can  therefore  assume  that  it  has  been  firmly  established  that 
the  8He  impurities  in  crystalline  4He  behave  like  delocalized  impuri- 
tons  freely  moving  through  the  crystal.  The  most  striking  manifesta¬ 
tion  of  this  fact  is  the  observed  rapid  growth  in  the  diffusion  coeffi¬ 
cient  as  the  temperature  decreases  (in  the  phonon  region). 

In  view  of  the  aforesaid  we  must  note  that  if  we  are  speaking  of 
impuriton  diffusion  in  metals,  say  hydrogen  in  niobium  or  zirconi¬ 
um,  a  much  slower  temperature  dependence,  namely  the  r_1-law,  of 
the  diffusion  coefficient  is  observed  instead  of  the  T~9-law  [31];  this 
is  due  to  the  interaction  between  the  impuritons  and  conduction 
electrons.  The  time  between  two  electron-impuriton  collisions  is 
t~  (ne^Fo)-1,  where  ne  ~  Ne  (T/e$)  is  the  number  of  electrons  in 
the  smearing  region  of  the  Fermi  surface,  Ne  the  total  number  of 
electrons  per  unit  volume,  sF  and  vF  the  energy  and  velocity  on 
the  Fermi  surface,  and  o  ~  a2  the,  electron-impuriton'  scattering 
cross  section.  The  diffusion  coefficient  is,  in  order  of  magnitude, 

D~vH~^F'  <1-3-13> 

where  p$  is  the  Fermi  electron  momentum. 

1.3.4  One-  and  Two-Dimensional  Impuritons 

In  Sec.  1.3.2  we  dealt  with  the  peculiarities  of  impuriton 
dynamics  caused  by  the  fact  that  the  impuriton  band  width  is  small 
(A  ~  10-4  K)  compared  with  the  characteristic  interaction  energy 
V0  /n;  10  _1  K  of  two  impurities  separated  by  the  interatomic  distance. 
If  the  distance  r12  between  two  impurities  is  less  than  the  interac- 
tion  radius  i?0  ~  a  (F0/A)V3  but  greater  than  ~  a  (Fo/A)1/4,  the 
impurities  diffuse  together  under  the  interatomic  forces,  and  the  diffu¬ 
sion  coefficient  is  given  by  (1.3.8).  Since  at  r12  <  R0  the  interaction 
energy  is  greater  in  absolute  value  than  2A,  the  impurities  cannot 
become  widely  separated  in  their  motion  due  to  energy  conservation.. 
They,  therefore,  act  as  particles  linked  by  interaction  forces,  and  the 
result  does  not  depend  on  whether  the  forces  are  attractive  or  repul¬ 
sive.  It  is  interesting  to  follow  the  variations  in  the  possible  types  of 
motion  of  two  impurities  as  their  separation  further  decreases.  The 
point  is  that  although  in  dilute  solutions  the  probability  of  two 
closely  situated  impurities  forming  pairs  is  small,  there  are  certain 
phenomena  (for  instance,  spin-lattice  relaxation  in  3He-4He  solu¬ 
tions)  that  are  caused  only  by  pairs  of  closely  situated  impurities  in 
the  lattice.  We  will  see  below  that  these  pairs  of  bound  impurity 
atoms  with  a  small  separation  cause  certain  quasiparticles  to  appear 
in  the  crystal’s  energy  spectrum;  these  quasiparticles  move  in  the 
crystal  with  a  constant  velocity  only  along  certain  crystallographic 
axes  or  in  certain  planes.  They  therefore  constitute  one-  and  two- 
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dimensional  quasiparticles  moving  in  the  bulk  of  a  three-dimensional 
crystal. 

At  r12  <  /?!  the  tunneling  of  an  impurity  atom  to  a  neighboring 
lattice  site  is  accompanied  by  a  variation  8t/  (see  Eq.  (1.3.5))  of  the 
interaction  energy,  a  variation  much  larger  than  the  band  width  A. 
In  these  conditions  the  tunneling  probability  is  proportional  to  A2 
(instead  of  being  proportional  to  A,  as  is  the  case  with  tunneling 
between  states  with  the  same  energy)  and  therefore  can  generally  be 
ignored.  The  same  can  be  said  about  the  probability  of  both  impurity 
atoms  tunneling  and  the  energy  remaining  constant.  The  atoms,, 
hence,  cannot  move  at  all.  There  are,  however,  important  exceptions 
to  this  result.  Suppose  that  the  vector  r12  connecting  two  impurities  is 
almost  parallel  to  a  high-order  crystallographic  axis.  In  an  hep  crys¬ 
tal  of  solid  4He  this  may  be  a  hexagonal  axis,  for  one.  The  function 
V0  (n),  which  according  to  (1.3.3)  determines  the  interaction  energy 
of  impurities,  attains  an  extremum  for  an  n  parallel  to  the  hexagonal 
axis.  The  tunneling  of  one  of  the  impurity  atoms  by  a  distance  p  in 
the  direction  perpendicular  to  n  leads  to  a  variation  of  the  interac¬ 
tion  energy,  which  in  order  of  magnitude  is 

If  r12  >  I?2,  where  i?2~  a  (F0/A)x/5,  then  at  p  ~  a  the  value  of 
8i7(p)  is  less  than  the  band  width  A.  In  these  conditions  it  is  practic¬ 
ally  impossible  for  the  impurities  to  move  along  n,  but  as  for  motion 
in  directions  perpendicular  to  n  there  emerges  a  situation  that  is 
similar  to  the  one  we  discussed  in  Sec.  1.3.2.  The  impurity  atoms  move 
along  paths  that  form  random  curves  lying  in  planes  perpendicular 
to  the  hexagonal  axis.  The  radius  of  curvature  of  these  paths,  p0?  is 
determined  from  the  condition  that  at  p  ~  p0  the  variation  of  the 
interaction  energy  is  on  the  order  of  the  band  width,  i.e.  p0  ~ 
~  a  (A/F0)x/2  (r12/a)5/2.  The  impurity  atoms  separated  by  a  distance 
of  r12  so  that  R1  >>  r12  >  f?2  and  lying  approximately  on  n  undergo, 
therefore,  a  peculiar  two-dimensional  diffusion  motion  in  the  hexagon¬ 
al  plane  of  the  crystal.  The  diffusion  coefficient  is,  in  order  of 
magnitude, 
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We  note  that  for  this  motion  to  materialize  it  is  not  sufficient  for 
F0  (n)  to  have  a  local  extremum  in  the  direction  of  n.  The  crystal 
must  be  periodic  in  a  plane  perpendicular  to  n,  which  is  the  case  only 
for  selected  crystallographic  axes. 

Finally,  let  us  assume  that  r12  <C  i?2.  In  this  case  the  tunneling  of 
an  impurity  atom  to  a  neighboring  lattice  site  changes  the  interac¬ 
tion  energy  by  a  quantity  greater  than  A  even  when  the  direction  i & 
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perpendicular  to  a  hexagonal  axis.  Here,  however,  there  are  also 
important  exceptions.  Suppose  that  an  impurity  atom  lies  at  a  cer¬ 
tain  point  A  (Fig.  1.6)  of  the  hexagonal  plane  Px.  An  hep  crystal  of 
.solid  4He  consists  of  a  family  of  parallel  hexagonal  planes  ( Px,  P2, 
P3,  etc.).  Suppose  also  that  another  impurity  atom  lies  at  another 
point  B  in,  generally  speaking,  another  hexagonal  plane  (plane  P3 
in  Fig.  1.6),  but  in  such  a  way  that  its  projection  G  onto  plane  Px  is 
the  closest  neighbor  of  point  A.  (In  Fig.  1.6  plane  Px  with  points  A 
and  C  is  shown  separately.)  The  tunneling  of  the  second  atom  in  its 
iexagonal  plane  from  point  B  to  point  Bx  or  B2,  whose  projections  on 


Fig.  1.6.  A  two-dimensional  quasi  particle  formed  by  two  im¬ 
purity  atoms. 

Px  are  Cx  or  C2,  respectively,  does  not  change  the  interaction  energy 
because  of  the  symmetry  of  the  crystal  lattice.  Due  to  this  symmetry 
the  pairs  AB,  ABly  and  AB2  are  crystallographically  equivalent. 
The  same  reasoning  holds  for  the  tunneling  of  the  first  impurity 
atom  in  plane  Px  from  point  A  to  point  Cx  or  C2.  We  can  easily  see 
that  thanks  to  the  tunneling  transitions  of  the  discussed  type  the 
system  of  two  impurity  atoms  can  move  as  a  whole  over  the  entire 
hexagonal  plane  but  cannot  move  perpendicularly  to  this  plane. 
Since  these  transitions  occur  with  the  impurity  energies  exactly 
constant,  the  motion  is  completely  coherent.  A  pair  of  impurities 
behaves  as  a  special  type  of  two-dimensional  quasiparticle,  moving 
only  in  a  hexagonal  plane  of  the  crystal  as  a  free  particle  [47]. 
Since  for  a  fixed  coordinate  of  one  impurity  atom  there  are  six  differ¬ 
ent  positions  of  the  second  atom  in  the  pair,  the  energy  spectrum  of 
these  two-dimensional  quasiparticles  contains  six  branches. 

Figure  1.7  depicts  a  configuration  of  two  impurity  atoms  that  can 
move  only  in  one  direction  [50].  Point  A  shows  the  position  of  the 
first  atom  while  point  C  is  the  projection  of  the  second  atom  on  the 
same  hexagonal  plane.  Here  the  first  atom  may  tunnel  from  A  to  Ax 
without  changing  its  energy,  the  second  atom  may  tunnel  in  its 
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hexagonal  plane  from  the  point  whose  projection  is  C  to  the  point 
with  projection  C1?  and  the  process  may  be  repeated.  The  pair  of 
impurity  atoms  behaves  here  as  a  one-dimensional  quasiparticle 
that  freely  moves  in  the  crystal  only  along  one  direction  parallel  to 
the  straight  line  AAX.  The  energy  spectrum  of  these  quasiparticles 
contains  two  branches. 

Figure  1.8  shows  an  example  of  a  complex  of  three  impurity  atoms 
that  form  a  one-dimensional  quasiparticle  [50].  By  moving  one  impur- 


Fig.  1.7.  A  one-dimensional  quasiparticle  formed  by  two  im¬ 
purity  atoms. 

Fig.  1.8.  A  one-dimensional  quasiparticle  formed  by  three  im¬ 
purity  atoms. 


ity  atom  each  time  to  a  neighboring  lattice  site  the  initial  configu 
ration  ABC  can  be  transferred  step-by-step  (through  crystallographic- 
ally  equivalent  configurations  ABjC,  AB^,  AB2Cx)  to  another 
configuration  AxB2Cx,  which  differs  from  the  initial  configuration  by 
a  translation  along  the  straight  line  AAV 

We  note  that  in  all  the  cases  considered  above  the  motion  of  the 
two-  or  one-dimensional  quasiparticle  is  achieved  by  successive  co¬ 
herent  tunneling  transitions  of  an  impurity  to  the  nearest  lattice  site. 
Consequently,  the  tunneling  frequencies  and  energy  band  widths 
(and,  hence,  velocities)  of  all  quasiparticles  coincide,  in  order  of  mag¬ 
nitude,  with  the  corresponding  quantities  for  a  single  impuriton. 

That  impurity  atoms  that  are  the  nearest  neighbors  in  the  crystal 
lattice  can  move  coherently  has  been  noted  by  Richards  et  al.  [51]  in 
connection  with  their  study  of  the  dependence  of  the  spin-lattice 
relaxation  time  T1  on  the  NMR  frequency  for  3He  impurity  atoms  in 
hep  crystals  of  4He.  The  results  of  this  study  are  presented  in  Fig.  1.9. 
Spin-lattice  relaxation  depends  to  a  great  extent  on  neighboring 


28 


A,  F .  Andreev 


spins  being  able  to  move,  since  relaxation  is  the  result  of  spin-flip  pro¬ 
duced  by  fluctuations  of  the  pair  dipole-dipole  interaction,  which  is 
due  to  the  relative  motion  of  the  spins.  Since  the  intensity  of  dipole- 
dipole  interaction  falls  off  rapidly  as  separation  increases,  the  pairs 
of  spins  in  the  lattice  sites  closest  to  each  other  play  the  main  role  in 
the  relaxation  process.  The  most  interesting  feature  in  Fig.  1,9  is 


/'(MHz) 

Fig.  1.9.  The  frequency  dependence  of  sp  n-lattice  relaxation  time 
for  8He  impurities  in  4He  crystals  with  a  molar  volume  of  21  cm8  at  T  =  0.53  K. 
The  impurity  concentrations  (in  %)  are:  (1)  0.1;  (2)  5  X  10~2;  (3)  2.5  X  10“2~ 

the  resonance  behavior  of  the  Tx  versus  /  curves  near  1.5  and  | 
3.0  MHz.  This  behavior  clearly  points  to  the  presence  of  motion  of  I 
pairs  of  closely  spaced  impurities  with  frequencies  of  the  order  of  i 
1  MHz,  which  coincides  with  the  order  of  the  tunneling  frequency  j 
A  IK  for  isolated  impurities.  Mullin,  Guyer,  and  Goldberg  [52]  and 
Sacco  and  Widom  [53]  calculated  the  contribution  of  the  pairs  of  3He  1 
impurities  that  are  nearest  neighbors  in  the  4He  lattice  to  the  rate  1 
7"1  of  spin-lattice  relaxation.  They  assumed  that  the  main  tun¬ 
neling  mechanism  was  the  simplest  two-particle  process  correspond-  , 
ing  to  that  depicted  in  Fig.  1.1a.  (For  impurities  that  are  the  nearest  ; 
neighbors  the  result  depends,  generally  speaking,  on  the  nature  of 
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the  tunneling  process.)  In  an  hep  structure  there  are  two  types  of 
pairs  of  closest  impurities,  and  both  behave  like  two-dimensional 
quasiparticles.  The  first  type  corresponds  to  that  depicted  in  Fig.  1.6, 
in  which  both  impurity  atoms  lie  in  the  same  hexagonal  plane  (points 
B  and  C  coincide).  The  second  type  is  depicted  in  Fig.  1.10.  Here  the 
imparity  atoms  lie  in  neighboring  hexagonal  planes.  In  Fig.  1.10  the 
dots  correspond  to  lattice  sites  in  one  of  the  planes  and  the  crosses 
-correspond  to  the  projections  of  lattice  sites  from  the  neighboring 
plane;  point  A  denotes  the  position  of  the  first  atom,  while  point  C 
the  projection  of  the  second.  The  first  atom  may  tunnel  without 


•  •  •  • 


Fig.  1.10.  A  two-dimensional  quasiparticle  formed  by  three  impu¬ 
rity  atoms  that  are  the  closest  neighbors. 

changing  its  energy  to  A1  and  A2  while  the  second  to  sites  with  pro¬ 
jections  Gx  and  C2.  The  results  of  these  calculations  confirm  the  quali¬ 
tative  picture  (Fig.  1.9)  but  cannot  serve  as  a  basis  for  definite  con¬ 
clusions  concerning  the  two-dimensional  motion  of  the  impurities. 
At  present  there  is  no  experimental  verification  of  two-  and  one¬ 
dimensional  motions  of  impurities. 

In  this  connection  it  is  interesting  to  examine  the  fine  structure 
of  the  wings  of  the  NMR  line  due  to  impurity  pairs  [54].  It  is  well 
known  (see,  for  instance,  [19])  that  by  virtue  of  dipole-dipole  interac¬ 
tion  a  two-spin  system  has  resonance  frequencies  co  that  are  some¬ 
what  shifted  in  relation  to  yH  (y  is  the  gyromagnetic  ratio,  H  the 
external  magnetic  field,  and  yH  the  resonance  frequency  for  a  single 
spin): 

<o  =  yH  ±  (1  — 3cos20);  (1.3.16) 

here  0  is  the  angle  between  the  magnetic  field  vector  and  the  axis 
connecting  the  nuclei.  This  formula  shows  that  the  greatest  shift 
is  achieved  for  pairs  of  spins  with  r12~  a.  There  are  generally  three 
types  of  such  pairs:  fixed  pairs,  in  which  tunneling  with  energy  con¬ 
servation  for  one  of  the  impurities  is  impossible  and  to  which  formula 
(1.3.16)  can  be  applied  directly,  and  pairs  that  are  two-  and  one- 
fiimensional  quasiparticles.  In  the  last  two  cases  the  state  of  the 
system  is  defined  by  fixing  the  (two-  or  one-dimensional)  quasimomen- 
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turn  p  and  the  number  v  of  the  energy  band.  The  state  is  a  linear 
combination  of  all  possible  localized  states  of  the  pair  defined  by  the 
radius  vector  R  of  one  of  the  atoms  and  by  the  label  $  —  1,2,... 
that  determines  the  various  orientations  of  the  axis  connecting  the 
two  nuclei.  The  coefficients  in  this  combination  are  of  the  form 
A\  (p)  exp  ($p*R)  and  play  the  role  of  the  wave  function  of  state 
(v,  p)  in  the  ($,  R)-representation.  The  resonance  frequencies  can  be 
obtained  from  (1.3.16)  by  averaging  over  state  (v,  p).  In  general, 
these  frequencies  depend  on  v  and  p  and  are  expressed  by  the 
following  formula: 

<AV  (p)  =  yH  ±  4  -5^  (1 — 3  (COS*  0)),  (1.3.17) 

*  r12 

where 

(cos2  0)  -  S  I  (p)  I2  cos2  0J,  (1.3.18) 

i 

here  0*  is  the  angle  between  the  magnetic  field  vector  and  the  axis 
connecting  the  nuclei  in  the  localized  state  with  orientation  i\  The 
coefficients  Al  (p)  satisfy  the  normalization  condition 

2MI(P)P=1.  (1.3.19) 

i 


The  greatest  shift  in  frequency  is  achieved  for  pairs  of  impurities 
closest  to  each  other  in  the  lattice.  In  the  hep  crystal  of  solid  4He 
these  pairs  act  as  two-dimensional  quasiparticles  and  may  be  of  two 
types,  as  we  already  know,  corresponding  to  Figs.  1.6  and  1.10.  In 
both  cases  the  label  i  takes  on  three  values,  since  the  pairs  of  both 
types  have  three  different  orientations  (configurations  AC,  AC1?  and 
AC2  in  Figs.  1.6  and  1.10).  Let  us  suppose  that  the  magnetic  field  is 
directed  along  a  hexagonal  axis.  Then  cos  0*  =  0  for  all  Vs  for  pairs 
of  the  first  type  and  cos  0*  =  V 2/3  for  pairs  of  the  second  one.  The 
expression  in  parentheses  in  (1.3.17)  is  the  same  in  absolute  value 
but  differs  in  sign  for  the  two  types.  For  this  reason  the  frequency 
spectrum  is  discrete  and  consists  only  of  two  lines  of  the  same  inten- 
sity: 


co1>2  =  yff  Hr 


3  hy* 
^f2  ’ 


We  would  have  arrived  at  the  same  result  for  a  specific  direction 
of  the  magnetic  field  in  the  case  of  a  rigid  lattice,  but  in  our  case  the 
quasiparticles  can  easily  move  in  the  hexagonal  plane  and,  hence, 
respond  to  the  magnetic  field  gradient,  namely  to  the  gradient 
component  parallel  to  the  hexagonal  plane.  An  important  aspect  of 
this  is  that  the  frequency  shift  is  much  larger  than  the  line  width. 
The  size  of  the  shift  is  about  hy*ld?  ~  104  sec"1,  while  the  time  T% 
observed  by  Richards,  Pope,  and  Widom  [33]  and  Greenberg,  Thom- 
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lison,  and  Richardson  [55]  for  dilute  3He-4He  solutions  are  as  long 
as  lO'M  sec. 

If  the  magnetic  field  is  at  an  angle  to  a  hexagonal  axis,  the  reso¬ 
nance  frequencies  become  dependent  on  the  quasimomentum  and  the 
spectrum  becomes  continuous.  Its  shape,  however,  can  be  found  exact¬ 
ly,  since  to  calculate  the  A\  (p)  we  can  resort  to  a  method  that  is 
known  in  the  theory  of  metals  as  the  strong-binding  approximation. 
As  a  result,  for  the  A 1  in  the  case  of  two-dimensional  quasiparticles 
we  arrive  at  a  simple  set  of  linear  algebraic  equations  (see  [47]). 

In  the  case  of  one-dimensional  quasiparticles  the  frequency  spect¬ 
rum  is  discrete  for  any  direction  of  the  magnetic  field  because  there 
are  only  two  orientations  and  the  respective  coefficients  A\  differ  on¬ 
ly  in  a  phase  factor,  i.e.  J  Ay  (p)  |=  |  A\  (p)  |.  Each  one-dimension¬ 
al  quasiparticle  produces  two  lines: 

®1,2  =  T H  ±  -^jr-  [  1  —  (cos  et  +  cos  02)] . 

The  discrete  line  structure  can  be  observed,  obviously,  only  in  single 
crystals. 

Let  us  now  dwell  on  the  problem  of  calculating  the  lifetime  of 
the  discussed  two-  and  one-dimensional  quasiparticles.  The  finiteness 
of  the  lifetime  is  due  to  the  tunneling  processes  that  we  have  not 
taken  into  account  earlier,  processes  in  which  the  variation  of  the 
interaction  energy  is  much  larger  than  the  band  width  A.  The  sim¬ 
plest  process  is  thermoactivation  diffusion,  but  its  probability  expo¬ 
nentially  decreases  with  temperature.  For  this  reason  at  low  tempera¬ 
ture  quantum  tunneling  must  be  predominant;  this  is  accompanied 
by  changes  in  the  phonon  energy  so  as  to  compensate  for  changes  in 
the  interaction  energy.  Two  types  of  such  tunneling  are  known.  In 
the  first  the  tunneling  of  the  impurity  is  accompanied  by  phonon 
scattering.  The  probability  per  unit  time  of  this  process  occurring* 
can  easily  be  estimated  by  using  the  results  of  Kagan  and  Maksi¬ 
mov  [41]  and  Kagan  and  Klinger  [42] : 
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In  the  second  type  the  tunneling  of  the  impurity  is  accompanied 
by  spontaneous  phonon  emission  [43].  The  phonon  energy  is  equal 
to  the  change  in  the  interaction  energy: 


Kco  ~  dU  ~  V0  (  —  )\ 

As  usual,  the  probability  of  spontaneous  emission  per  unit  time,. 
w2,  is  proportional  to  the  third  power  of  the  emitted  phonon  frequen¬ 
cy  and  the  second  power  of  the  overlap  integral  for  the  wave  functions 
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of  the  tunneling  particle,  i.e.  the  square  of  the  band  width  A: 


/  nxo  ' 

Is  ^  A* 

‘(a  \l* 

1  ; 

1  ne  1 

[  A  ) 

Contrary  to  processes  of  the  first  type,  which  can  proceed  with 
both  an  increase  and  a  decrease  in  the  interaction  energy,  tunneling 
with  spontaneous  emission  is  possible  only  if  the  impurities  in  the 
finite  state  have  a  lower  energy.  Therefore,  this  type  of  process  is 
forbidden  for  configurations  of  impurity  pairs  corresponding  to  mini- 
mal  energy. 

In  the  most  interesting  case  of  quasiparticles  with  r12  ~  a  the  se¬ 
cond  type  of  process  becomes  predominant  at  T  <  V0  (@/F0)4/7  (this 
case  does  not  include  the  closest-neighbor  impurities  since  such 
pairs  correspond,  probably,  to  a  minimum  in  the  interaction  energy). 
In  this  low-temperature  region  the  lifetime  of  the  majority  of  quasi¬ 
particles  does  not  depend  on  temperature. 


1.4  VACANCIES 

1.4.1  Vacancies  in  4He  Crystals 

As  the  temperature  grows1  the  processes  responsible  for 
the  delocalization  of  atoms  in  a  crystal  become  more  and  more  of 
a  thermoactive  nature.  We  were  able  to  see  this  in  the  diffusion  of  3He 
impurity  atoms  in  solid  4He  crystals  (region  III  in  Figs.  1.4  and  1.5). 
'Theoretically,  a  possible  mechanism  in  this  case  could  be  the  com¬ 
mon  classical  above-the-barrier  processes  of  atomic  transitions  to 
neighboring  lattice  sites,  processes  in  which  two  neighboring  atoms 
change  places  or  there  occurs  a  cycle  permutation  of  three  or  four 
particles  (Fig.  1.1).  These  processes  differ  from  the  tunneling  discus¬ 
sed  above  in  that  they  proceed  only  if  the  atoms  receive  energy  as 
a  result  of  thermal  fluctuation  sufficient  to  overcome  the  potential 
barrier  (in  the  classical  sense).  Just  as  tunneling  processes  are,  above- 
the-barrier  transitions  in  close-packed  lattices  are  considerably  inhi¬ 
bited  by  the  lack  of  sufficient  free  space.  The  potential  barriers  that 
must  be  overcome  are  very  high,  much  higher  than  the  energy  e0 
needed  for  creating  a  vacancy  in  the  crystal.  For  this  reason  the 
very  presence  of  thermo  activated  vacancies,  with  a  concentration 
proportional  to  exp  ( — c0/T),  and  of  the  tunneling  of  atoms  to  vacant 
lattice  sites  stipulates  the  basic  mechanism  of  thermo  activation 
translational  motion  of  the  atoms  in  crystalline  helium.  The  tunne¬ 
ling  of  the  atom  to  a  neighboring  vacant  site  is  usually  spoken  of  as 
the  tunneling  of  the  vacancy  to  the  neighboring  site.  The  delocaliza¬ 
tion  of  particles  at  high  temperatures  is  the  result  of  the  tunneling 
of  thermo  activated  vacancies  in  the  crystal. 
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The  motion  of  the  atoms  in  the  crystal  induced  by  vacancies  is  of 
special  interest.  The  point  is  that  in  crystalline  4He  the  vacancies 
become  delocalized  quasiparticles  due  to  the  periodicity  of  the  crys¬ 
tals.  The  energy  band  width  of  these  quasiparticles,  Av,  determined 
by  the  vacancy  tunneling  probability,  is  much  larger  than  the  impu- 
riton  energy  band  width,  since  in  this  case  we  are  dealing  with  the 
tunneling  of  one  particle  only  and  in  conditions  where  the  process  is 
in  no  way  inhibited  by  the  lack  of  free  space.  Hetherington  [56], 
who  was  the  first  to  study  this  problem,  and  other  researchers  (see 
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Fig.  1.11.  The  interaction  of  a  vacancy  with  an  impurity  atom. 


[18,  39,  57-59])  calculated  Av  and  found  it  to  be  1-10  K.  Although 
at  present  there  is  no  direct  experimental  proof  that  vacancy  quasi¬ 
particles  exist,  due  to  considerable  difficulties  in  observing  vacancies, 
there  can  be  no  doubt  that  they  do  exist  since  vacancies  are  much 
more  mobile  than  impuritons. 

Let  us  study  quantitatively  the  process  of  thermoactivation  diffu¬ 
sion  of  impuritons  (region  III  in  Fig.  1.4)  as  diffusion  induced  by 
vacancies.  The  impurity  moves  as  a  result  of  the  following  process 
(Fig.  1.11).  While  moving  in  the  crystal,  the  vacancy  may  appear  at 
a  site  that  is  closest  to  the  impurity  atom  (see  Fig.  1.11a).  It  may 
then  tunnel  to  a  site  that  is  occupied  by  a  matrix  atom  (Fig.  1.116)  or 
an  impurity  (Fig.  1.11c);  after  this  the  vacancy  moves  far  away  from 
the  impurity.  In  the  case  of  Fig.  1.11c  the  process  is  accompanied 
by  a  shift  of  the  impurity.  Since  the  vacancy  hand  width  Av  is 
considerably  larger  than  the  impuriton  band  width,  we  can  neglect 
the  tunneling  of  the  impurity  proper  and  think  of  the  process  depict¬ 
ed  in  Fig.  1.11  as  quantum  mechanical  scattering  of  a  delocalized 
vacancy  quasiparticle  on  a  localized  impurity  [43].  The  process  depict¬ 
ed  in  Fig.  1.116  corresponds  to  elastic  scattering,  since  the  state  of 
[the  target  before  and  after  the  collision  is  the  same,  while  that  depict¬ 
ed  in  Fig.  1.11c  corresponds  to  inelastic  scattering  accompanied  by 
a  shift  of  the  impurity.  The  impurity  diffusion  induced]  by  the  vacan¬ 
cies  is  determined  by  the  inelastic  scattering  probability,  and  the 
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diffusion  coefficient  D  ~  a2v,  where  v  is  the  rate  at  which  the  acts  of 
inelastic  scattering  occur:  v  ~  Nyvain  (here  crin  is  the  vacancy- 
impurity  inelastic  scattering  cross  section,  Wythe  mimberof  vacancies 
per  unit  volume,  and  v  their  velocity).  When  T  ^  Av,  we  have 


Nv  ~  a~3e~8*IT ,  v 


where  e0  is  the  energy  of  vacancy  formation.  This  yields 
D~±!^e-*>lT.  (1.4.1) 

If  thermoactivation  diffusion  of  impurities  is  the  result  of  their 
interaction  with  vacancies,  then  from  (1.4.1)  it  follows  that  the 
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Fig.  1.12.  The  temperature  dependence  of  impurity  diffusion 
coefficients  in  4He  crystals  with  a  molar  volume  of  20.7  cm3.  The  impurity  con¬ 
centrations  are:  (1)  positive  ions  [64];  (2)  0.75%  (3He);  (3)  2.17%  (3He)  [37]. 

activation  energy  does  not  depend  on  the  type  of  impurity  in  one 
and  the  same  crystal.  This  result  can  be  directly  checked  experimen¬ 
tally  since  aside  from  isotopic  impurities  we  can  in  a  specified  fash¬ 
ion  also  introduce  and  then  study  ions  in  the  4He  crystal.  The  diffu¬ 
sion  coefficient  for  ions  can  easily  be  calculated  by  measuring  the  ion 
mobility  in  an  external  electric  field.  The  first  to  conduct  such 
experiments  was  ShaTnikov  [60],  and  soon  other  researchers  followed 
(see  [61-64]).  Figure  1.12  depicts  the  experimental  data  obtained 
byKeshishev  [64]  on  the  temperature  dependence  of  the  diffusion 
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coefficient  for  positive  ions  in  solid  4He  with  a  molar  volume  of 
20.7  cm3.  The  same  figure  shows  the  data  obtained  by  Grigor’ev, 
Esel’son,  and  Mikheev  [37]  on  the  diffusion  of  isotopic  impurities. 
In  the  temperature  region  ///,  where  diffusion  is  thermoactivational, 
not  only  the  activation  energies  but  the  absolute  values  of  the  diffm 
sion  coefficients  coincide.  Experimental  data  is  described  by  the  equa¬ 
tion  D  =  6.6  X  10“7  exp  (—9.5 IT),  which  in  Fig.  1.12  is  represent¬ 
ed  by  a  solid  line.  By  comparing  this  formula  with  (1.4.1),  we  find 
the  vacancy  formation  energy  to  be  e0  =  9.5  K  and  if  we  put  Av  ~ 
^  IK,  the  inelastic  scattering  cross  section  ain  is  about  5  X  10"3a2. 
The  fact  that  ain  is  so  small  can  be  explained  in  the  following  way 
(at  least  qualitatively).  The  situation  is  similar  to  impuriton-impuri- 
ton  scattering  considered  in  Sec.  1.3.1.  The  vacancy-impurity  inter¬ 
action  has  the  same  form:  U  (r)  ~  V  (a/r)3,  with  V  a  characteristic 
interaction  energy.  If  V  is  greater  than  Av,  the  vacancy  cannot  pene¬ 
trate  the  region  r  <C  a  (F/Ay)1/3;  more  precisely,  the  probability  of 
the  vacancy  penetrating  the  region  is  very  low.  In  Sec.  1.3.1  we  saw 
that  this  leads  to  a  large  total  scattering  cross  section.  But  the  in¬ 
elastic  process  is  possible  only  if  the  vacancy  and  impurity  are  the 
closest  neighbors  in  the  lattice.  Whence,  at  V  >  Av  the  inelastic 
scattering  cross  section  is  much  smaller  than  a 2  while  the  total  cross 
section  is  much  larger  than  a2.  It  is  essential,  however,  that  the  val¬ 
ues  of  the  inelastic  cross  section  in  these  conditions  depend  largely  on 
the  detailed  structure  of  the  interaction  of  the  vacancy  with  3He 
impurities  and  with  ions,  so  that  this  coincidence  is  quite  strange. 
Only  refined  experimental  studies  of  the  diffusion  of  3He  impurities 
and  the  ion  mobility  can  clarify  this  problem. 

The  approach  to  the  problem  of  vacancy  diffusion  (or  mobility) 
of  ions  just  outlined,  based  on  the  idea  of  inelastic  scattering,  en¬ 
ables  the  researcher  to  find  (at  low  temperatures)  the  dependence  of 
mobility  on  temperature  and  electric  field  strength  without  assuming 
any  knowledge  of  the  structure  of  the  ions  [43].  Suppose  that  an  (p) 
is  the  inelastic  scattering  cross  section  of  the  vacancy  with  a  quasi- 
momentum  p,  where  the  scattering  process  is  accompanied  by  a  shift 
of  the  ion  by  a  vector  an  that  connects  the  initial  lattice  site  with 
its  rath  closest  neighbor.  The  energy  of  the  ion  and,  hence,  of  the 
vacancy  changes  by  eE*an,  where  e  is  the  ion  charge,  and  E  the  ap¬ 
plied  electric  field.  We  can  express  the  mean  drift  velocity  of  the  ion 
in  terms  of  the  cross  sections  in  the  following  manner: 

u=  2  a»  5  (p)  V  (p)  [rt(e)  —  n(e  +  eE.a„)].  (1.4.2) 

n 

Here  v  (p)  is  the  velocity  of  the  vacancy,  and  n  (e)  is  the  equilibrium 
distribution  function  for  the  vacancies  depending  only  on  their  energy 
e  =  8  (p).  The  summation  in  (1.4.2)  is  over  the  closest  neighbors,  for 
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which  eE-an  >>  0.  The  translations  of  the  ions  by  vectors  — an  are 
accounted  for  in  (1.4.2)  as  inverse  processes.  We  can  write  (1.4.2) 
thus: 

u=  SM  W  in  (•)  -  »  (e  +  *E  -an)]  j  an  (P)  dS,  (1.4.3) 

n 

where  the  second  integral  is  taken  over  a  constant-energy  surface. 
In  the  simplest  case,  where  all  vectors  an  are  crystallographically 
equivalent  (in  a  bcc  lattice  but  not  in  an  hep  lattice),  this  integral 
does  not  depend  on  n  because  of  the  lattice  symmetry.  Let  us  assume 
that  T  is  small  compared  with  the  vacancy  band  width  Av.  In  this 
case  practically  all  the  vacancies  gather  at  the  bottom  of  the  band, 
where  their  spectrum  is  quadratic  and  their  velocity  small.  According 
to  quantum  mechanics  [20],  the  inelastic  scattering  cross  section 
for  slow  particles  is  inversely  proportional  to  their  speed.  Hence, 

^  8  Gq  , 

where  e9  is  the  energy  at  the  bottom  of  the  band,  and  a  is  a  constant. 

The  distribution  function  n  (&)  can  be  considered  a  Boltzmann  dis¬ 
tribution,  since  s0  is  approximately  10  K  and,  hence,  much  higher 
than  T.  The  final  expression  is 

»  “  TEST  2  *»  [‘-«P  (  — tH]-  {lAA) 

n 

In  weak  fields,  eEa- <  T  and  the  drift  velocity  is  proportional  to 
the  field  strength: 

xi\  ==  cB 

where  the  mobility  tensor  according  to  (1.4.4),  is 

=  leSsF  ("f)  '  e~So,Tlja^anh- 

n 

In  strongTfields,  eEa  T  and  there  emerges  a  very  peculiar  situa¬ 
tion.  Practically  for  all  directions  of  the  field  vector  the  drift  velocity 
achieves  saturation  and  does  not  depend  on  |  E  |  : 
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(1.4.5) 


Since,  however,  summation  in  (1.4.5)  is  over  such  re’s  for  which 
«E-an  >  0,  velocity  u  jumps  whenever  E,  in  varying  its  direction, 
passes  through  a  plane  that  is  perpendicular  to  one  of  the  a„’s.  The 
angular  width  of  the  transition  region  is  equal  to  T/eEa<ti  1,  in 
order  of  magnitude,  and  in  this  transition  region  the  drift  velocity 
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rapidly  changes  in  both  magnitude  and  direction.  Figure  1.13  illust¬ 
rates  this  point  and  shows  the  dependence  of  the  absolute  value  and 
direction  of  drift  velocity  on  the  direction  of  E  for  a  two-dimensional 


Fig.  1.13.  The  dependence  of  the  absolute  values  and  direction 
of  ion  drift  velocity  on  the  direction  of  electric  field;  0  is  the  angle  between 
u  and  a1?  and  cp  the  angle  between  E  and  af. 


square  lattice  with  a  period  a.  The  maximum  drift  velocity  in  this 
case,  as  is  obvious  from  (1.4.5),  is 


Wmax  — 


/2  aa  /  T_y/2 

\  it  J 


o/r  § 


We  see  that  the  angular  dependence  of  the  drift  velocity  directly 
represents  the  geometry  of  the  crystal  lattice. 


1.4.2  Zero -Point  Vacancies 

In  Sec.  1.4.1  we  saw  that  the  vacancy  formation  energy  in 
solid  helium  and  the  vacancy  band  width  are*  quantities  of  the  same 
order  of  magnitude.  In  this  connection  it  is  interesting  to  note  that 
for  quantum  crystals  there  is  the  theoretical  possibility  of  the  exis¬ 
tence  of  so-called  zero-point  vacancies,  which  in  the  same  way  as  zero- 
point  vibrations  exist  in  a  crystal  at  absolute  zero  [31,  65,  66]. 

To  prove  this  point  let  us  study  the  behavior  of  the  vacancy  energy 
spectrum  as  the  quantum  tunneling  probability  increases.  In  the 
classical  limit  a  vacancy  is  localized  and  has  a  definite  energy  E0  > 
>  O.jrThe  presence  of  a  small  but  finite  tunneling  probability  for  the 
vacancy  to  neighboring  lattice  sites  leads  to  an  energy  band  of  a  finite 
width  Av.  As  long  as  Av  is  much  smaller  than  E0l  we  can  use  the 
method  of  strong  binding  to  calculate  the  energy  spectrum,  and  this 
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method  shows  that  the  middle  of  the  energy  band  coincides  with  the 
energy  E0  of  the  localized  vacancy.  This  implies  that  as  the  tunneling 
probability  (and,  hence,  the  band  width)  increases,  the  minimal 
vacancy  energy  e0  corresponding  to  the  bottom  of  the  band  decreases. 
For  this  reason  in  very  pronounced  quantum  crystals  such  as  solid 
helium  there  can  be  a  situation  in  which  s0  becomes  negative.  This 
means  that  the  initial  ground  state  of  the  crystal  is  in  actual  fact 
unstable  towards  vacancy  production.  The  correct  ground  state 
corresponds  to  a  state  of  the  crystal  in  which  there  are  some  vacancies. 

If  e0  is  negative  but  small  in  absolute  value,  the  vacancies  with 
quasimomenta  close  to  that  corresponding  to  the  bottom  of  the  band 
have  negative  energies.  The  energy  E  (p)  of  the  vacancies  in  this 
region  near  the  energy  minimum  can  be  written  as 

£(p)  =  e0  +  -|g,  (1.4.6) 

where  M  is  a  certain  effective  mass,  and  p  the  quasimomentum  reck¬ 
oned  from  the  minimal  quasimomentum. 

In  a  Bose  crystal  of  the  4He  type,  with  which  we  will  start  our 
exposition,  the  vacancies  are  obviously  bosons.  To  calculate  their 
contribution  (at  low  density)  to  the  ground  state  energy  of  the  crystal 
we  can  use  (see  [67])  the  well-known  formula  for  the  ground  state 
energy  of  a  rarefied  Bose  gas  with  spectrum  (1.4.6): 

E  =  e0N  +  2p-N*;  (1.4.7) 


here  E  and  N  are  the  energy  of  vacancies  and  their  number  per  unit 
volume,  and  /  is  the  vacancy-vacancy  scattering  length.  When  /  is 
positive,  i.e.  the  vacancies  repel  each  other,  and  s0  is  small  and  nega¬ 
tive,  the  quantity  on  the  right-hand  side  of  (1.4.7)  has  a  minimum 
for  small  W’s,  a  fact  that  enables  us  to  calculate  the  equilibrium  den¬ 
sity  N0  of  zero-point  vacancies  in  a  Bose  crystal: 


AT  _  M  1  Sp  I 

aV°  4nh*f  • 


(1.4.8) 


A  crystal  with  zero-point  vacancies  should  have  many  peculiar 
properties,  for  one,  superfluidity,  caused  by  the  possibility  of  mass 
transfer  via  superfluid  motion  of  the  “vacancy  liquid”  through  the 
crystal  (see  [31,  65,  66,  68]).  The  experimental  data  available  at 
present,  however,  indicates  that  this  possibility,  in  all  likelihood, 
is  not  realized  in  solid  4He. 

The  experimental  data  discussed  in  Sec.  1.4.1  on  the  diffusion  of 
3He  impurity  atoms  induced  by  vacancies  and  on  the  mobility  of 
charges  indicates  that  the  number  of  vacancies  decreases  exponential¬ 
ly  with  temperature,  which  corresponds  to  a  positive  minimal  ener¬ 
gy  of  the  vacancies.  We  must  note,  however,  that  this  result  is  ob- 
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tained  for  conditions  with  constant  pressure.  Measurements  of  the 
charge-mobility  temperature  dependence  along  the  crystal-liquid 
equilibrium  curve  show  that  the  mobility  is  approximately  constant 
(see  [64])  down  to  the  lowest  temperatures  studied,  of  the  order 
of  1  K. 

In  3He  crystals  the  quantum  effects  are  more  pronounced  than  in 
4He  thanks  to  the  smaller  mass  of  the  atoms.  But  here  too  there  is 
experimental  data  on  x-ray  scattering  [69]  that  shows  that  the  number 
of  vacancies  at  temperatures  of  the  order  of  1  K  decreases  with  tem¬ 
perature  more  or  less  exponentially.  But  this  does  not  mean  that 
a  3He  crystal  has  no  vacancies  at  absolute  zero.  The  point  is  that  the 
vacancies  in  3He  crystals  behave  in  a  peculiar  way  because  3He  atoms 
possess  nuclear  spins.  If  all  the  nuclear  spins  are  parallel,  the  3He 
crystal,  just  as  the  4He  crystal,  is  periodic.  Then  due  to  the  tunneling 
effect  the  vacancies  become  delocalized  quasiparticles  with  a  band 
width  of  the  order  of  10  K.  Actually,  however,  down  to  temperatures 
of  the  order  of  10 ~3  K  the  nuclear  spins  in  3He  are  not  aligned  and 
for  this  reason  the  crystal  is  not  periodic.  The  vacancies  in  such 
a  crystal  are  not  quasiparticles  with  definite  quasimomenta.  Leaving 
the  discussion  of  this  aspect  to  the  next  section,  we  will  nevertheless 
consider  the  case  of  zero-point  vacancies  in  a  crystal  with  all  nuclear 
spins  parallel.  This  state  can  in  fact  be  achieved  by  applying  a  strong 
magnetic  field  to  the  sample. 

Since  in  the  case  under  consideration  the  crystal  has  a  periodic 
structure,  the  vacancy  energy  spectrum  with  a  small  negative  ener¬ 
gy  e0  corresponding  to  the  bottom  of  the  band  can  still  be  described 
by  formula  (1.4.6).  In  the  Fermi  crystal  of  solid  3He  the  vacancies  are 
fermions,  however,  since  for  vacancy  production  one  fermion,  the 
atom  of  3He,  must  be  annihilated.  The  ground  state  for  fermions  with 
the  spectrum  given  by  (1.4.6)  corresponds,  obviously,  to  a  complete 
occupation  of  all  negative-energy  states,  i.e.  states  with  p  <C  p0 , 
where  p0  =  (2 M  |  &0  I)1/2.  The  number  of  zero-point  vacancies  per 
unit  volume  of  the  crystal  is 


N0  =  (2nfr)-3-^-npl=* 


(2 M  |  s0  l)3^2 
6n  m 


(1.4.9) 


Their  contribution  to  the  total  energy  of  the  crystal  is  negative  and  is 


(2ikf  1  e0  l)5/2 
30it2h3M 


(1.4.10) 


The  presence  of  zero  vacancies  in  a  Fermi  quantum  crystal  can, 
therefore,  be  described  by  a  Fermi  excitation  branch  in  the  energy 
spectrum  of  the  crystal,  the  excitations  lying  near  the  Fermi  surface. 
These  excitations  cause  phenomena  commonly  associated  with  Fermi 
liquids,  such  as  linear  temperature  dependence  of  heat  capacity  at  low 
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temperatures  and  zero  sound  [31,  66].  The  theory  of  these  phe¬ 
nomena  in  quantum  crystals  can  be  developed  (see  [66])  without 
assuming  that  the  quasiparticle  concentration  or  their  interaction 
energy  are  low. 

1.4.3  Vacancies  in  3He  Crystals 

The  behavior  of  vacancies  in  3He  crystals  depends  greatly 
on  the  configuration  of  the  nuclear  spins.  At  temperatures  approxi¬ 
mately  higher  than  1  mK  and  in  not  very  strong  magnetic  fields  the 
spins  are,  in  fact,  distributed  at  random  and  the  vacancy  quasimo¬ 
mentum  is  not  a  good  quantum  number.  In  this  case  we  can  speak  only 


Fig.  1.14.  The  density  of  vacancy  energy  levels:  solid  line  corre¬ 
sponds  to  a  disordered  sHe  lattice;  dashed  line  corresponds  to  a  ferromagnetically 
ordered  sHe  lattice. 


of  the  density  of  the  vacancy  energy  levels,  v  ( E )  =  dN(E)/dE ,  where 
N  (. E )  is  the  number  of  states  with  energies  lower  than  E.  Mathe¬ 
matically,  calculating  v  (E)  is  equivalent  to  using  the  so-called 
Hubbard  model.  The  results  obtained  via  this  model  for  the  bcc 
lattice  by  Nagaoka  [70]  and  Brinkman  and  Rice  [71]  are  illustrated 
in  Fig.  1.14.  The  solid  curve  corresponds  to  a  state  with  disordered 
spins,  and  the  dotted  line  to  the  level  density  v  (E)  corresponding 
to  the  spectrum  E  (p)  in  a  completely  polarized  (ferromagnetic) 
state.  It  is  important  to  note  that  the  energy  of  a  vacancy  in  the  dis¬ 
ordered  state  is  practically  always  higher  than  the  energy  e0  corre¬ 
sponding  to  the  bottom  of  the  band  in  the  ferromagnetic  lattice,  and 
the  difference  is  of  the  order  of  the  band  width  Av  ~  10  K.  The  same 
picture  emerges  if  instead  of  a  disordered  lattice  we  take  an  antifer- 
romagnetically  ordered  lattice.  Nagaoka  [70]  has  proved  that  gener- 
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ally  the  bottom  of  the  band,  e0,  for  a  ferromagnetic  bcc  lattice  is  the- 
absolute  energy  minimum  for  the  vacancy,  and  this  minimum  cannot 
be  attained  for  any  but  ferromagnetically  ordered  spins.  Hence, 
ferromagnetic  ordering  of  nuclear  spins  in  3He  crystals  may  be 
accompanied  by  a  considerable  drop  in  the  vacancy  energy. 

In  many  respects  this  situation  is  similar  to  the  behavior  of  elec¬ 
trons  in  luquid  helium  [72,  73],  disordered  solids  [74,  75],  or  magnetic 
semiconductors  [76].  It  is  easily  seen  that  in  a  3He  crystal  there 
emerges  a  macroscopic  region  around  each  vacancy  in  which  the 
nuclear  spins  are  completely  polarized  [77,  78]. 

Indeed,  suppose  that  the  temperature  is  such  that  J< C  T <C  Av, 
where  J  is  of  the  order  of  the  exchange  interaction  energy  for  two 
neighboring  spins  (J  ~  10~4  K).  In  this  case  the  vacancies  near  the 
bottom  of  the  band  play  the  dominant  role  (their  energy  spectrum 
is  then  given  by  (1.4.6)).  Let  us  assume  that  inside  a  sphere  of  radi¬ 
us  R  all  spins  are  completely  polarized,  whereas  outside  it  they 
are  disordered.  Then  inside  the  sphere  the  vacancy’s  Hamiltonian 
is  E  (p)  and  on  its  boundary  the  wave  function  vanishes  since,  as 
noted  before,  in  the  disordered  state  the  vacancy  has  a  large  excess 
energy.  The  ground  state  energy  of  the  vacancy  then  is 


The  radius  R  of  the  ferromagnetic  sphere  is  determined  from  the  con¬ 
dition  that  the  free  energy  F  =  E  —  TS  be  minimal,  where  S  is  the 
change  in  the  crystal’s  entropy  in  the  ordering  of  the  spins  inside  the 
sphere.  (Obviously,  S  =  —  N  In  2,  with  iVthe  total  number  of  3He- 
atoms  inside  the  sphere.)  The  free  energy  is 

^  =  e0+-f-iSr  +  y«^#3In2,  (1.4.12) 


where  n  is  the  number  of  3He  atoms  per  unit  crystal  volume.  The 
requirement  that  F  be  minimal  yields  the  following  expression  for 
the  equilibrium  radius  of  the  sphere: 


nh 2 

2MnT  In  2 


(1.4.13) 


The  number  N  of  particles  inside  the  sphere  is,  in  order  of  mag¬ 
nitude,  (Av/r)3/5,  which  is  much  greater  than  unity.  Each  vacancy 
possesses  a  large  magnetic  moment 


qM  —  iV[x  =  \xn 


4jt 

T" 


jt  n2 

4  In  2  MnT 


(1.4.14); 


where  p,  is  the  magnetic  moment  of  the  3He  nucleus. 

The  temperature  dependence  of  the  equilibrium  number  of  vacan¬ 
cies  in  the  crystal,  NV1  is  determined  by  the  exponential  exp  ( — F/T)r 


•42 


A.  F.  Andreev 


where  F  is  obtained  by  substituting  (1.4.13)  into  (1.4.12).  We  have 
-Nv  oc  exp  | — y g"(~^“)3/5  (4nn  ln2)2/57,_3/5}.  (1.4.15) 

At  high  temperatures  the  second  term  in  the  braces  is  predomi¬ 
nant  because  it  is  inversely  proportional  to  the  temperature  raised 
to  a  lower  power.  This  term  is  always  negative,  i.e.  the  number  of 
vacancies  rapidly  decreases  with  temperature  irrespective  of  the  sign 
of  the  first  term  (the  sign  of  the  latter  is  determined  by  that  of  the 
minimal  vacancy  energy  e0  in  the  ferromagnetically  polarized  state). 
There  is  therefore  no  contradiction  with  high-temperature  data  on 
the  temperature  dependence  of  the  number  of  vacancies  [69]  if  we 
assume  that  e0  is  negative.  In  this  case  the  ferromagnetic  state  of 
the  crystal  is  unstable  toward  zero-point  vacancy  production,  a  fea¬ 
ture  we  discussed  in  Sec.  1.4.2.  This  instability  could  in  fact  be 
observed  in  3He  crystals  placed  in  a  strong  magnetic  field.  Therefore 
on  the  H-T  diagram  there  should  be  a  region  corresponding  to  a  crys¬ 
tal  with  zero-point  vacancies  [79].  At  present,  however,  we  do  not 
know  whether  such  a  phenomenon  exists. 

In  this  connection  an  interesting  remark  was  made  by  Castaing 
and  Nozieres  [80],  who  studied  the  crystal-liquid  phase  equilibrium 
in  3He  with  polarized  spins  (see  also  [81]).  The  experiments  dis¬ 
cussed  by  these  authors,  and  also  by  Lhuillier  and  Laloe  [81],  dealt 
with  typical  times  that  were  short  compared  to  the  spin-lattice 
relaxation  time  of  both  solid  and  liquid  (both  time  intervals  are  on 
the  macroscopic  scale).  If  melting  does  not  change  the  polarization, 
the  Pomeranchuk  effect  (the  increase  in  the  pressure  of  melting  of 
a  crystal  as  temperature  decreases)  is  not  present  and,  therefore,  the 
solid-state  region  broadens  from  the  side  of  small  pressures.  Since  as 
the  pressure  drops,  the  vacancy  band  width  and  the  probability  of 
tunneling  processes  increases  (see  Chap.  1.2),  the  minimal  energy  e0 
decreases,  as  stated  in  Sec.  1.4.2,  which  assists  the  appearance  of 
a  state  with  zero-point  vacancies. 

1.5  SURFACE  PHENOMENA 

1.5.1  The  Equilibrium  Shape  of  the  Crystal- Liquid 

Interface 

Phenomena  occurring  at  the  interface  between  solid  and 
liquid  helium  are  at  present  the  most  vivid  manifestations  of  the 
quantum  nature  of  solid  helium  crystals.  The  fact  that  a  quantum 
crystal  and  a  superfiuid  coexist  leads  to  some  very  peculiar  features 
of  the  crystallization  and  melting  processes  (see  [82-85]).  These 
processes  can  be  called  supercrystallization  and  supermelting  since 
-at  low  temperatures  they  occur  in  a  coherent  fashion  and  without 
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energy  dissipation,  i.e.  just  like  any  other  superphenomenon.  Even 
simple  visual  observation  183]  shows  that  the  interface  between  solid 
and  liquid  4He  looks  more  like  the  interface  between  two  low-viscosity 
immiscible  liquids  that  constantly  vibrates  under  external  pertur¬ 
bations. 

Common  classical  crystals  at  low  temperatures  always  have 
a  characteristic  faceting,  and  crystallization  and  melting  in  such 
crystals  are  extremely  slow  thermoactivational  processes  (see  the 
review  articles  by  Chernov  [86]  and  Jackson  [87]).  The  reason  for 
this  is  the  different  symmetries  of  the  particles’  arrangement  in  the 


Fig.  1.15.  The  crystal’s  surface  that  is  at  a  small  angle  to  the 

initial  face. 


crystal  and  in  the  fluid  that  is  in  contact  with  it.  A  crystal  is  a  peri¬ 
odic  structure  while  a  fluid  is  a  homogeneous  one.  Landau  [88]  has 
shown  that  for  this  reason  the  surface  energy  at  the  boundary  of 
a  crystal  is  a  highly  peculiar  function  of  the  normal  to  its  surface, 
■a  function  whose  derivative  is  everywhere  discontinuous.  The  crystal 
faceting,  i.e.  the  fact  that  the  function  that  describes  the  shape  of 
the  crystal  is  not  smooth,  is  a  direct  consequence  of  this  property  of 
the  surface  energy. 

Following  Landau  [88],  let  us  study  how  the  surface  energy  per 
unit  area,  a,  depends  on  the  direction  of  the  normal  to  the  crystal 
■surface  when  the  normal  is  close  to  one  of  the  crystallographic  axes. 
Suppose  that  a0  is  the  energy  per  unit  area  of  the  initial  crystal  face. 
A  surface  slightly  inclined  to  the  face  must  have  the  shape  depicted 
in  Fig.  1.15.  For  small  inclinations  cp  the  number  of  steps  per  unit 
length  is  small.  Therefore  we  can  neglect  their  interaction  and  write 
the  Surface  energy  a  of  the  inclined  surface  as  the  sum  of  aQ  and  the 
•energy  of  the  steps  equal  to  |3cp/n,  where  a  is  the  lattice  period,  and  (3 
the  energy  per  unit  length  of  an  isolated  step.  If  the  surface  is  inclined 
in  the  opposite  direction,  cp  is  negative  but  the  surface  will  have 
steps  of  the  “opposite  sign”  with  the  same  energy.  Whence  for  small 
values'' of  |  cp  [  the  surface  energy  is 

«  =  “o  +  -|- I  9  I-  (1 .5.1) 

The  derivative  <9a/dcp  of  the  surface  energy  with  respect  to  angle  (p, 
therefore,  has  at  cp  =  0  a  finite  jump  6(<9a/dcp)  equal  to  2(3 ia. 

In  the  general  case,  where  the  inclination  of  the  surface  is  defined 
by  two  angles  instead  of  one,  the  steps  that  appear  on  the  surface 
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are  not  straight.  The  surface  may  have  steps  with  kinks,  as  shown 
in  Fig.  1.16. 

It  is  apparent  that  we  can  apply  the  statement  that  the  surface 
energy  has  discontinuous  angular  derivatives  to  any  crystal  face 
and  not  only  to  the  face  with  indices  (001)  depicted  in  Fig.  1.15. 
The  shape  and  meaning  of  steps  and  kinks  on  the  surface  are  in  each 
case  different  and  are  determined  by  the  condition  that  the  surface- 


energy  is  minimal.  It  is  important  that  on  the  surfaces  close  to  a  cer¬ 
tain  crystal  face  the  steps  and  kinks  can  have  only  one  definite 
shape  [88]. 

Crystal  faceting  is  a  direct  consequence  of  the  discontinuity  of 
daldy.  In  [88]  Landau  shows  that  the  fact  that  the  total  surface 
energy  is  minimal  implies  that  the  length  of  the  flat  sections  with 
a  given  value  of  cp  =  <p0  (when  the  crystal  is  in  its  equilibrium  shape) 
is  proportional  to  the  jump  8(da/d<p)  at  9  =  cp0,  i.e.  to  the  step 
energy  (5,  as  seen  from  (1.5.1). 

At  a  sufficiently  high  temperature  the  crystal  faceting  usually 
disappears  and  the  surface  energy  becomes  a  smooth  function  of 
direction.  The  surface  is  then  called  atomically  rough  in  contrast  to 
the  atomically  smooth  surface  of  the  faceted  crystal.  The  phase  tran¬ 
sition  from  an  atomically  smooth  to  an  atomically  rough  surface 
takes  place  at  a  definite  temperature,  which  for  a  given  crystal  differs 
from  face  to  face.  According  to  the  aforesaid  the  step  energy  p  must 
vanish  at  the  transition  point.  Here  we  must  note  that  defining  p  as 
the  step  energy  is  not  completely  justified.  In  all  the  relationships  we 
have  discussed  so  far  the  energy  is  actually  the  free  energy  (this  is 
always  the  case  if  the  temperature  is  not  zero),  so  that  P  is  the  free 
energy  per  unit  step  length,  which  differs  from  the  step  energy  by 
—  Ts ,  with  s  the  step  entropy.  At  nonzero  temperatures,  thermoacti- 
vational  processes  produce  pairs  of  kinks  of  opposite  signs  in  the 
steps,  and  the  concentration  of  these  kinks  grows  with  temperature 
and  so  does  their  contribution  to  the  entropy  of  a  step.  This  increase 
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in  entropy  s  causes  the  free  energy  P  to  vanish  at  the  transition  point. 
A  convenient  qualitative  criterion  that  defines  the  transition  point 
in  common  crystals  (see  [86,  87])  is  the  transition  entropy  AS,  i.e.  the 
difference  between  the  entropies  of  the  fluid  and  solid  per  particle; 
A  S  >  1  corresponds  to  a  smooth  surface  and  AS  ^  1  to  a  rough  one. 
For  ordinary  classical  crystals  the  transition  entropy  grows  without 
limit  as  the  temperature  drops  (at  the  expense  of  the  increase  in 
the  entropy  per  particle  in  the  gas);  whence  at  a  sufficiently  low 
temperature  the  crystal  must  have  a  smooth  surface. 

The  crystals  of  helium  isotopes  can  be  in  equilibrium  with  liquid 
helium  at  any  low  temperature.  Since  at  absolute  zero  the  entropy 
of  both  phases  vanishes,  the  transition  entropy  is  small  in  this 
case.  If  we  apply  the  classical  criterion,  we  conclude  that  solid  heli¬ 
um  has  a  rough  surface.  Although  the  experimental  data  [60,  69]  in 
the  temperature  region  above  1  K  (crystal  faceting  is  not  present 
•and  supercooling  even  at  high  crystal  growth  rates  is  negligible) 
does  confirm  this  conclusion,  the  classical  criterion  is  inapplicable 
here.  A  rough  surface  (in  the  classical  sense)  at  absolute  zero  cannot 
be  in  equilibrium,  since  its  entropy  is  not  zero.  The  observed  phenom¬ 
ena  as  well  as  the  very  fact  that  there  is  an  interface  between  a  solid 
crystal  and  a  fluid  at  absolute  zero  can  be  explained  only  with  due 
regard  for  quantum  effects.  Andreev  and  Parshin  [82]  have  shown 
that  the  interface  between  a  quantum  crystal  and  a  quantum  fluid 
can  exist  in  a  special  state,  which  is  the  quantum  analog  of  a  rough 
surface. 

Since  in  a  quantum  crystal  the  particles  are  delocalized,  we  cannot 
represent  the  microscopic  structure  of  the  interface  as  literally  as  in 
the  case  of  classical  crystals.  But  such  notions  as  a  step  on  the  surface 
and  a  kink  on  the  step  can  be  introduced  for  quantum  crystals,  too. 
To  this  end  it  suffices  to  use  the  properties  of  the  interface,  which  fol¬ 
low  from  the  symmetry  of  the  adjoining  phases.  For  instance,  a  step 
on  the  surface  corresponds  to  a  state  of  the  interface  in  which  its  posi¬ 
tion  at  infinity  (to  the  right  and  the  left  in  Fig.  1.16)  is  shifted  by 
a  basic  vector  of  the  crystal  lattice  and  the  system  has  the  lowest 
possible  energy.  Due  to  the  periodicity  of  the  crystal  and  the  homo¬ 
geneity  of  the  liquid  this  shift  transforms  the  interface  into  an  equi¬ 
valent  position;  for  this  reason  a  step  can  be  considered  as  a  linear 
defect  on  the  surface,  and  essentially  only  this  aspect  that  will  be  of 
interest  to  us.  Obviously,  the  usual  relation  remains  between  the 
crystal  faceting,  i.e.  the  discontinuity  of  the  angular  derivatives  of  the 
surface  energy,  and  the  step  energy  |3.  But  contrary  to  classical  crys¬ 
tals,  where  at  absolute  zero  (3  is  always  positive,  so  that  at  low  tem¬ 
peratures  they  are  always  faceted,  for  quantum  crystals  there  are 
several  possibilities.  Aside  from  the  usual  surfaces,  which  are  charac¬ 
terized  by  a  positive  step  energy,  a  quantum  crystal  may  have  sur¬ 
faces  whose  step  energies  are  exactly  zero  (we  will  show  this  below). 
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The  state  of  a  step  on  a  surface  is  characterized  by  the  configuration 
of  kinks  on  it,  and  the  kinks  may  be  of  both  signs.  Each  kink  can 
be  considered  a  point  defect  on  the  step.  If  a  kink  is  shifted  along 
the  step  by  a  basic  vector,  the  energy  of  the  system  will  not  change 
since  the  transfer  of  an  amount  of  substance  from  one  phase  to  another 
as  a  result  of  such  a  shift  contributes  nothing  to  the  energy  because  the 
chemical  potentials  of  the  two  phases  in  equilibrium  are  equal. 
Therefore,  just  as  in  the  case  of  point  defects  considered  in  the  previ¬ 
ous  sections  (impurities  and  vacancies),  an  isolated  kink  in  a  quantum 
crystal  behaves  like  a  delocalized  quasiparticle,  whose  state  is  deter¬ 
mined  by  its  quasimomentum.  The  following  fact  is  basic.  Suppose 
that  p0  is  the  value  of  the  quasimomentum  corresponding  to  the  bot¬ 
tom  of  the  energy  band.  At  absolute  zero  this  state  of  an  isolated! 
kink  is  stationary  and  the  lowest  possible  (the  ground  state),  with 
the  velocity  of  the  kink,  which  is  the  quasimomentum  derivative  of 
the  energy,  being  zero.  Stationary  states  with  energies  close  to  the 
ground-state  energy  and  with  p-*  p0  have  a  nonzero  kink  velocity. 
Therefore,  an  isolated  kink  on  a  step  can  serve  as  an  example  of 
a  system  whose  states  are  as  close  to  the  ground  state  as  desired  and 
in  which  there  is  a  continuous  flow  of  matter  from  one  phase  to 
another. 

If  the  kink  band  width  A  is  sufficiently  large  (roughly  speaking, 
A/2  must  be  greater  than  e,  the  energy  of  a  localized  kink;  cf.  similar 
remarks  in  Sec.  1.4.2),  the  energy  near  the  bottom  of  the  band  be¬ 
comes  negative.  In  this  case,  when  kinks  with  p^po  form,  the  total 
energy  of  the  step  starts  to  drop.  Spontaneous  production  of  kinks  of 
both  signs  will  continue  until  their  interaction  energy  compensates 
for  the  negative  intrinsic  kink  energy.  This  happens  for  kink  concen¬ 
trations  on  the  order  of  the  atomic.  We  can  Write  a  qualitative  expres¬ 
sion  for  the  minimal  step  energy  (3  in  the  following  form: 

P  «Po-t-  (e — | -)/«, 

where  |30  is  the  energy  of  a  straight,  “bare”  step  without  kinks. 

A  step  in  whose  ground  state  there  are  many  kinks  is  a  system,, 
just  like  an  isolated  kink  on  a  step,  with  stationary  states  close  to< 
the  ground  state  in  their  energy  but  corresponding  to  a  continuous 
motion  of  the  step,  i.e.  states  that  are  characterized  by  a  constant 
flow  of  particles  from  one  phase  to  another.  This  is  clear  from  the  above 
discussion  on  the  motion  of  isolated  kinks  and  from  a  study  of  the 
possible  processes  of  kink  collisions.  When  two  kinks  of  either  signs 
collide,  they  exchange  quasimomenta  (Fig.  1.17a).  If  the  colliding 
kinks  have  the  same  sign,  this  is  the  only  elastic  process  that  is  possi¬ 
ble.  But  if  the  signs  are  opposite,  another  possible  process  is  the 
transfer  of  kinks  to  an  adjacent  row,  a  process  in  which  each  kink. 
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conserves  its  quasimomentum  (Fig.  1.176).  It  is  such  processes  that, 
make  a  continuous  motion  of  a  step  possible. 

In  ordinary  crystals,  e  and  a(30  are  on  the  order  of  the  difference  in 
the  energies  of  the  two  adjoining  phases  per  interatomic  bond  [86].. 
For  the  solid-liquid  helium  interface  this  estimate  yields  e  ~  ~ 

~  0.1  K.  At  the  same  time  the  expected  value  for  A  is  about  1  K. 
For  this  reason  it  seems  possible  that  the  ground-state  energy  of  an 
isolated  step  is  negative.  In  this  case  an  atomically  smooth  crystal 
surface  is  unstable  to  step  production.  As  a  result  an  equilibrium. 


fa;  (b) 

Fig.  1.17.  Collision  of  kinks. 

surface  must  be  quantum-rough,  i.e.  represent  a  peculiar  two-dimen¬ 
sional  liquid  of  delocalized  steps  of  various  configurations,  including 
closed  steps  of  finite  length.  It  is  important  that  the  number  of  steps 
of  each  kind  in  such  a  liquid  is  not  fixed  and  is  determined  from  the 
condition  that  the  energy  is  minimal.  Therefore,  the  step  energy  |3, 
which  is  the  derivative  of  the  total  energy  with  respect  to  the  number 
of  steps,  is  zero  in  equilibrium.  This  fact  implies  that  the  surface 
energy  a  is  in  this  case  a  smooth  function  of  the  direction  of  the  nor¬ 
mal  to  the  surface. 

This  discussion  shows  that  the  surface  of  quantum  crystal  at  abso¬ 
lute  zero  may  be  either  quantum-rough  or  quantum-smooth.  In  the 
latter  case  it  is  characterized  by  a  positive  step  energy  |3,  but  there 
are  still  two  possibilities.  A  step  on  a  smooth  surface  may,  in  turn, 
be  rough  or  smooth  depending  on  whether  there  are  kinks  in  the 
ground  state  of  the  step.  Naturally,  a  crystal  may  have  surfaces  of  both 
types,  depending  on  their  orientation,  but  in  all  cases  surfaces  with 
large  indices  are  rough.  Indeed,  from  the  results  of  Landau  [88]  it 
follows  that  the  discontinuities  in  the  angular  derivatives  of  the 
surface  energy  (and,  hence,  the  energy  of  the  effective  steps)  for  faces 
of  the  (1,  7VX,  N2)  type,  where  Nx  and  N2  are  large,  are  caused  by 
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superstructures  produced  in  the  rarefied  system  of  steps  and  kinks. 
But  this  is  impossible  because  of  quantum  delocalization  of  kinks 
.and,  hence,  steps. 

1.5.2  Crystallization  and  Melting 

The  nature  and  rate  of  crystallization  and  melting  depend 
to  a  great  extent  on  the  type  of  surface.  We  will  start  with  a  smooth 
surface.  Since  the  step  energy  (3  is  positive  in  this  case,  a  new  row  of 
atoms  can  be  created  only  by  overcoming  potential  barriers.  Indeed,, 
let  us  suppose  for  the  sake  of  definiteness  that  the  difference  8}x  = 
—  —  M's  of  the  chemical  potentials  of  the  solid,  fxs,  and  the  liq- 


Fig.  1.18.  A  nucleus  of  a  new  atomic  row. 


uid,  fix,  is  positive  and  small.  Then  crystal  growth  is  preferable  ener- 
gywise.  But  creation  of  the  “nucleus”  of  finite  radius  R  of  a  new  atom¬ 
ic-row,  depicted  in  Fig.  1.18  leads  to  a  change  in  the  system  energy 
equal  to 

V  (R)  =  2jri?p  -  Jii?2psfl8|x,  (1.5.2) 


where  p8  is  the  density  of  the  solid  phase.  At  small  R's  this  change  is 
positive;  it  becomes  negative  only  for  large  values  of  R,  such  that 
R  >  i?0,  with 


d  2ft 
0  ps<z<5fx  * 


(1.5.3) 


The  situation  here  is  similar  to  that  discussed  by  Lifshits  and 
Kagan  [89]  and  Iordanskii  and  Finkel’shtein  [90]  concerning  nucleus 
production  in  a  first-order  phase  transition  from  a  metastable  state 
and  to  that  considered  by  Petukhov  and  Pokrovskii  [91]  on  moving 
dislocations.  Crystal  growth  at  sufficiently  low  temperatures  is  the 
result  of  quantum  subbarrier  production  of  nuclei  with  R  =  i?0,  which 
then  rapidly  grow  in  size.  Let  us  calculate  the  probability  w  of  the 
nucleus  of  a  new  atomic  row  being  created.  We  assume  that  on  the 
given  surface  the  step  is  quantum-rough.  This  case  is  favorable  for 
crystal  growth,  since  we  saw  in  Sec.  1.5.1  that  such  steps  have  station¬ 
ary  states  corresponding  to  a  continuous  motion  of  the  step  and  as 
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close  to  the  ground  state  as  desired.  In  other  words,  in  this  case  the 
step  can  move  freely.  But  if  the  step  is  smooth,  its  motion  is  hindered 
by  the  fact  that  it  is  the  result  of  subbarrier  creation  of  pairs  of 
kinks  of  opposite  signs. 

The  energy  U  ( R )  defined  in  (1.5.2)  plays  the  role  of  the  nucleus 
potential  energy.  To  calculate  the  kinetic  energy  K  associated  with 

the  growth  of  the  nucleus  at  rate  R  we  note  that  the  step’s  movement 

at  rate  R  is  accompanied,  due  to  the  difference  of  the  densities  ps 
and  p!  of  the  solid  and  liquid,  respectively,  by  a  flow  of  a  mass  of 
liquid  to  the  solid  (per  unit  length  of  step  per  unit  time)  equal  to 

(Ps Pi)&fl-  It  is  easy  to  find  the  speed  of  liquid  flow  at  distances  r 
from  the  step,  where  a<C  r<C  R,  if  we  note  that  at  such  distances  the 
step  can  be  considered  straight  and  the  flow  radial.  The  fact  that  the 
liquid  is  incompressible,  i.e. 

nrv  (r)  p,  =  (pg  —  pi )aR, 
implies  that 

v(r)=  Ps~Pl.  —  R.  (1.5.4) 

The  kinetic  energy  per  unit  step  length  is  given  by  the  integral 
j  nr  dr . 

which,  as  can  be  seen  from  (1.5.4),  is  logarithmically  divergent  and 
must  be  cut  off  at  the  lower  limit  at  r  ~  a  and  at  the  upper  at  R , 
The  total  kinetic  energy  of  a  nucleus  can  be  found  by  multiplying 
the  above  result  by  2 nR,  which  yields 

K  =  a2  (p5-~~Pl)a  RRz  In  —  .  (1.5.5) 

If  we  introduce  the  momentum 

P  =  =  2 az  (ps  RR  In  —  , 

dR  Pi  a 

which  is  canonically  conjugate  to  R ,  we  can  write  the  total  nucleus 
energy  as 

'=«+'(*)■  a-5-«> 

where 

M(R)  =  2a? (ps  ~P^1  Rin— 
v  '  Pi  a 

is  the  effective  mass. 
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The  probability  w  of  nucleus  production  is  determined  via  the 
semiclassical  formula  [20] 


a0 

WOC  exp  { — \  J  |  P  |  dR | , 


(1.5.7) 


where  the  integral  is  evaluated  along  the  classical  trajectory  from 
jR  =  0  to  jR  =  R0  at  a  fixed  (zero)  energy.  Equation  (1.5.6)  then 
implies  that 

|  P  (R)  |  =  {2 M  (R)  U  ( R )}Va. 


Substituting  into  (1.5.7)  and  evaluating  the  simple  integral,  we  find 
that 


64  P2(Ps— Pi)  /  2Jtj3  ,  p  vim 
15ft  Pso(8fi)2  V  Pi  Psa26p.  /  / 


(1.5.8), 


Crystal  growth  rate  is  usually  characterized  by  a  growth  coeffici¬ 
ent  x,  which  defines  the  (linear)  dependence  of  the  speed  of  the  crys¬ 
tal  boundary,  F,  on  the  deviation  6p  of  the  adjacent  phases  from 
equilibrium: 

F  -  x6^.  (1.5.9) 


If  this  dependence  is  nonlinear,  the  growth  coefficient  is  defined  as 
x  =  lim4r-.  (1.5.10) 

Formula  (1.5.8)  shows  that  for  a  smooth  surface  at  absolute  zero 
the  probability  of  nucleus  production  and  the  rate  F  of  crystal  growth 
diminish  as  roughly  speaking,  as  exp  ( — const/(6p,)2),  i.e.  much 

faster  than  fijr.  The  growth  coefficient  determined  by  (1.5.10)  for 
a  smooth  surface  at  absolute  zero  is,  therefore,  zero. 

A  quite  different  situation  emerges  for  a  quantum-rough  surface, 
in  the  ground  state  of  which  there  are  many  steps  [82].  The  growth  of 
a  crystal  with  such  a  surface  is  due  both  to  an  increase  or  decrease  in 
the  area  of  surfaces  bounded  by  closed  steps  and  to  the  creation  of 
new  atomic  layers  in  the  collision  of  two  steps  (this  is  similar  to  the 
transfer  of  a  kink  to  an  adjacent  row  in  the  collision  of  two  kinks; 
see  Fig.  1.176).  It  is  significant  that  these  and  inverse  processes  are 
the  cause  of  stationary  states  of  the  surface,  states  as  close  to  the 
ground  state  as  desired.  In  these  states  the  crystal  constantly  grows  or 
melts.  The  movement  of  a  quantum-rough  interphase  boundary  at 
absolute  zero,  therefore,  takes  place  without  breakdown  of  phase 
equilibrium.  In  other  words,  at  absolute  zero  the  growth  coefficient 
becomes  infinite. 

At  nonzero  temperatures  the  movement  of  a  quantum-rough  bound¬ 
ary  is  accompanied  by  energy  dissipation  caused  by  interaction  with 
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thermal  phonons  [82].  The  energy  dissipated  per  unit  time  per  unit, 
surface  area  is  of  the  order  of  Ep h  ( V/c)  V ,  where  c  is  the  sound  veloci¬ 
ty,  Ev^~  nTA/®3  the  phonon  energy,  n  the  number  of  atoms  Iru 
a  unit  volume,  and  0  the  Debye  temperature.  On  the  other  hand,,  this? 

energy  is  equal  to  6 pikf,  where  M  ~  mnV  is  the  mass  of  substance 
flowing  each  second  from  one  phase  to  another,  and  m  the  mass  of  one 
atom.  Combining  the  two  formulas,  we  find  that  V  ~  me  (©^/T4), 
i.e.  the  growth  coefficient  for  a  quantum-rough  surface 

x-  me®3/ r4  (1.5.11)) 

and  tends  to  infinity  as  T 0  as  fast  as  T7-4. 

Here  we  must  note  that  the  regions  where  formula  (1.5.11)  is  valid? 
differ  considerably  for  crystals  of  3He  and  4He. 

In  the  case  of  4He  crystals  phonons  must  be  the  main  type  of 
thermal  excitations  in  the  liquid  phase.  This  condition  is  satisfied,, 
as  is  known,  for  temperatures  lower  than  0.6  K.  For  higher  tempera¬ 
tures  the  main  dissipation  mechanism  in  the  motion  of  the  interphase¬ 
boundary  is  the  interaction  with  rotons,  and  instead  of  the  power  law 
we  have  an  exponential  law 

x  -  exp  (A r/r),  (1.5.12> 

where  Ar  is  the  roton  gap. 

In  the  case  of  3He  crystals  formula  (1.5.11)  is  applicable  only  for 
very  low  temperatures,  much  lower  than  the  temperature  of  transi¬ 
tion  of  liquid  3He  into  the  superfluid  state.  At  higher  temperatures, 
where  liquid  3He  behaves  like  a  Fermi  liquid,  the  main  dissipation 
mechanism  is  the  interaction  with  Fermi  excitations.  Energy  dissi¬ 
pation  is  on  the  order  of  pF  nV 2  (with  pF  the  momentum  on  the  Fermi;, 
surface),  which  corresponds  to  a  temperature-independent  growth,, 
coefficient 

up1;  (1.5,13)* 

here  v$  ~  pp  !m  is  the  speed  of  the  quasiparticles  on  the  Fermi 
surface. 


1.5.3  Crystallization  Waves 

Along  a  quantum-rough  interface  between  a  crystal  audit 
a  liquid  slowly  decaying  crystallization  and  melting  waves  may  pm— 
pagate  [82,  83].  These  waves  appear  similar  to  common  capillary: 
waves  in  a  liquid-vapor  interface,  but  there  is  an  essential  difference- 
between  the  two.  Capillary  waves  correspond  to  the  motion  of  sub¬ 
stance  near  the  interface  in  the  absence  of  vaporization  and  condensur- 
tion.  The  waves  we  will  now  consider  are  due  entirely  to  periodic^ 
melting  and  crystallization. 
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Let  us.  assume  that  a  flat  crystal-liquid  interface  2  =  0  undergoes 
a  displacement 

£  (a*,'  t)  =  C  (*)  eik»*» 

in  the  direction  of  its  normal.  Here  k ^  and  are  the  two-dimensional 
wave  vector  and  radius  vector  in  the  plane  of  the  initial  interface; 
p  =  1,  2. 

Let  us  calculate  the  change  AC/  in  the  potential  energy 
Z7=  j  ct  (n)  dS, 

where  a  (n)  is  the  surface  energy  as  a  function  of  unit  normal  n  to 
the  surface,  and  dS  the  area  element.  For  small  £’s  we  can  put  nz  « 
« i,  rip  =  oydx^, 

dS  =  dxdy{  l  +  ±(JL)2}, 

and 

a  (n) = a  (0)  +  +  i-  a,v , 

where  =  da/dn^  and  a^v  =  d2a/dnlldnv. 

This  yields 

AU  =  4  (akZ+  oc^KK)  |  S|2,  (1.5.14) 

where  S  is  the  total  surface  area. 

The  nonzero  speed  of  the  boundary  £  due  to  the  difference  of  pg 
and  pj  Ib&ds  to  a  motion  in  the  liquid  (the  crystal,  naturally,  re¬ 
mains  at  rest).  We  will  see  that  the  speed  of  the  sought-for  vibrations 
is  much  lower  than  the  speed  of  sound.  In  these  conditions  the  liquid 
can  be  considered  incompressible,  i.e.  the  velocity  potential  \|)  (v  = 
=  yij))  satisfies  the  Laplace  equation  Aa|)  =  0.  At  z  =  0  the  law  of 
mass  conservation, 

yields 

ib  =  —  e~^z  ps  £ 

^  ke  Ps 

The  total  kinetic  energy  of  the  surface  is 

CO 

K=  j  dxdy\ (1.5.15) 

0 

{ '  # 

Let  us  also  calculate  the  rate  of  energy  dissipation  E  due  to  the 
finiteness  of  the  growth  coefficient.  The  energy  that  dissipates  per 
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unit  surface  area,  as  noted  in  Sec.  1.5.2,  is  with  M  the  flux  of 

substance  across  the  interface.  To  determine  M  we  need  only  note 

that  in  a  reference  frame  in  which  the  surface  is  at  rest  the  crystal 

•  •  • 

moves  with  a  speed  —  £,  so  that  M  =  ps£.  As  a  result  we  have 
E=  jd*%8(xpsC==^|CI2,  (1.5.16) 

where  we  have  accounted  for  the  fact  that  according  to  (1.5.9) 
8[x  =  £/x. 

Formulas  (1,5.14)  through  (1.5.16)  coincide  with  similar  formulas 
for  an  oscillator  with  a  natural  frequency 


0)2  (*)  =  (p^^)i  (ak2 + vW 


(1.5.17) 


and  damping  coefficient  (the  imaginary  part  of  the  frequency) 


__PsPifc_ 
v  2x  (ps — p'i)2* 


(1.5.18) 


Suppose  that  we  want  to  include  gravitational  effects.  Then  in  the 
crystallization  wave  spectrum,  given  by  (1.5.17),  we  must  include 
an  additional  term  pigkl{ps  —  pi),  where  g  is  the  acceleration  of  free 
fall.  The  dependence  of  the  frequency  on  the  length  of  the  wave  vector 
is  therefore  the  same  as  for  capillary-gravitational  waves  on  the 
liquid-vapor  interface.  But  the  frequency  dependence  of  the  damping 
coefficient  is  quite  different. 

The  use  of  formulas  (1.5.11),  (1.5.17),  and  (1.5.18)  for  4He  in  the 
low-temperature  phonon  range  shows  that  there  is  a  wide  range  of 
wave  vectors  (7V@)8<C  ^<1  (a  is  the  interatomic  distance),  where 
the  vibrations  are  indeed  slowly  decaying. 

On  the  other  hand,  in  the  case  of  3He  the  substitution  of  (1.5.13) 
into  (1.5.18)  forces  us  to  conclude  that  in  the  range  where  the  theory 
of  Fermi  liquids  works  the  vibrations  decay  rapidly  at  all  frequencies. 

Crystallization  waves  in  4He  were  discovered  by  Keshishev,  Par- 
shin,  and  Babkin  [83].  This  is  clearly  seen  in  the  photographs  made  by 
the  authors  of  [83],  where  a  number  of  consecutive  states  of  the 
solid-liquid  interface  in  4He  are  depicted  after  the  surface  is  sudden¬ 
ly  perturbed  at  time  zero.  The  characteristic  decay  time  for  these 
perturbations  was  several  seconds.  The  interface  responds  in  the  same 
way  as  a  liquid  surface  with  slowly  decaying  capillary  waves.  Such 
behavior  is  observed  only  at  low  temperatures  (below  0.5  K),  at 
higher  temperatures  the  vibrations  cease,  which  qualitatively  agrees 
with  the  above  formulas,  according  to  which  the  decaying  of  crystal¬ 
lization  waves  rapidly  increases  with  temperature.  The  authors  of 
[83]  measured  the  spectrum  of  crystallization  waves  and  found  that 
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the  data  (Fig.  1.19)  accords  well  with  the  co  OC  k 3/2  law,  which  is 
represented  by  the  solid  line  in  Fig.  1.19. 

The  fact  that  crystallization  waves  exist  proves  that  quantum- 
rough  surfaces  of  4He  crystals  do  exist.  This  conclusion  is  also  corrobo¬ 
rated  by  studying  the  state  of  surfaces.  In  most  cases  the  surface  has 


Fig.  1.19.  The  frequency  of  crystallization  waves  as  a  function  of 
the  wave  vector  [83]. 

-a  round  shape,  which  corresponds  to  the  equilibrium  state  if  gravi¬ 
tational  and  capillary  effects  are  taken  into  account.  But  besides 
'quantum-rough  faces  there  are  atomically  smooth  faces.  According 
to  observations  by  Keshishev,  Parshin,  and  Babkin,  this  is  the  case 
with  the  (0001)  symmetry  plane.  When  the  orientation  of  the  crystal 
is  such  that  plane  (0001)  is  almost  horizontal,  the  interphase  bound¬ 
ary  contains  an  absolutely  smooth  section  of  the  face  (0001).  This 
situation,  obviously,  corresponds  to  a  state  of  thermodynamic  equi¬ 
librium,  which  proves  that  the  steps  on  face  (0001)  have  positive 
^energy.  This  fact  is  also  corroborated  by  the  data  of  Castaing  et  at 
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[85],  who  measured  the  transmission  of  sound  through  the  interphase 
boundary.  The  point  is  that  at  low  temperatures  the  transmission 
coefficient  is  very  sensitive  to  the  crystallization  rate.  If  the  rate  is 
sufficiently  high,  then,  as  shown  by  Castaing  and  Nozieres  [84], 
practically  all  the  sound  must  be  reflected  from  the  interphase  bound¬ 
ary.  Indeed,  in  this  case  the  boundary  is  in  a  state  of  phase  equi¬ 
librium,  which  at  T7-*-  0  means  that  the  pressure  is  constant.  The 
pressure  must  always  be  equal  to  solidification  pressure.  Therefore, 
at  the  interphase  boundary  the  varying  part  of  the  pressure  must 
vanish,  which  means  that  the  boundary  condition  for  a  sound  wave 
at  the  interphase  boundary  coincides  with  the  case  of  reflection  at 
a  medium-vacuum  interface.  In  these  conditions,  obviously,  the 
reflection  coefficient  is  unity.  Indeed,  Castaing  and  others  observed 
only  a  small  transmission  of  sound  through  the  interphase  boundary 
except  when  the  boundary  was  along  the  (0001)  direction.  This  result 
proves  that  the  growth  rate  of  the  crystallographic  face  (0001)  is 
anomalously  low,  which  according  to  the  results  of  Sec.  1.5.2  is 
equivalent  to  assuming  that  this  face  is  atomically  smooth.  There¬ 
fore,  experiments  [83,  85]  indicate  that  in  equilibrium  conditions  and 
at  low  temperatures  4He  crystals  are  partially  faceted.  Before  these 
experiments  crystal  faceting  in  helium  was  observed  by  J.  Landau  et 
al.  [92,  93]. 

As  the  temperature  grows,  the  face  (0001)  becomes  round.  The 
corresponding  transition  temperature  lies  in  the  interval  from  1.0  K 
to  1.2  K,  according  to  various  estimates  (see  [92-94,  100]). 

1.6  FACETING  TRANSITIONS  IN  CRYSTALS 

1.6.1  The  Role  of  Fluctuations 

The  fact  that  there  exists  a  phase  transition  associated 
with  the  appearance  of  faceting  in  quantum  crystals  of  4He  when 
the  temperature  is  lowered  is  of  great  interest  since  there  is  now 
a  way  to  study  such  transitions  experimentally.  The  point  is  that 
although  the  notion  of  faceting  transitions  was  introduced  by  Burton 
and  Cabrera  [95,  96]  long  ago,  the  transitions  were  observed  in  many 
classical  crystals  only  qualitatively.  The  difficulty  lies  in  the  enor¬ 
mous  transient  period  in  which  classical  crystals  obtain  their  equilib¬ 
rium  shape.  In  quantum  crystals  this  difficulty  is  absent  because  of 
the  high  probability  of  tunneling  processes.  At  the  same  time  the 
thermodynamic  aspects  of  such  transitions  are  the  same  for  two  types 
of  crystals. 

In  Chap.  1.5  we  saw  that  each  crystal  has  a  set  of  critical  tempera¬ 
tures  of  crystal  faceting.  The  highest  of  these  is  the  temperature 
below  which  there  appears  for  the  first  time  a  flat  section,  as  a  result 
of  which  the  equilibrium  shape  of  the  crystal  cannot  be  described 
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by  a  smooth  function.  The  other  critical  temperatures  are  associated 
with  the  appearance  of  other  types  of  flat  sections.  We  can  also  say 
that  at  critical  points  of  crystal  faceting  the  angular  derivatives  of 
the  surface  energy  experience  discontinuities  or  the  step  energy  has 
a  finite  value. 

The  present  chapter  is  devoted  to  a  thermodynamical  analysis 
[97]  of  the  crystal  shape  and  the  angular  dependence  of  the  surface 
energy  near  phase-transition  points  of  crystal  faceting.  In  many 
cases  these  transitions  are  continuous  of  the  common  second-order 
phase  transition  type.  The  formulas  that  describe  such  transitions  are 
similar  to  those  in  Landau’s  theory  of  phase  transitions,  the  order 
parameter  being  the  size  of  the  discontinuities  in  the  angular  deriv¬ 
atives  of  the  surface  energy.  But  there  are  several  differences,  the 
main  concerning  the  peculiar  role  of  fluctuations. 

Indeed,  let  us  consider  the  fluctuations  of  crystal  shape  at  tempera- 1 
tures  only  somewhat  higher  than  the  critical  temperature  TCt  for 
a  given  face.  Assuming  that  the  fluctuation  wavelength  is  much  shor¬ 
ter  than  the  dimensions  of  the  sample,  we  can  think  of  the  equilibri¬ 
um  surface  as  flat.  We  select  the  z  =  0  plane  so  that  it  coincides  with 
this  surface.  We  write  the  equation  for  the  surface  in  the  presence  of 
fluctuations  as  z  =  z  (#4)  (with  \i  =  1,  2;  xx  —  x;  and  x2  =  y)  and 
expand  z  (x^)  in  a  Fourier  series: 


z  (^n)  —  2  2  (h)  (1 .6.1) 

kn 

where  is  the  two-dimensional  wave  vector. 

The  variation  of  the  total  free  energy  of  the  crystal  due  to  fluctua¬ 
tions  can  easily  be  found  by  applying  (1.5.14).  We  obtain 


AU =T"  2  ( ak 2  4*  «*vMy)  I  z  (K)  I2-  (1.6.2) 


whence  in  the  usual  way  we  find  the  following  expression  for  the  mean 
square  of  a  Fourier  transform: 

|2  - ,  (1-6-3) 


where  =  afi^v  +  auv. 

The  mean  square  of  the  fluctuation  departure  of  the  points  on  the 
surface  from  the  equilibrium  position  is,  in  view  of  (1.6.3), 


(6z)2  =  4t  f 


d2k 


(1.6.4) 


Let  us  assume  that  we  are  dealing  with  a  face  normal  to  a  symme- 
try  axis  of  an  order  higher  than  the  second.  Then  a^v  =  alx8wv  and 
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(1.6.4)  yields 

(6i)2  =  -^-  {  =  — .  (1.6.5) 

nan  J  A  Jtan  a 

Here  we  have  taken  into  account  that  the  logarithmically  divergent 
integral  must  be  cut  off  at  k  ~  L*1  (L  is  the  size  of  the  sample)  at 
the  lower  limit  and  at  k~  i/a  (a  is  the  lattice  period)  at  the  upper. 

The  results  obtained  in  Sec.  1.6.3  will  show  that  attends  to- 
infinity  as  t===  T  —  T cr-^  0  in  inverse  proportion  to  t.  We  put 

an  =  {V/a?)  {TGV/t),  where  U  is-  defined  as  a  characteristic  interac¬ 
tion  energy  of  the  particles  in  the  crystal.  From  (1.6.5)  we  obtain 


In  the  limit  L-+-  oo  the  fluctuation  shift  of  the  surface  becomes 
infinite  at  t  >  0.  But  for  negative  f  s,  due  to  the  discontinuities  in 
the  angular  derivatives  of  the  surface  energy  or,  in  other  words,  due  to* 
the  finite  step  energy,  the  fluctuations  remain  finite  as  L  ->•  oo. 
However,  since  the  transition  is  continuous,  these  fluctuations  become 
infinite  as  t-+  —  0.  The  point  T  =  Tcr  is,  therefore,  characterized 
by  the  fact  that  as  it  is  approached  from  below  in  an  unlimited  sys¬ 
tem  (L==  oo)  the  fluctuations  grow  in  size  without  limit.  The  prob¬ 
lem  of  such  a  “fluctuation”  phase  transition  on  a  given  crystal  face 
has  lately  been  considered  (e.g.  see  [98,  99])  in  connection  with  the 
general  problem  of  two-dimensional  phase  transitions  (the  fact  that 

(1.6.5)  contains  a  logarithm  is,  obviously,  due  to  the  surface  being- 
two-dimensional). 

It  is  important,  however,  to  note  the  following.  The  parameter 
T/U  is  rather  small  for  all  crystals,  since  it  determines  the  degree  of 
anharmonicity  of  atomic  vibrations.  Whence  at  Tcr  formula 

(1.6.6)  yields  6 z<C  &  for  all  values  L  that  are  of  interest.  Let  us  esti¬ 
mate  the  extent  to  which  this  strong  inequality  is  valid  for  crystals 
of  helium,  the  most  disadvantageous  in  this  respect.  The  results  of 

Keshishev,  Parshin,  and  Babkin  [100]  show  that  an  ^  0.2  erg/cm2' 
far  from  the  transition  point,  so  that 


(1.6.7)- 


The  dimensions  L  of  the  sample  for  which  (1.6.7)  is  valid  are  limit¬ 
ed  from  above  by  the  capillary  constant  Lm~  a/g( ps Pi), 
where  g  is  the  acceleration  of  free  fall;  for  helium  this  constant  is 
about  0.1  cm.  (When  L  is  of  the  order  of  Lm  or  greater,  we  must  allow 
for  gravitational  effects,  as  a  result  of  which  the  integral  in  (1.6.4) 
does  not  diverge  for  small  k^s).  For  this  reason  the  left-hand  side  in 
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<1.6.7)  is  in  fact  always  small  for  a  small  t/Tcv1  and  only  at  t/Tcr& 
^  0.3  does  it  become  of  the  order  of  unity.  Therefore,  we  arrive  at 
the  problem  of  the  faceting  transition  when  6 z  is  much  smaller  than  a, 
ivhich  makes  it  possible  to  neglect  fluctuation  effects  [97]. 

1.6.2  Thermodynamic  Relations 

The  equilibrium  shape  of  a  crystal  is  determined  by  the 
condition  that  the  surface  energy,  more  exactly  the  thermodynamic 
potential  (see  [67])  be  minimal  for  a  fixed  volume  of  the  crystal.  If 
the  surface  of  the  crystal  is  given  by  an  equation  z  =  z  (.z^),  then 
we  have  to  minimize 

\HK)d>x,  (1.6.8) 

where  /  =  a  (1  +^)1/2  and  both  a  and  /  can  be  considered  as  func¬ 
tions  of  the  angular  variables  h^  =  dzfdx ^  The  condition  that  the 
crystal  volume  must  be  constant  is  reduced  to  the  requirement  that 
the  integral 

j  z  d*x  (1.6.9) 

he  constant.  The  variational  problem  that  we  have  just  formulated 
has  the  following  first  integral: 

S  =  W,  (1.6.10) 

where  X  is  the  Lagrange  factor,  and  £  =  z  — 

Since  dz  =  h^dx^,  we  see  that  dZ>  =  —  x^dh^,  so  that  x ^  = 
=  — d^ldh^.  Let  us  introduce  the  quantities  =  df/dh^.  In  view 
of  (1.6.10)  we  have 

^  =  (i-e.H) 

i.e.  in  the  equilibrium  state  the  quantities  differ  from  the  coordi¬ 
nates  x^  in  constant  factors.  Let  us  introduce  a  new  thermodynamic 

potential  /  =  /  —  Since  df  —  t] ^dh^,  we  see  that  df  — 

=  —h^dv)^  so  that  —  —  df/dr\ 

We  can  write  the  condition  for  equilibrium  (1.6.10)  in  the  follow¬ 
ing  equivalent  form  by  using  (1.6.11): 

j  =  Xz.  (1.6.12) 

The  thermodynamic  potential  /  as  a  function  of  the  variables 
"tj p,  is,  therefore,  directly  linked  to  the  shape  of  the  crystal  in  an 
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equilibrium  state: 

2(;rt‘)=T^%)==T^  —  (1.6.13) 

The  presence  of  critical  points  of  crystal  faceting  can  be  explained 
by  the  appearance  of  regions  of  zero  curvature  on  the  surface  of  the 
crystal.  These  regions  may  appear,  obviously,  as  a  result  of  phase 
transitions  of  the  first  kind.  But  it  is  more  interesting  to  investigate 
the  possibility  of  continuous  faceting  transitions.  In  such  a  situa¬ 
tion,  as  a  critical  temperature  is  approached  from  above,  a  point 
x p,  =  x^  corresponding  to  the  place  where  the  given  crystal  face 
emerges  at  the  surface  must  turn  into  a  flattening,  i.e.  a  point  where 
one  or  two  eigenvalues  of  matrix  dHIdx^  dxv  vanish.  In  view  of 

(1.6.13)  this  means  that  one  or  two  eigenvalues  of  matrix  dy\v 

or  matrix  dhjdv ]v  vanish  on  the  given  face.  For  the  transition  to  be 
continuous  then  it  is  necessary  that  at  this  critical  temperature  all 
faces  close  to  the  one  considered  obey  the  stability  criterion  (see  [86]), 
which  states  that  the  quadratic  form 

07  0  7  __  O  7  0  7 

dhv  °V>fcv-  dhv  oniony 

must  be  positive  definite  for  all  8/^’s.  An  equivalent  criterion  states 
that 


dhu,  o  o 


V 


must  be  positive  definite  for  all  dr^’s,  or  that 


dht 

3t)i 


>  0  and 


dhx  dk^  .  /  dh\ 

^n7^n7  l  drj2  ) 


(1.6.14) 

(1.6.15) 


We  can  easily  see  that  a  continuous  faceting  transition  is  impos¬ 
sible  for  faces  that  are  perpendicular  to  3-fold  symmetry  axes.  In 
this  case  due  to  the  symmetry  of  the  face  the  eigenvalues  of  matrix 

d2f/di drjv  coincide  and  therefore  both  vanish  at  the  critical  point. 
Since  the  face  under  consideration  corresponds  to  =  0,  the 

potential  /  for  neighboring  faces  is  determined  by  a  3rd~order  in¬ 
variant: 


f  =  fo  +  a  (t)I  —  3%^)  +  b  (tjJ  —  3r)^T)2) , 

where  a  and  b  are  constants.  If  we  use  this  formula  to  calculate  the 
derivatives  dhjd^  and  dhjdv }2,  which  for  small  ri^’s  must  be  posi¬ 
tive,  we  will  see  that  both  contain  terms  linear  in  and  so  have 
alternating  signs.  The  presence  of  a  symmetry  plane  passing  through 
the  axis  does  not,  obviously  help  much.  In  this  case  a  reflection  in 
the  plane  can  be  represented  by  the  transformation  — rh,  so 
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that  a  =  0.  But  the  terms  with  b  still  violate  the  stability  criterion* 
In  most  cases,  as  we  will  subsequently  see,  faceting  transitions 
may  be  second-order  phase  transitions. 


1.6*3  A  6-fold  Symmetry  Axis 


Suppose  that  the  face  under  consideration  is  perpendicular 

to  a  6-fold  symmetry  axis.  The  potential  /  for  neighbouring  faces, 
i.e.  faces  with  their  qp’s  small,  is  isotropic  in  this  case  with  the 
required  degree  of  accuracy.  It  can  be  written  as 

7 (*»  %)  =  /o  (0  —  (1.6.16) 


where  t  =  T  —  T cr  (^cr  is  the  critical  temperature  of  crystal  facet- 
ing),  and  a  and  b  are  constants  and  must  be  positive  for  the  stability 
criterion  (1.6.15)  to  be  met  at  t  ^  0  for  all  qp’s. 

We  find  the  derivative  of  (1.6.16)  with  respect  to  qp.  This  yields 

*=  atriv  +  &q2qM.  (1.6.17) 

From  (1.6.16)  and  (1.6.17)  it  follows  that  at  t  ;>  0  and  sufficiently 
small  Vs  the  surface  energy  is 

/(*,  V>  =  / 0+T-S-’  <1-6-18> 


i.e.  its  second  derivatives  with  respect  to  the  angular  variables 
on  the  given  face  ( h u  =  0)  tend  to  infinity  in  inverse  proportion  to 

t  -  rcr. 


At  the  critical  point  we  have 


which  corresponds  to  a  nonanalytical  dependence  of  the  surface 
energy  on  the  angles  of  the  following  type: 


/-/.+*  (4) 


1 1/3 


(1.6.19) 


In  view  of  the  general  relationships  (1.6.11)  and  (1.6.13),  the  shape 
of  the  crystal  at  /  0  is  determined  directly  by  (1.6.16). 

At  t  <  0  the  dependence  of  on  hn  given  by  (1.6.17)  is  not 
one-to-one  (the  same  is  true  for  /  (fe^)).  This  fact  is  demonstrated  by 
Fig.  1.20,  where  /  —  /0  is  plotted  against  hx  at  h2  =  0.  To  separate 
a  branch  of  this  function  we  note  the  following.  First,  Eq.  (1.6.17) 
for  qp,  is  satisfied  for  values  of  q  p  that  are  realized  for  given  values  of 
ftp,  but  generally  not  all  solutions  of  this  equation  correspond  to  a 
real  state  of  the  surface.  The  same  is  true  for  various  values  of  / 
for  fixed  values  of  h p.  Second,  if  there  are  two  or  more  values  of  / 


1.  Defects  and  Surface  Phenomena  in  Quantum  Grystals 


61 


for  given  values  of  that  refer  to  actual  states,  then  the  equilibrium 
state  corresponds  to  the  minimal  of  the  values  of/.  Third,  the  equilib¬ 
rium  surface  energy  /  must,  obviously,  be  a  continuous  function  of 
the  angular  variables  h ^  The  aforesaid  implies  that  in  Fig.  1.20 
the  /  versus  h ^  dependence  is  represented  by  the  solid  line.  The 
dashed  curve  lying  below  the  singularity  0  and,  hence,  the  solutions 
to  Eq.  (1.6.17)  with  rj3  <  a\  t  \lb>  have  no  physical  meaning.  As  a 
result  the  rj^’s  tend  to  a  finite  value  =  r]0  tyjh)  as  ■->  0,  where 
Tjo  ==  (a |  t  [/6)1/2.  In  view  of  (1.6.11)  this  means  that  on  the  surface 
of  the  crystal  there  appears  a  flat  section  of  circular  shape  with  a 
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Fig.  1.20.  The  angular  dependence  of  the  surface  energy  below 
the  transition  point. 

radius  proportional  to  r]0,  i.e.  to  the  square  root  of  Tc r  —  T.  The 
difference  in  the  shape  of  this  flat  section  from  circular  can  be  account¬ 
ed  for  only  if  we  include  higher-order  terms  in  Tct  —  T.  The  depen¬ 
dence  of  the  surface  energy  on  angles  and  the  temperature  at  t  <  0 
and  h  0  is  given  by  the  following  formula: 

/(*.  K)=fo  +  ^t^  +  ri0h.  (1.6.20) 

The  size  of  the  discontinuity  in  the  angular  derivatives  at  h  =  0 
is  2r)0, 

Therefore,  in  the  simple  case  we  have  just  studied  the  faceting 
transition  is  described  by  formulas  that  are  similar  to  those  in 
Landau’s  theory  of  phase  transitions,  provided  we  take  ^  as  the 
order  parameter  and  the  angular  variables  as  the  external  field. 
Note,  however,  the  negative  signs  in  (1.6.16). 


1.6.4  A  4-fold  Symmetry  Axis 

Suppose  that  the  face  under  consideration  is  perpendicular 
to.  a  4-fold  symmetry  axis  and  in  addition  has  two  symmetry  planes 
that  are  perpendicular  to  each  other  and  contain  the  symmetry  axis. 
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Among  faces  with  a  4-fold  symmetry  axis  this  case  is  the  most  inter¬ 
esting  experimentally.  The  point  is  that,  as  noted  above,  the  most 
suitable  objects  for  studying  faceting  transitions  are  crystals  of 
helium  isotopes.  On  the  melting  curve  at  low  temperatures  the 
isotope  4He  forms  a  hep  structure  whose  basic  planes  undergo  a 
faceting  transition,  described  in  Sec.  1.6.3.  In  the  same  conditions 
the  3He  crystals  form  a  bcc  structure,  and  the  basic  planes  have 
symmetry  planes. 

In  the  case  we  are  studying  the  t^’s  can  form  two  independent 
fourth-order  invariants.  If  we  send  the  coordinate  axes  xx  and  xz 
along  the  intersection  lines  of  the  symmetry  planes  with  the  face, 
then  we  can  take  +  r\\  and  r^r||  as  these  invariants.  The  potential 

/  has  the  following  form: 

/= fo -- f  K + O' — T  Cni + <)  -  f  «  (1  -6.21) 

where  a,  6,  and  c  are  constants.  The  stability  criterion  at  t  ^  0 
yields  the  following  inequalities: 
a  >  0,  0  <C  c/3  C  b. 

By  finding  the  derivatives  of  /  with  respect  to  the  tj^s  we  arrive  at 
the  following  expressions  for  the  angular  variables: 

K  =  %  ( at  +  br\\  +  erfy,  h2  =  r)2  {at  -f  bvfc  +  crj*).  (1.6.22) 

To  find  the  specific  structure  of  the  crystal  faceting  at  t  <  0  we 

note  the  following.  For  a  fixed  direction  of  vector  r]^  the  potential  / 
is  an  increasing  function  of  r]  for  small  rj’s  and  a  decreasing  function 

for  large  values.  As  to  the  dependence  of  /  on  the  direction  of  if)^ 

it  is  different  for  b  >  c  and  b  <  c.  Suppose  that  b  >  c.  Then  /  as 
a  function  of  the  direction  of  at  fixed  r]  has  minima  along  the 
coordinate  axes  =  0  and  r]2  =  0.  Since  sections  with  zero  curva¬ 
ture  must  appear  where  the  initial  potential  f  (and  coordinate  z  in 
view  of  (1.6.13))  is  minimal,  such  sections  at  b  >>  c  must  lie  along 
the  coordinate  axes.  The  first  formula  in  (1.6.22)  shows  that  for  a 
fixed  value  of  rj2  (r]2  <  a\  t  \lc)  hx  vanishes  at  two  values  of  % 
(differing  only  in  sign): 

T)P.S>=  ±  (-alt|-~CT,l)1/2. 

At  these  points  the  potential  /  (and,  hence,  coordinate  z)7  which 
depends  only  on  assumes  the  same  value.  Whence  it  is  clear  that 
the  entire  segment  r\[2)  <  r\x  <  corresponds,  in  fact,  to  a  con¬ 
stant  (zero)  value  of  the  angular  variable  hv  Similarly,  for  a  fixed 
value  of  ill  (ti?  <  a\  t  Vc)  ^2  vanishes  in  the  segment  r\(2)  <  r ]2  <C 
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C  T]'0,  where 


r)o1. 


2) 


=  ±  ^  al*[  —  fill  j 


1/2 


Therefore,  the  crystal  facets  must  have  the  structure  depicted  m 
Fig.  1.21.  Inside  the  ellipse 

HI  +  <*l\  =  a  I  *  I 

the  crystal’s  surface  has  zero  curvature  along  the  ^  axis.  Accordingly,, 
inside  the  ellipse 

cr\l  +  br\\  =  a  \t  | 

it  has  zero  curvature  along  the  t]2  axis.  In  the  region  that  is  the- 
intersection  of  the  two  ellipses  there  is,  therefore,  square  flat  section. 


Fig.  1.21.  The  facet  structure  for  a  face  perpendicular  to  a  4-fold 
symmetry  axis. 

of  the  surface;  to  this  section  there  adjoin  four  sections  of  zero  curva- 
ture  in  only  one  direction. 

In  the  case  where  b  <  c  the  potential  /  as  a  function  of  the  direc¬ 
tion  of  T)  ^  has  minima  along  the  bisectors  %  =  ±t]2.  The  sections 
with  zero  curvature  must  lie  along  the  two  bisectors.  The  structure 
that  emerges  must  be  similar  to  the  previous  one  but  rotated  as  a 
whole  through  an  angle  of  jt/4.  Indeed,  if  we  perform  a  rotation 
through  ji/4,  i.e.  instead  of  T|x  and  rj2  introduce  the  new  variables 

Tii  =  ("ni  +  ri2)/y  2,  r]'2  (th — T]2)/y  2, 

then  in  terms  of  the  new  variables  the  potential  /  has  the  previ¬ 
ous  form  but  with  coefficients  a  =  a,  b'  =  (6  +  c)l 2,  and  c  = 
=  V  —  (c  —  b).  The  inequality  V  >  c  remains  valid. 

All  linear  dimensions  of  the  facets  structures  vary  in  inverse 
proportion  to  the  square  root  of  T cr  —  T ,  just  as  they  did  in 
Sec.  1.6.3. 
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We  can  easily  see  that  if  on  the  crystal’s  surface  there,  are  sections 
"with  only  one  axis  along  which  the  curvature  is  zero,  then  at  t  <  0 
the  surface  energy  f  (h^)  as  a  function  of  angles  has  singularities  not 
only  at  hx  —  h2  ~  0  but  on  segments  of  the  coordinate  axes  in  the 
(h±,  h2)  plane  defined  by  the  conditions*  hx  —  0,  ] h2  '|-<C  h0  and 
h2  =  0,  |  |  <T  h0,  where 


The  surface  f  =  /  (hv  h2)  is  cone-shaped  with  kinks, of  finite  length 
situated  in  the  region  near  the  vertex  along  four  generators. 

Finally,  we  note  that  faceting  transitions  may  also  be  continuous 
for  faces  of  lower,  symmetry  perpendicular  to  2-fold  symmetry  axes 
or  symmetry  planes  or  even  faces  of  a  general  type  (for  more  details 
see  [97]).  A  special  feature  of  these  cases  is  that  the  transition  is 
accompanied  by  the  vanishing  of  only  one  of  the  eigenvalues  of 
matrix  dhjd r)v  instead  of  both  as  in  the  cases  just  studied.  As  a 
result  below  the  transition  point  there  appear  cylindrical  sections 
with  only  one  zero-curvature  surface  instead  of  flat  sections.  Flat 
■sections  appear  only  as  a  result  of  a  second  faceting  transition  on 
an  initially  cylindrical  surface.  Such  transitions  may  also  be  of  the 
second-order  type. 


1.7  DELOCALIZATION  OF  DISLOCATIONS 


We  can  obtain  another  example  of  quasiparticles  charac¬ 
teristic  of  quantum  crystals  if  we  consider  a  linear  dislocation  in 
its  slip  plane  that  is  at  an  angle  to  the  crystallographic  directions 
147].  The  dislocation  line  in  this  case,  as  we  know,  is  not  straight. 


Fig.  1.22.  Dislocation  with  kinks. 

It  consists  of  straight  segments  lying  in  the  direction  along  which 
the  energy  of  the  dislocation  line  is  minimal  (this  direction*coincides 
with  one  of  the  major  crystallographic  axes)  and  a  number  of  kinks 
in  whose  neighbourhoods  the  dislocation  moves  from  one  “valley” 
to  another  (Fig.  1.22).  Each  kink  can  be  considered  as  a  point  defect 
on  the  dislocation.  Since  a  crystal  is  periodic  along  a  major  crystal¬ 
lographic  axis,  a  point  defect  of  this  kind  in  a  quantum  crystal 
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transforms,  due  to  tunneling,  into  a  delocalized  quasiparticle  whose 
states  are  given  by  the  values  of  a  one-dimensional  quasimomentum. 

Suppose  that  a  dislocation  has  a  kink  with  a  definite  value  of 
quasimomentum.  In  this  state  the  kink  is  completely  delocalized 
on  the  dislocation,  i.e.  the  probability  of  finding  it  is  the  same  at  any 
point  of  the  dislocation.  The  dislocation  then  is  found  to  be  uniformly 
distributed  between  two  neighbor  valleys.  If  a  dislocation  has 
many  kinks,  it  is  distributed  over  a  large  number  of  valleys.  Hence, 
the  quantum  mechanical  delocalization  of  kinks  on  a  dislocation 
leads  to  the  dislocation  being  delocalized  in  the  slip  plane. 

At  sufficiently  low  concentrations,  kinks  can  be  considered  as  a 
rarefied  gas  of  quasiparticles.  For  this  the  mean  distance  n “1  between 
kinks  ( n  is  the  number  of  kinks  per  unit  length  of  dislocation)  must 
be  large  compared  with  the  kink-kink  interaction  radius  r0.  The 
interaction  radius  is  defined  in  the  same  way  as  in  the  case  of  impu- 
riton-impuriton  interactions.  Namely,  at  r  =  r0  the  potential  energy 
U  (r)  of  interaction  of  two  kinks  must  coincide,  in  order  of  magni¬ 
tude,  with  the  energy  band  width  Ak  of  a  single  kink.  For  kinks  the 
potential  energy  is  proportional  to  r_1  (see  [101]),  i.e.  U  (; r )  ~  Sir, 
with  6  ~  p,a4  in  order  of  magnitude  (jll  is  the  shear  modulus).  As  a 
result  we  have  r0  ~  p,a4/Ak. 

The  characteristic  of  a  kink  gas  observed  in  experiments  is  its 
diffusion  coefficient  D.  In  the  high-77  region  it  is  determined  by 
phonon-kink  collisions  and  dislocation  vibrations.  As  the  tempera¬ 
ture  decreases,  the  number  of  phonons  and  vibrations  decreases,  and 
D  attains  its  maximal  value  determined  by  kink-kink  collisions. 
When  estimating  this  limiting  value  we  must  bear  in  mind  the 
specific  feature  of  the  one-dimensional  case.  The  fact  is  that  the 
momenta  acquired  by  the  quasiparticles  as  a  result  of  pair  collisions 
are  uniquely  determined  by  conservation  laws.  There  are  two  un¬ 
known  momenta  and  two  conditions  that  determine  them  (energy 
and  momentum  conservation  laws).  It  is  obvious  that  the  only 
solution  is  the  trivial  one,  corresponding  to  the  case  where  the  par¬ 
ticles  exchange  their  momenta.  The  momentum  distribution  func¬ 
tion  of  the  quasiparticles  does  not  change  in  the  process.  In  other 
words,  the  collision  term  in  pair  collisions  vanishes  and  all  kinetic 
phenomena  are  determined  by  triple  collisions.  The  mean  free  path 

for  triple  collisions  differs  from  the  mean  free  path  Z2  ~  n~x  for 
pair  collisions  by  a  large  factor  (rcro)”1.  For  this  reason  the  kink  diffu¬ 
sion  coefficient  is,  in  order  of  magnitude, 


D  ~  vl3 


aAk  j 

%  3  ft|.ia3rc2  * 


Hence,  instead  of  the  D  oc  n~l  law,  we  see  that  D  is  inversely  pro¬ 
portional  to  the  square  of  quasiparticle  density. 

The  motion  of  the  kinks  on  the  dislocation  cannot  ensure  con- 
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tinuous  motion  of  the  dislocation  under  external  forces.  Such  motion 
must  certainly  be  accompanied  by  production  of  pairs  of  kinks  of 
opposite  signs,  as  a  result  of  which  part  of  the  dislocation  line 
transfer  to  a  neighboring  valley.  In  common  crystals  this  is  a  thermo¬ 
activation  above-the-barrier  process,  whence  the  rate  of  advance  of  a 
dislocation  under  a  given  force  falls  off  exponentially  with  tempera¬ 
ture.  Petukhov  and  Pokrovskii  [91]  have  shown  that  in  quantum 
crystals  the  production  of  kink  pairs  is  a  quantum  tunneling  process, 
with  a  probability  that  is  temperature-independent. 

The  most  suitable  experimental  method  of  observing  the  discussed 
behavior  of  dislocations  is  to  measure  the  internal  friction.  This 
method  enables  the  researcher  to  study  the  diffusion  of  defects  not 
accessible  to  observation  by  other  methods.  For  quantum  crystals 
there  are  additional  possibilities  [102].  Aside  from  the  relaxation  of 
inhomogeneities  in  the  spatial  distribution  of  defects  (a  mechanism 
common  to  ordinary  crystals),  there  is  a  special  relaxation  of  the 
nonequilibrium  (spatially  homogeneous)  distribution  of  defects  over 
the  quasimomenta.  Although  at  present  there  is  a  large  body  of  data 
on  internal-friction  measurements  in  quantum  crystals  of  solid 
helium  and  in  solutions  of  hydrogen  in  niobium  [103-107]  no  clearly 
interpretable  quantum  peculiarities  have  as  yet  been  discovered. 
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2.1  INTRODUCTION 

Electronic  phase  transitions  (EPT)  are  usually  understood 
to  be  the  phase  transitions  in  a  solid  that  basically  involve  the 
electron  subsystem.  Such,  for  instance,  are  the  Mott  metal-insulator 
transitions  [1-3]  and  valence-change  transitions  in  rare-earth  metals 
and  compounds  [4-8].  Another  example  is  the  transition  from  localized 
to  delocalized  electrons  (the  Anderson  transition)  [9,  10].  It  is  natural 
that  the  change  in  the  state  of  the  outermost  (valence)  electrons 
affects  other  properties  of  solids,  namely,  those  associated  with  the 
crystal  lattice.  We  can  also  say  that  the  interaction  of  electrons  with 
the  lattice  influences  the  parameters  of  EPT.  From  this  viewpoint 
singling  out  EPT  is  a  somewhat  artificial  procedure,  since  in  the  final 
analysis  all  phase  transitions  in  solids  (e.g.  structural  transitions) 
are  “electronic”  in  origin  because  the  types  of  chemical  bond  and 
lattice  structure  depend  on  the  configuration  of  the  valence  electrons. 
However,  this  basic  fact  often  remains  concealed,  and  many  tran¬ 
sitions  are  described  without  such  analysis.  For  instance,  the  usual 
way  of  interpreting  ferroelectric  phase  transitions  is  to  resort  to  the 
anharmonicity  of  lattice  vibrations  as  the  basic  mechanism  [11]. 
At  the  same  time,  the  main  features  of  phenomena  like  the  Mott 
transition  or  a  transition  with  valence  change  can  be  interpreted 
mainly  by  using  the  language  of  valence  electrons,  which  justifies 
our  singling  out  such  phenomena  and  employing  the  term  EPT. 

The  present  review  focuses  on  transitions  in  rare-earth  compounds 
associated  with  a  change  in  the  electron  configuration  of  the  rare- 
earth  ions  but  not  with  a  change  in  lattice  symmetry  (so-called  iso- 
structural  phase  transitions).  It  also  describes  the  electronic  states 
that  occur  in  such  transitions,  mixed  valence  (MV)  states.  Only 
recently  have  such  phenomena  been  thoroughly  studied  (e.g.  see 
[4-8]),  although  the  first  experimental  works  appeared  in  the  early 
sixties  [12,  13]. 

The  class  of  substances  is  fairly  large  in  which,  in  contrast  to 
typical  rare-earth  compounds,  the  4f  shell  loses  its  stability  while 
in  many  ways  retaining  its  atomlike  character.  At  present  more 
than  a  hundred  such  compounds  have  been  discovered.  In  such 
substances  states  having  different  numbers  of  f-electrons  per  site 
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(e.g.  states  4fn  and  (4fn_1  ~f  one  electron  in  the  conduction  band)) 
prove  to  lie  close  in  energy.  Due  to  this  resonance  transitions  may 
occur  between  these  configurations,  the  f-electrons  acquire  a  par¬ 
tially  band  nature,  the  mean  number  of  f-electrons  per  center  (the 
ion’s  valence)  becomes  nonintegral,  etc.  Such  compounds  have 
come  to  be  known  as  mixed-valence  compounds. 

States  with  mixed  valence  have  a  number  of  unique  properties, 
which  are  of  interest  in  themselves  but  can  also  contribute  to  our 
understanding  of  the  behaviour  of  electrons  in  a  solid.  Under  varia¬ 
tion  of  external  conditions  (temperature,  pressure,  composition) 
compounds  of  this  type  often  undergo  phase  transitions  involving 
variation  in  the  filling  of  electron  levels.  In  some  cases  these  tran¬ 
sitions  are  of  the  insulator-metal  type.  Also  there  is  often  a  change 
in  magnetic  properties  (localized  magnetic  moments  vanish)*  i.e. 
these  transitions  are  of  the  magnetic-nonmagnetic  state  type. 

Systems  with  mixed-valence  states  show  marked  anomalies  in 
practically  all  experimentally  measured  characteristics:  in  lattice 
properties  (anomalously  high  compressibility),  in  specific  heat 
(anomalously  high  linear  specific  heat  at  low  temperatures),  in 
magnetic  susceptibility,  and  transport  characteristics  (especially  in 
electric  conductivity). 

The  fundamental  problem  that  we  can  hope  to  solve  by  studying 
such  substances  is  the  relationship  between  the  pictures  of  localized 
and  collective  states  in  describing  the  behavior  of  the  electrons  in 
solids,  i.e.  when  does  one  or  the  other  language  fit,  how  do  tran¬ 
sitions  between  these  states  occur,  and  what  peculiar  features  in  the 
behavior  of  the  electron  (and  lattice)  system  accompany  such  tran¬ 
sitions?.  Since  the  f-electrons  do  to  a  great  extent  retain  their  atom¬ 
like  character,  there  is  the  hope  that  at  least  in  certain  respects  the 
corresponding  substances  may  be  simpler  than  compounds  of  d  metals 
and  actinides,  for  which  all  characteristic  parameters  are  of  the 
order  of  unity.  We  may  assume,  therefore,  that  an  understanding  of 
the  situation  with  mixed  valence  will  also  help  clarify  the  properties 
of  transition  metals  and  their  compounds. 

The  physics  of  mixed  valence  is,  in  fact,  closely  related  to  a  num¬ 
ber  of  problems  and  phenomena  in  solids.  These  include  the  question 
of  the  nature  of  magnetism,  the  Kondo  effect,  insulator-metal  tran¬ 
sitions,  spatial  ordering  and  Wigner  crystallization;  one  can  also  add 
superconductivity  [95].  We  must  also  note  that  EPT  in  such  com¬ 
pounds  resemble  phenomena  occurring  in  superdense  matter,  a  topic 
that  is  important  for  astrophysics  [96].  To  a  certain  extent  systems 
with  mixed  valence  may  serve  as  a  general  model  of  condensed  matter 
(see  Chap.  2.6).  All  this  together  with  the  intrinsic  importance  of 
such  compounds  explains  the  growing  interest  in  this  class  of  physical 
objects,  which  in  many  respects  are  unique. 

This  review  is  concerned  mainly  with  the  theoretical  aspects  of 
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the  MY  problem.  Experimental  results  are  brought  in  largely  to 
illustrate  and  justify  the  theoretical  discussion.  Although  solid-state 
theoreticians  in  many  countries  are  working  in  this  field  and  our 
aim  is  to  give  a  comprehensive  picture  of  the  present  state  of  this 
field ,  we  will  dwell  chiefly  on  the  works  of  Soviet,  authors. 


2.2  LOCALIZATION  OF  ELECTRONS 

AND  INSULATOR-METAL  TRANSITIONS 
(MOTTHUBBARD  TRANSITIONS) 

We  will  start  with  a  brief  survey  of  a  problem  that  is 
important  not  only  to  the  physics  of  rare-earth  compounds  and  the 
MV  problem  but  has  general  significance.  This  problem  is  the  rela¬ 
tionship  between  the  localized  and  collective  states  of  electrons  in  a 
solid.  As  is  known,  there  are  two  limiting  pictures  of  the  behavior  of 
electrons  in  a  solid.  The  usual  band  scheme,  which  works  well  for 
normal  metals  and  semiconductors,  deals  with  almost  free  electrons 
moving  in  the  periodic  lattice  potential.  The  corresponding  states 
(Bloch  waves)  prove  to  be  delocalized;  the  electron-electron  interac¬ 
tion  is  usually  taken  into  account  by  the  Hartree-Fock  approxima¬ 
tion  and  does  not  violate  the  one-electron  picture. 

On  the  other  hand,  in  some  cases  a  more  appropriate  way  to  de¬ 
scribe  the  behavior  of  electrons  is  to  use  the  language  of  localized 
states  (in  the  theory  of  molecules  this  is  the  Heitler-London  approxi¬ 
mation).  This  approach  is  justified  for  strong  interelectronic  corre¬ 
lation;  in  reality  it  is  valid  for  the  electrons  of  inner  shells.  For 
filled  shells  both  approaches  are  completely  equivalent,  but  for 
partially  filled  shells  this  is  not  so.  These  are  the  partially  filled  d  and 
f  states  in  transition  and  rare-earth  metals  and  actinides  and  their 
compounds.  Since  the  electrons  are  localized,  such  substances  are 
magnetic,  as  a  rule.  It  is  this  localization  that  explains  the  fact  that, 
in  contrast  to  the  predictions  of  the  band  theory,  many  such  sub¬ 
stances  are  insulators  (Mott  insulators). 

The  criterion  that  enables  us  to  choose  between  the  two  types  of 
states  involves  the  mean  Coulomb  interaction  energy  between  two 
electrons,  U  ~  e2!r ,  and  the  characteristic  kinetic  energy,  ~- 
~h2lmr2:  at  i?kin  >  U  the  electrons  are  delocalized,  while  the 
opposite  inequality  enables  us  to  use  the  picture  of  localized  electrons. 
We  see  that  the  second  case  is  realized  in  a  rarefied  system: 

( 2-2A> 

i.e.  when  the  mean  distance  between  electrons  r  is  greater  than  the 
Bohr  radius  a0.  In  other  words,  the  overlap  of  the  wave  functions  of 
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neighboring  centers  must  be  small,  a  situation  realized  for  d-  and 
especially  f -electrons  * 

The  fact  that  in  a  system  with  low  density  the  electrons  are 
localized  and  because  of  this  lose  their  “metallic”  nature  was  first 
pointed  out  for  an  electron  gas  by  Wigner  [14]  (the  jellium  model) 
and  for  real  solids  by  Landau  and  ZeFdovich  [1].  The  latter  work, 
which  unfortunately  remained  largely  unnoticed,  contains  practically 
all  the  ideology  of  insulator-metal  transitions  and  the  argument 
(related  to  R.  Peierls)  showing  that  such  transitions  must  be  of  the 
first  order  [1]: 

A  dielectric  differs  from  a  metal  in  that  it  has  an  energy  gap 
in  its  electronic  spectrum.  But  does  this  gap  tend  to  zero  when 
we  approach  the  point  of  transition  from  dielectric  to  metal? 

If  this  was  the  case,  we  should  have  a  transition  without  latent 
heat,  without  jumps  in  volume,  and  other  properties.  Peierls 
has  shown  that  a  transition  continuous  in  this  sense  is  impos¬ 
sible.  Suppose  we  are  studying  an  excited  state  of  a  dielectric, 
a  state  in  which  it  conducts  electricity.  An  electron  leaves  its 
place  and  is  moving  in  the  lattice,  leaving  a  positive  charge  in 
another  place  in  the  lattice.  When  the  electron  has  traveled  far 
from  the  positive  charge,  it  is  attracted  by  a  Coulomb  force  that 
tends  to  return  the  electron  to  its  site.  In  an  attractive  Coulomb 
field  there  are  always  discrete  levels  of  negative  energy ,  cor¬ 
responding  to  an  electron  binding.  Therefore,  the  excited  and 
conducting  states  of  a  dielectric  are  always  separated  from  the 
ground  state,  in  which  the  electrons  are  bound,  by  a  gap  of  finite 
width. 

Later  Mott  [16]  expounded  these  ideas  independently.  By  esti¬ 
mating  the  screening  of  the  Coulomb  potential  as  the  number  of 
excited  electrons  grows  and  using  the  condition  for  a  bound  electron 
state  to  disappear,  he  found  the  criterion  for  an  insulator-metal 
transition: 

F~  (2.2.2) 

(n  is  the  electron  concentration).  The  phenomenon  associated  with 
this  transition  is  often  called  a  Mott  transition. 

The  simplest  model  employed  in  studying  Mott  transitions  was 
proposed  by  Hubbard  [17],  In  this  model  the  electrons  in  a  non¬ 
degenerate  band  interact  via  a  repulsive  force  at  one  site: 

H  =  2  tij&ioG'ja  H  2~  2  -a  .  (2.2.3) 

ijt  a  io 

The  tunneling  integral  t  is  the  measure  of  kinetic  energy,  and 
criterion  (2.2.1)  here  has  the  form  t  <C  U.  When  there  is  one  elec¬ 
tron  per  site  and  t  is  greater  than  U ,  the  system  is  a  metal  (if  we 
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ignore  special  cases  of  so-called  nesting);  at  t  <C  U  the  electrons  in 
the  ground  state  are  localized  at  the  centers  and  the  substance  is  an 
insulator. 

Although  there  are  many  works  devoted  to  the  Hubbard  model 
(e.g.  see  [2]  and  a  rather  old  review  [3])  and  qualitatively  the  picture 
is  clear,  there  is  as  yet  no  consistent  treatment  of  Mott  transitions 
(which  occurs  at  tIU  ~  1).  One  reason,  aside  from  the  absence  of  a 
small  parameter,  is  apparently  the  fact  that  for  such  transitions  it 
is  impossible  to  introduce  an  order  parameter  [3]  in  the  usual  sense, 
i.e.  defined  as  an  average  of  some  operator  over  the  ground  state. 
This  is  because  an  insulator  differs  from  a  metal  not  so  much  in  the 
properties  of  the  ground  state  as  in  the  characteristics  of  the  excited 
states  (the  presence  or  absence  of  a  gap  in  the  single-particle  spec¬ 
trum  of  current-carrying  excitations).*  Moreover,  a  Mott  transition 
is  accompanied  by  the  disappearance  of  localized  magnetic  moments 
at  a  site  (the  ground  state  in  the  dielectric  phase  proves  to  be  magnet¬ 
ically  ordered).  It  is  not  known  at  present  whether  the  insulator- 
metal  transition  in  the  Hubbard  modelhccUrs  simultaneously  with 
the  disappearance  of  magnetic  ordering  or  there  exists  an  antiferro¬ 
magnetic  metal  phase  [2,  18].  The  close  interrelationship  of  charge 
excitations  and  spin  excitations  also  has  a  marked  influence  on  the 
spectrum  of  elementary  excitations  (see  [3,  191);  this  problem,  how¬ 
ever,  is  also  not  solved  completely. 

In  essence  the  difficulty  in  building  the  theory  of  Mott  transitions 
is  due  to  the  faot  that  to  describe  the  transition  we  must  change  the 
mode  of  description:  from  electrons  localized  at  The  centers  with  a 
“single”  filling  of  each  level  we  must  switch  to  the  usual  band 
“double”  filling.  When  this  is  done  even  the  statistics  of  the  electrons 
changes  [89,  90]:  the  “atomic”  statistics  becomes  the  usual  Fermi 
statistics.;  .  .  ! 

In  reality  the  systems  closest  to  the  Hubbard  model  appear  to  be 
the  transition  metals  and  their  compounds  [of  course  many  impor¬ 
tant  details  are  ignored  in  the  Hamiltonian  (2.2.1)].  In  such  substances 
the  width  of  the  d  band,  t ,  is  of  the  order  of  the  Coulomb  interaction, 
U-,  and,  therefore,  these  substances  constitute,  as  Varma  noticed  in, 
[5],  a  “theorist’s  nightmare”.  With  this  fact  are  associated  the  well- 
known;  difficulties  in  describing  magnetism  in  substances  of.  the 
type  of  iron  [22,  23]  and  insulator-metal  transitions  often  observed 
in  such  compounds  as  vanadium  oxides  [2,  24]. 


*  Because  of  this  the  insulator-metal  transition  in  the  “pure” 

Hubbard  model  may  not  be  a  real  phase  transition  in  the  usual  sense  and 
becomes  one  only  after  an  extra  degree  of  freedom  has  been  added  (a 
change  in  the  lattice  constant,  for  one). 
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2.3  ELECTRONIC  PHASE  TRANSITIONS 

IN  RARE-EARTH  COMPOUNDS 

2.3.1  The  General  Picture  of  Transitions 

At  first  glance  the  situation  with  rare-earth  compounds 
seems  simpler  than  with  transition  metals.  In  typical  rare-earth 
compounds  there  are  two  groups  of  electrons:  the  outer  valence 
electrons,  which  form  chemical  bonds  or  form  the  metallic  band 
(they  are  described  by  usual  Bloch  waves),  and  the  electrons  of  the 
inner  partially  filled  4f  shells.*  Since  the  radius  of  the  4f  wave  func¬ 
tion  is  exceptionally  small  (~0.5  A),  we  can  neglect  the  overlap  of 
the  .  wave  functions  .  of  neighboring  centers.  At  the  same  time  the 
Coulomb  interaction  of  f-eiectrons  at  the  center  is  strong  (Utt  ~ 
~  5-7  eV),  and  we  can  assume  that  the  f-electrons  are  far  on  the 
dielectric  “side”  of  the  Mott-Hubbard  transition  (tff  < C  Utt)-  This 
is  usually  the  case  for  most  rare-earth  metals  and  compounds;  on  the 
f  shells  there  is  an  integral  number  of .  f-electrons,  which  behave 
like  atomic  electrons— they  possess  the  same  properties  and  are  char¬ 
acterized  by  the  same  quantum  numbers  L,  S,  and  J  as  the  slates 
of  the  corresponding  isolated  ion.  The  only  degree  of  freedom  of  these 
electrons  is  the  magnetic  moment:  4f-electrons  determine  the  magnet¬ 
ic  properties  of  the  corresponding  substances  but  do  not  directly 
participate  in  forming  chemical  bonds  or  in  the  electric  conductivity. 
They  act  on  the  conduction  electrons  via  the  exchange  interaction 

H=~J  S--S -aUoavt,'-  •  ■  •  '  •  (2.3.1) 

kfc'crcr/  -i  .  .  ' 

For  isolated  impurities  this  interaction  results  in  the  Kondo  effect 
(see  [29]),  while  in  condensed  systems -it  results  in  the  RKKY  in¬ 
teraction  between  localized  moments. 

However,  systems  exist  in  which  the  f  level  (we  mean  the  upper 
filled  f  level  where  the  Coulomb  interaction  with  the  other  f-electrons 
of  the  ion  has  been  taken  into  account)  lies  near  the  Fermi  surface 
of  the  metal.  In  this  case  the  nature  of  the  interaction  of  the  f-elec¬ 
trons  with  the. conduction  electrons  and  the  very  state  of  the  f-elec¬ 
trons  change  considerably.  The  electrons  may  leave  the  f  level  for 
the  conduction  band  and  become  collectivized  there;  in  addition  to 
spin  fluctuations  th^re  appear  charge  fluctuations;  the  mean  occupa¬ 
tion  number  of  the  f  level  (i.e.  the  average  valence  of  the  rare-earth 
ion)  becomes  nonintegral;  etc.  Besides,  under  external  factors 


*  In  real  rare-earth  compounds  the  conduction  hand  has  partially 

a  cl-character  and  the  electrons  in  this  hand  may  be  correlated  to  some  degree. 
In  some  models  these  electrons  are  even  considered  localized  [25,  26].  This, 
however,  is  hardly  the  case  (see  band  calculations  in  [27,  28]),  and  in  what 
follows  such  models  will  be  considered  only  briefly. 
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(pressure,  temperature,  variation  in  composition)  both  the  position 
of  the  f  level  E{  relative  to  the  Fermi  level  £p  and  its  width  F  may- 
change,  and  as  a  result  the  electron  configuration  of  the  ions  changes 
(for  one,  if  the  f  level  rises  above  the  Fermi  level,  the  electrons  from 
it  “spill  over”  into  the  conduction  band  (Fig.  2.1);  the  broadening 


'  faj  (b) 

Fig.  2.1.  A  schematic  view  of  changes  in  the  energy  spectrum  when 
the  f  level  shifts.  Occupied  states  are  cross-hatched. 


fa)  (b) 


Fig.  2.2.  The  change  in  spectrum  and  the  occupation  of  the  f  level 
under  its  broadening. 

of  the  f  level  also  leads  to  a  change  in  the  number  of  occupied  f 
states  (Fig.  2.2).  In  condensed  systems  such  rearrangements  are 
cooperative  and  lead  to  phase  transitions(often  to  first-order  phase 
transitions).  Here  the  main  change  occurs  in  the  electronic  sub¬ 
system  while  the  lattice  symmetry  does  not  usually  change  (the  one 
thing  that  changes  is  the  specific  volume). 

The  basic  feature  of  these  transitions  is  that  usually  the  occupation 
number  of  the  f  level  does  not  change  by  an  integer  but  becomes 
nonintegral  after  the  transition,  as  though  there  were  ions  in  the 
system  with  different  electron  configurations  (different  valencies) 
in  equivalent  positions  in  the  lattice  simultaneously,  say  the  confi¬ 
gurations  4frt  and  (4fn"'1  plus  a  conduction  electron).  It  is  clear  that 
this  is  the  case  if  the  f  level  has  risen  insufficiently  above  Sp*.  if  the 
number  of  unoccupied  states  below  this  level  where  the  f-electrons 
can  go  is  less  than  unity,  there  occurs  a  partial  electronic  transfer 
and  the  valence  remains  intermediate.  In  the  process  the  position 
of  the  f  level  automatically  coincides  with  that  of  the  (new)  Fermi 
level.  Thus,  in  the  mixed-valence  phase  there  is  a  narrow  resonance 
(when  we  allow  for  the  f-s  transitions,  the  f  level  acquires  a  finite 
width),  and  the  number  of  such  resonances  is  about  1022  cm”3.  Since 
the  majority  of  the  properties  of  solids  (at  least  at  low  temperatures) 
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is  determined  by  the  electrons  at  the  Fermi  surface,  this  leads  to 
extremely  strong  anomalies  in  all  characteristics  of  a  substance  in 
the  mixed-valence  phase  (e.g.  see  [7]  and  Sec.  2.6.1). 

2.3.2  Theoretical  Models  for  Describing  Electronic 
Phase  Transitions  and  MV  States 

In  describing  systems  with  the  f  level  lying  near  the 
Fermi  level  eF  two  types  of  questions  arise.  First,  we  are  concerned 
with  the  structure  and  properties  of  a  mixed-valence  state,  i.e.  the 
type  of  ground  state  and  its  physical  properties.  Second,  we  are 
interested  in  the  nature  of  the  valence  transition:  its  type  (discon¬ 
tinuous  or  continuous)  and  the  mechanism  underlying  this  transition. 
Of  course,  these  questions  are  basic  to  any  transitions  in  a  solid,  but 
we  would  also  like  to  know  how  the  MV  phase  remains  stable  in  such 
transitions. 

A  theoretical  model  that  claims  a  correct  description  of  EPT  and 
properties  of  MV  states  must  include  f-electrons  with  a  strong 
Coulomb  f-f  interaction  (the  direct  overlap  of  the  wave  functions  of 
these  electrons  can  be  ignored),  conduction  electrons,  and  the  various 
types  of  interaction  of  the  f-  and  s-electrons  with  each  other  and  also, 
if  necessary,  their  interaction  with  the  lattice.  Accordingly,  EPT 
theories  fall  into  two  categories:  theories  in  which  the  Coulomb 
interaction  of  the  f-  and  s-electrons  determines  the  characteristics  of 
the  EPT’s  (the  Falicov-Kimball  model  [30])  and  those  in  which  these 
transitions  are  due  to  electron-lattice  interaction.  We  will  consider 
both  later  (see  Chaps.  2.4  and  2.5);  here  we  will  proceed  with  what 
may  seem  to  be  a  simpler  model  but  which  contains  all  the  physics 
(and  basic  difficulties)  of  the  phenomena  considered. 

For  one  center  the  simplest  model  describing  the  behavior  of  an 
f-electron  in  the  “sea”  of  conduction  electrons  is  the  Anderson  model 
131]  of  magnetic  impurities  in  a  metal: 

H  =  Ef  2  fofo  Hh  2  &kakoako-\-  2  (^ft/a#fta+  h.C.)  -f-  C//Zf f .  (2.3.2) 

(7  kO  kO 

For  a  “deep”  impurity  (Ef  <C  eF  and  eF  —  Et  F  =  pnF2)  the 
model  (2.3.2)  is  equivalent  to  the  s-f  exchange  model  (the  Kondo 
model)  (2.3.1),  where  the  exchange  integral  is  given  by  the  following 
formula  [32]: 

Jz=z  2V*U  -  2V 2  I  f(2  3  31 

(Ef  —  eF)  (Ef —  £0  ~  OBf-ey)  ’ 

Many  results,  including  exact  results  (see  [29]),  are  known  for  this 
model.  We  will  be  interested  chiefly  in  the  asymmetric  Anderson 
model,  where  E f  ~  eF;  besides,  unlike  the  case  of  impurities,  we 
will  consider  a  condensed  system,  in  which  there  is  an  f  level  at  each 
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lattice  site.  The  respective  generalization  of  the  Anderson  model  o. 
a  magnetic  impurity  is  quite  obvious;  it  is  known  as  the  Andersor 
lattice: 

#  =  Ef /ta/fCT  +  S  ^hahGCf'kGJr^J  (V ikftoaho  h.C.) 

ia  fca  iftcr 

+  (2-3.4) 

i 

Even  for  one  site  (see  (2.3.2))  the  problem  is  essentially  many- 
particle.  Besides,  because  of  the  scattering  of  s-electrons  by  the  f 
centers  there  appears  an  effective  interaction  of  f-electrons  with  each 
other  (for  “deep”  centers  this  is  a  magnetic  interaction  of  the  RKKY 
type,  while  for  the  asymmetric  case  it  includes  also  the  density- 
density  interaction). 

We  are  interested  primarily  in  the  variation  in  the  state  of  the 
system  as  the  f  level  moves  (i.e.  as  Et  changes)  and,  perhaps,  as  the 
level  broadens  (i.e.  as  V  changes).  We  know,  for  instance,  that  if 
pressure  is  applied  to  the  system,  the  f  level  indeed  moves  up  and 
away  from  eF  and  broadens.  In  the  Anderson  model  both  factors 
lead  to  the  disappearance  of  a  localized  magnetic  moment  [31]. 
It  follows  from  (2.3.3)  that  at  first  the  effective  s-f  exchange  increases 
(as  does  the  Kondo  temperature).  Then  as  the  f  level  crosses  ep 
and  depopulates,  the  localized  magnetic  moment  disappears.  Thus, 
a  transition  in  which  the  valence  changes  is  at  the  same  time  a  magnet¬ 
ic-nonmagnetic  transition  (similar  to  a  Mott-Hubbard  transition; 
see  Chap.  2.2).  We  see  that  at  first  this  transition  proceeds  via  an 
increase  of  the  Kondo  spin  compensation.  In  this  sense  a  phase  with 
MV  is  one  on  the  boundary  of  the  magnetic  and  nonmagnetic  states. 

The  Anderson  lattice  model  (2.3.4)  describes  many  basic  proper¬ 
ties  of  MV  states.  As  to  an  electronic  phase  transition,  in  this  model 
it  seems  to  be  continuous  [33]  because  the  Hamiltonian  (2.3.4)  has 
no  terms  that  could  speed  up  the  transition  as  the  f  level  depopulates 
(the  effective  interaction  of  the  f-electrons  via  conduction  electrons 
is  oscillating  [34]  and  does  not  lead  to  the  transition  becoming  a  first- 
order  one).  In  real  experiments  the  majority  of  such  transitions  are 
discontinuous.  To  explain  this  discrepancy  Falicov  and  Kimball 
[30]  allowed  for  the  Coulomb  interaction  of  f-  and  s-electrons: 

HfS=  2  Gikk’ftof  ioG'ho'G'k'o'  •  (2.3.5) 

ikk'oo ' 

This  interaction  is  important  since  in  an  electronic  phase  transition 
the  number  of  f-  and  s-electrons  changes  or,  in  other  words,  the  charge 
state  of  an  ion  changes  (there  appear  positively  charged  ions,  f-holes). 
This  means  that  the  interaction  Hamiltonian  (2.3.5)  contributes  con¬ 
siderably  to  the  energy  of  the  transition  and  may,  in  principle,  be  the 
predominant  factor  (see  Chap.  2.4). 
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Another  important  physical  effect  is  that  when  the  electronic  state 
of  the  ion  core  varies,  the  radius  of  the  corresponding  ion  changes 
considerably  (about  15  to  20  per  cent).  Therefore,  the  interaction 
with  lattice  strain  (more  generally,  with  phonons)  may  play  an 
important  role.  Yet  another  factor  is  the  increase  with  pressure  of  the 
f-s  (more  exactly,  f-d)  hybridization.  In  rare-earth  systems  it  is  due 
primarily  to  the  overlap  of  f  and  (sd)  orbitals  at  neighboring  sites, 
which  increases  under  compression. 

In  the  simplest  form  the  electron-lattice  interaction  can  be  taken 
into  account  by  the  dependence  of  the  parameters  of  the  Hamiltonian 
(2.3.4),  E f  and  V,  on  the  specific  volume  v.  If  we  consider  these  para¬ 
meters  as  the  same  for  all  centers,  then  we  would  account  for  the 
interaction  with  the  bulk  strain  (dilatation),  which  can  be  treated 
in  the  mean-held  approximation.  In  the  general  case  we  can  represent 
the  electron-lattice  interaction  in  the  following  form: 

ffel-ph  =  2  gliqfiofio  (bq  -f  b.q)  +  2  ( g2iqhfiGaha  +  h-C.)  (&q  +  &_g)  , 
iqo  iqo 

(2.3.6) 

where  the  first  term  describes  the  change  in  position  of  the  f  level 
under  pressure  (due  to  the  change  in  the  ion  radius)  and  the  second 
the  change  in  hybridization. 

The  Hamiltonian  (2.3.4)  with,  if  necessary,  the  interaction  Hamil¬ 
tonians  (2.3.5)  and  (2.3.6)  usually  serves  as  the  basis  for  a  theoretical 
treatment  of  EPT  and  of  MV  states. 

Often  a  number  of  simplifications  are  introduced.  Since  the  system 
is  periodic,  we  can  write  the  constants  in  (2.3.4)-(2.3.6)  as 

Vih  =  Vk^Ri,  Gikk>=Glik^-w)‘ni,  ...  .  (2.3.7) 

Often,  however,  a  rare-earth  compound  is  considered  as  a  collection 
of  rare-earth  “impurities”.  Then  the  Hamiltonian  is  as  (2.3.2)  but 
the  impurity  concentration  is  taken  to  be  high,  c  1.  This  formally 
results  in  the  coherent  factors  exp  (ik-R*)  in  (2.3.7)  being  neglected 
and  Vik  being  equal  to  Vk  (further  simplification  usually  consists  in 
neglecting  the  momentum  dependence  of  the  matrix  elements  and 
considers  the  parameters  in  the  Hamiltonians  (2.3.4)~(2.3.6)  as  con¬ 
stants,  i.e,  V£k  —  V  and  Gih^  =  G ,  etc.).  The  physics  of  such  an 
approximation  lies  in  the  fact  that  at  a  narrow  f  resonance  and  high 
temperatures  T  ;>  T  (a  more  exact  criterion  may  be  different)  the 
scattering  of  the  conduction  electrons  by  the  f-electrons  is  incoherent, 
so  that  the  impurity  model  indeed  works.  At  low  temperatures  (for 
the  ground  state,  for  one)  the  processes  become  coherent  and  the 
approximation  may  not  work.  Nevertheless,  the  impurity,  or  local, 
model  gives  a  good  description  of  both  the  qualitative  features  of 
EPT’s  [7,  35]  and  many  properties  of  MV  states,  including  properties 
at  low  temperatures  [36].  There  are  also  some  theoretical  arguments 
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in  favor  of  the  description  via  incoherent  rare-earth  impurities;  we 
may  assume  that  a  sufficiently  strong  f-f  interaction  [37,  38]  and,  pos¬ 
sibly,  an  f-s  interaction  [39]  effectively  lead  to  a  localization  of  the 
/-electrons  and  in  this  way  to  a  great  extent  disrupt  the  coherence 
(for  this  reason  the  temperature  criterion  T  >  V  may  prove  to  he 
too  stringent  and  therefore  incorrect).  But  in  general  form  this 
question  remains  unsolved,  as  does  the  question  of  the  nature  of  the 
ground  state  of  systems  with  mixed  valence  and  of  the  degree  of 
localization  of  the  f-electrons  in  this  state;  see  below. 

Another  simplification  that  is  often  assumed  in  the  model  with  the 
Hamiltonians  (2.3.4)-(2.3.6)  is  to  neglect  the  electron  spin*  The  use 
of  the  spinless  model  is  usually  justified  by  the  fact  that  the  Coulomb 
repulsion  Utt  is  great  (in  real  systems  of  this  type  Uff  ~  7-10  eV, 
i.e.  is  considerably  higher  than  the  effective  kinetic  energy  of  the 
f-electrons,  measured  by  the  width  of  the  f  level,  T  =  jtpV2  ~  10~2  eV) 
and  hence  the  f-electrons  prove  to  be  strictly  localized  in  the  Mott- 
Hubbard  sense,  so  that  only  one  electron  can  be  placed  on  each  f 
level.  As  Ufi  oo  the  situation  becomes  similar  to  the  case  of 
spinless  fermions.  The  spinless  version  of  the  model  (we  note  that 
the  Hamiltonian  (2.3.4)  formally  becomes  quadratic)  describes  suf¬ 
ficiently  well  a  number  of  features  of  EPT’s  and  properties  of  such 
systems.  We  will  often  resort  to  this  version,  but  we  must  bear  in 
mind  the  severe  restrictions  of  this  model;  these  are  discussed  below. 

2.4  VALENCE  TRANSITIONS 

IN  THE  FALICOV -  KIMBALL  MODEL 

2.4.1  The  Mean-Field  Approximation 

One  of  the  first  attempts  to  describe  electronic  phase 
transitions  was  made  by  Falicov  and  Kimball  [30]  and  Ramirez  and 
Falicov  [40];  in  these  works  the  authors  took  into  account  the 
Coulomb  interaction  between  the  f-  and  s-electrons  and  used  the 
so-called  mean-field  approximation  (MFA);  hybridization  of  f-elec¬ 
trons  with  conduction  electrons  was  not  accounted  for.  Let  us  con¬ 
sider  the  simplest  version  of  this  model,  in  which  at  the  start  the 
f  level  lies  at  a  distance  Et  below  the  bottom  of  the  empty  conduction 
band  (Fig.  2.3).  For  the  sake  of  simplicity  we  will  take  the  density  of 
states  in  the  conduction  band  as  constant,  p  (e)  =  p  =  const.* 
Treating  the  f-s  interaction  (2.3.5)  in  the  mean-field  approximation, 

Gf+fa+a  ->  G  ( (/+/>  a+a  +  /+/  (a+a)  —  </+/>  ia+a))  (2.4.1) 


*  Accounting  for  the  dependence  of  the  density  of  the  states  on  the 

energy,  say  of  the  type  p  (s)  —  s1/2  on  the  band  edge,  does  not  change  the 
situation  considerably  (e.g.,  see  the  review  article  [7]). 
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(the  angle  brackets  stand  for  the.  average  over  the  ground  state  or 
for  the  thermodynamic  average),  we  can  easily  write  the  energy  of 
the  system  as  a  function  of  the  number  of  electrons 

1  VI 

(G'koQ'ko) 

kG 

promoted  from  the  f  level  to  the  conduction  band  (here  ns  +  nt  =  1): 
%  (ns)  =  Egiis  +  “2^-  n%  —  Gn% , 

Eg  =  G  —  Ef.  (2.4.2) 

We  see  that  if  in  (2.4.2)  G  >  l/2p,  then  as  the  f  level  moves  up  the 
number  of  f-electrons  changes  suddenly  from  nt  =  1  to  nf  =  0 


Fig.  2.3.  The  energy  diagram  for  a  system  undergoing  an  insulator- 
metal  transition. 


Fig.  2.4.  The  change  in  the  occupation  of  the  f  level  in  the  Falicov- 
Kimball  model  in  the  mean-field  approximation:  (a)  G  >  l/2p,  and  ( b )  G  < 
<  l/2p.  Solid  lines  represent  the  behavior  without  f-s  hybridization,  and  the 
dashed  line  with  hybridization. 

(while  ns  changes  from  0  to  1);  if  G  <  l/2p,  the  transition  is  smooth 
(see  Fig.  2.4).  Qualitatively,  the  sudden  nature  of  the  transition  can 
be  associated  with  the  fact  that  the  attraction  of  the  electrons  that 
went  over  to  the  conduction  band  and  the  f -holes  that  remained  behind 
lowers  the  bottom  of  the  conduction  band  and  hence  promotes 
further  excitation  of  the  electrons  to  the  s  band;  at  G  >  l/2p  this 
process  becomes  avalanche-like  and  leads  to  collapse.  Thus,  even 
this  simple  model  would  seem  to  lead  to  first-order  transitions  (see, 
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however,  Sec.  2.4.2).  The  valence  (the  number  of  f-electrons,  nt ), 
to  be  sure,  proves  to  be  an  integer  and  does  not  attain  intermediate 
values. 

To  correct  this  deficiency  at  least  partially  one  could  introduce 
f-s  hybridization.  This  was  first  done  in  [41,  421;  similar  results  were 
obtained  later  in  [43,  44].  In  the  simplest  case  of  the  spinless  impurity 
model  (or  in  accounting  for  the  Coulomb  f-f  interaction  in  the  Hartree- 
Fock  approximation)  a  corresponding  treatment  [42]  is  completely 
analogous  to  Anderson’s  discussion  [31].  The  equation  of  motion  in 
terms  of  the  Green  function  is 

05  ((/ml/w))  ==“2tT  (^f  +  G^s)  ((/ml/m))  +  2 

k 

((ak\fm))  =  (s?t4"  Grif)  +  Vk  (2.4.3) 

whence 

Gft  (<*>)  =  «/m  I  /m)>  =  “2jT  ©  —  Et  —  Gns  —  2  (co)  ’ 
with 

VI 

2  (“)  =  2  (0  —  £Ji — Gflf  • 

h 

The  difference  from  Anderson’s  work  [31]  lies  only  in  the  appearance 
of  level  shifts,  Gns  and  Gnf ;  the  renormalized  position  of  the  f  level 

will  from  now  on  be  denoted  by  Et,  i.e.  Et  ( ns )  =  E f  -f  Gn&. 

If  we  neglect  the  real  part  of  2  (co)  (this  is  correct  for  the  case  of 
cerium,  shown  in  Fig.  2.1,  but  is  generally  incorrect  for  systems  of 
the  SmS  type,  where  the  f  level  lies  near  the  bottom  of  the  conduction 
band),  we  find  from  (2.4.4)  and  (2.4.5)  the  density  of  the  states  of 
f-electrons: 

(2.4.6) 

(2.4.7) 

.Hence,  we  have  arrived  at  a  virtual  f  level  of  width  T,  and  the 
position  of  this  level  can  be  determined  in  a  self-consistent  manner 
in  terms  of  the  occupation  numbers  of  the  f  and  s  levels  via  the 
equation 

ep(nf) 

nt  =  j  pi  (co)  da 

—  oo 

=  -i-  {arccot  _  arccot  Ef+-C”s  }  (2.4.8) 

(provided  the  density  of  states  p  and,  hence,  T  are  constant). 


n  (co—  Et— +  * 

r  =  Im  2  (a)  =  itpF2. 


(2.4.4) 

(2.4.5) 
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If  we  note  that  eF  (nf)  =  ef  (1)  +  nj p  —  Gns  and  nt  +  ns  =  1, 
we  can  easily  analyze  Eq.  (2.4.8)  and  see  that  as  E t  grows,  the  elec¬ 
tronic  phase  transition  retains  its  discontinuous  character  if  hy¬ 
bridization  is  weak: 

jiT  <  2G  -  1/p,  (2.4.9) 

but  becomes  smooth  for  large  values  of  width  T  of  the  f  level;  the 
behavior  of  nt  (. Et )  for  F^O  is  shown  in  Fig.  2.4  by  a  dashed 
curve.  Hence,  just  as  it  follows  from  qualitative  arguments  (see, 
for  instance,  Fig.  2.1),  the  f-s  hybridization  blurs  the  electronic 
phase  transition:  near  the  transition  point  nf  is  neither  zero  nor  unity, 
i.e.  mixed  valence  is  present. 

If  we  take  into  account  the  periodicity  in  the  positions  of  the 
centers,  this  somewhat  changes  the  form  of  the  energy  spectrum,  but 
in  the  mean-field  approximation  all  qualitative  conclusions  con¬ 
cerning  the  transition  remain  valid  (see  Sec.  2.4.3). 

The  full  model  with  the  Hamiltonians  (2.3.4)  and  (2.3.5)  and 
with  the  spin  taken  into  account  has  been  considered  in  the  mean- 
field  approximation  for  both  f-s  and  f-f  interactions  in  [42].  In¬ 
stead  of  one  equation  (2.4.8)  for  the  number  of  f-electrons  there  is 
a  system  of  coupled  equations  for  and  nu.  An  analysis  of  this 
system  shows  that  first-order  transitions  become  possible  from  the 
magnetic  state  with  nt\  #=  nt  *  and  nf  ~  1  (this  phase  corresponds 
to  a  state  with  localized  magnetic  moments  in  the  Anderson  model 
[31])  to  the  nonmagnetic  state  with  t  =  <  1.  Similar  results 

were  obtained  by  Haldane  [45],  who  reduced  the  f-s  interaction 
(2.3.5)  to  the  interaction  of  the  f-electrons  with  the  boson  field  that 
describes  the  fluctuations  in  the  density  of  the  s-electrons. 

In  [41]  the  f-f  interaction  in  (2.3.4)  was  accounted  for  not  in  the 
Hartree-Fock  approximation  but  in  the  Hubbard  approximation. 
Qualitatively  this  introduces  no  significant  changes  and  leads  only 
to  a  slight  asymmetry  in  the  nf  versus  Et  dependence.  We  note, 
however,  that  in  the  full  picture  (i.e.  if  the  spins  and  f-f  interactions 
are  taken  into  account  together  with  the  periodicity  of  the  system) 
the  properties  of  the  system  and  the  features  of  the  electronic  phase 
transition  are  not  yet  fully  understood.  The  results  cited  in  this 
section  represent  only  the  first  step  towards  a  complete  solution  of  the 
problem.  We  will  leave  the  discussion  of  the  situation  that  has  emerged 
at  present  in  this  field  and  the  unsolved  problems  to  Chap.  2.6. 
Here  we  will  show  that  even  in  the  simple  (at  first  glance)  case  of  the 
spinless  variant  of  the  model  the  situation  is  not  as  trivial  as  could 
be  expected  from  the  above  discussion;  even  here  if  we  go  beyond 
the  mean-field  approximation,  the  character  of  the  EPT  may  change 
considerably,  and  the  tendency  towards  jumplike  transitions  may  be 
eliminated  or,  at  least,  considerably  suppressed. 
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2.4.2  Beyond  the  Mean- Field  Approximation. 

The  Role  of  Local  (Excitonic)  Correlations 

We  have  just  seen  that  if  we  allow  for  the  f-s  interaction 
in  the  mean-field  approximation,  we  arrive  at  first-order  phase 
transitions  between  states  whose  valencies  are  integers.  But  the 
tendency  to  a  jump  is  perhaps  somewhat  exaggerated.  If  we  go  beyond 
the  approximation,  there  are  factors  in  the  f-s  interaction  that  smear 
the  transition  and  stabilize  the  states  with  mixed  valence.  The  phys¬ 
ics  of  these  factors  lies  in  the  importance  of  the  role  of  local  corre¬ 
lations  of  f-  and  s-electrons  or  of  s-electrons  and  f-holes,  i.e  excitonic 
effects. 

Indeed,  the  strong  tendency  to  a  first-order  transition  is  connected 
with  the  term  —  Gn\  in  (2.4.2),  which  is  quadratic  in  ns  and  is  typical 
of  the  mean-field  approximation  ( all  f-electrons  interact  with  all 
conduction  electrons).  But  if  we  allow  for  the  local  correlations  of  a 
given  s-electron  with  an  f-hole  (these  correlations  are  important  at 
least  for  low  hole  concentration),  the  accelerating  effect  produced 
by  this  term  will  be  weakened  and  the  tendency  toward  pinning  the 
f  level  near  the  Fermi  level  will  increase. 

This  idea  was  first  expounded  by  Khomskii  and  Kocharyan  [46], 
They  used  a  generalized  Hartree-Fock  approximation,  which  allowed 
for  excitonic  correlations  and  is  similar  to  the  approximation  used  by 
Keldysh  and  Kopaev  [47]  in  the  study  of  excitonic  insulators. 
Namely,  in  the  term  responsible  for  the  f-s  interaction  the  most 
general  decoupling  scheme  was  made: 

Gf+fa+a  G  ( </+/>  a+a  +  /+/  (a+a)) 

+  G  (A f+a  +  h.c.)  -  G  (f+f)  (a+a)  +  GA2,  (2.4.10) 


with  A  =  2  tfaV- 

h 

The  anomalous  average  A  describes  the  electron-hole  correlation 
and  must  be  determined  self-consistently .  We  can  easily  see  that  after 
such  a  decoupling  the  problem  is  reduced  to  that  considered  in 

Sec.  2.4.1,  where  we  have  only  to  substitute  V  =  V  +  GA  for  F. 

If  we  use  approximation  (2.4.10),  the  equation  of  motion  for  the 
Green  function  and  the  self-consistency  equation  for  nt  take  the 

same  form  as  Eqs.  (2.4.3)-(2.4.8),  where  F  is  substituted  for  F. 

However,  in  the  process  the  quantity  A  in  F  must  be  determined  self- 
consistently.  It  can  be  found  via  the  Green  function  Gfs  (k,  co)  = 
=  ((  a^  \f%,  ))  co,  which  according  to  (2.4.3)  and  (2.4.4)  takes  on  in 
this  case  the  following  form: 


GfS(&,  co): 


.GnU o)  =  -* _ I±?A _ 

'  2n  (co  —  e&.)  (co  —  Ef  —  Gns  —  iinT) 


(2.4.11) 


CO  —  8ft 
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[here  T  =  npV2  =  jxp  (V  +  GA)2].  The  self-consistency  equation  for 
the  anomalous  average  can  then  be  obtained  in  the  usual  way: 

A=  2  (fat)  =  —  (F  +  GA)  j  dco  Im  ^  Gts  (k,  ®)  ' 

k  k 


___  p(V+GA) 
2 


In 


(^f  +  g»s  — ey)2  +  ra 
-r2 


(2.4.12) 


(£f+6bis)2- 

We  can  arrive  at  the  same  equations  (2.4.8)  and  (2.4.12),  which  enable 
finding  rtf  and  A,  by  writing  the  free  energy  of  the  system  in  terms 
of  these  parameters.  Namely  [35], 

<g  Ef-\-Gns  —  £]?  ^rccot  Ef-\-Gns  —  sF  E f 4~Gfts 


arccot 


I  of1  p  „ _ £  lEf  +  G”s —  £F)2+r2 

+  pGeFrcf  2  In  +  G„s)2  +  ra 

—  -)-  GA2  — p-  peF  — i-  pG2/2| . 


(2.4.13) 


We  will  also  need  this  formula  in  Chap.  2.5. 

The  analysis  of  Eqs.  (2.4.8)  and  (2.4.12)  is  especially  straightfor¬ 
ward  in  the  case  of  weak  coupling,  pG  <  1,  if  the  external  hybridiza¬ 
tion,  y,  is  zero.  Equation  (2.4.12)  then  yields 

r  =  exp(-2/p G)-(Et  +  Gna-stf]il2,  (2.4.14) 

where  £0  is  the  cut-off  energy  (of  the  order  of  the  Fermi  energy  sP 
or  the  conduction  band  width).  Substituting  into  Eq.  (2.4.8),  we 
transform  the  latter  into 

£0  exp  ( — 1/pG)  cos  nnf  =  Et  —  eF  —  2 G  nt,  (2.4.15) 

where  we  have  introduced  the  notation 
G'  =  G  —  l/2p. 

An  analysis  of  Eq.  (2.4.15)  shows  that  for  small  G’s  (pG  <  1)  it 
yields  a  smooth  transition,  in  accordance  with  the  results  of  Sec.  2.4.1. 
But  if  G  is  large,  Eq.  (2.4.15)  would  yield  formally  two  successive 
first-order  transitions  with  a  mixed-valence  phase  between  [46]. 
However,  Eq.  (2.4.15)  was  derived  only  for  weak  coupling  and,  hence, 
is  inapplicable  at  pG  ^  1.  With  this  approach  we  can  arrive  at  two 
jumplike  transitions  only  if  the  effective  constant  G  on  the  right- 
hand  side  of  (2.4.15)  differs  from  the  purely  Coulomb  constant  due  to, 
for  instance,  the  electron-lattice  interaction  [7,  35];  this  fact  was 
tacitly  assumed  in  [46].  But  we  cannot  apply  this  conclusion  about 
two  jumplike  transitions  to  the  original  model  of  Falicov  and  Kim¬ 
ball. 

It  is  difficult  to  study  analytically  the  case  of  an  arbitrary  coupling. 
We  can  do  this,  however,  for  the  other  limiting  case  of  strong  coupl- 
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mg:  pG  »  1.  Here  we  can  neglect  the  width  W  ~  p”1  of  the  con¬ 
duction  band,  which  means  that  we  can  effectively  reduce  the  prob¬ 
lem  to  a  two-level  one  (a  two-level  model,  however,  corresponds  to 
a  periodic  system  rather  than  to  an  impurity  system).  We  can  easily 
see  (see  Secs.  2.4.3  and  2.4.4)  that  in  this  model  the  electronic  phase 
transition  proves  to  be  smooth  even  when  pG  1  (where  a  simple 
mean-field  approximation  (2.4.1)  leads  to  a  first-order  transition) 
provided  that  we  have  allowed  for  excitonic  correlations.  Evidently, 
the  same  is  true  in  the  approximation  given  by  (2.4.10)  for  all 
values  of  G. 

The  above  facts  can  be  explained  as  follows.  When  the  decoupling 
scheme  (2.4.10)  is  used,  by  allowing  for  the  anomalous  averages 
iaf+)  we  arrive  at  an  effective  renormalization  of  the  hybridization: 
V  ->•  V  +  G  iaf+).  As  a  result,  in  this  approximation  the  width  of  the 
f  level,  T,  grows  with  the  strength  of  the  f-s  interaction  in  direct 
proportion  to  G,  so  that  the  condition  (2.4.9)  for  a  first-order  phase 
transition  to  occur  is  not  met.  In  other  words,  we  may  say  that,  due 
to  local  correlations  of  an  s-electron  and  an  f-hole,  the  system  trans¬ 
forms  from  the  metallic  phase  (itinerant  s-electrons  with  a  concen¬ 
tration  ns  on  the  background  of  f-holes  with  a  concentration  nt  = 
=  1  —  ns,  a  fact  that  was  postulated  in  the  mean-field  approxima¬ 
tion  and  produced  the  term  —  Gn%  in  (2.4.2))  into  the  “excitonic” 
phase,  in  which  each  s-electron  is  localized  near  its  f-hole,  at  least 
when  strong  coupling  pG  >  1  is  present.  Because  of  this  the  quadratic 
term  of  the  type  -—Gnl  in  the  energy  is  drastically  weakened  (this 
term  is  now  due  only  to  the  exciton-exciton  interaction,  provided 
that  the  excitonic  wave  functions  do  not  considerably  overlap); 
the  transition  is  then  strongly  leveled  off. 

We  see,  therefore,  that  if  we  go  beyond  the  mean-field  approxima¬ 
tion,  the  nature  of  valence  transitions  changes.  We  cannot,  how¬ 
ever,  consider  the  generalized  mean-field  approximation  fully  justi¬ 
fied  in  the  strict  sense  of  the  word.  It  allows  for  important  processes 
that  are  not  included  in  the  simple  mean-field  approximation;  in 
terms  of  diagrams  they  correspond  to  summing  logarithmically 
divergent  diagrams  of  the  type 

s 

f 

These  are  the  diagrams  usually  taken  into  consideration  in  the 
theory  of  excitonic  insulators  [47].  But  in  our  case  of  heavy  f-elec- 
trons  there  are  also  other  types  of  diagrams  [50]  equally  important. 
In  essence  the  problem  is  close  to  that  of  the  X-ray  absorption  and 
emission  threshold  [50,  51]  and  also  (even  in  its  spin-zero  version) 
of  the  Kondo  model  (see  Chap.  2.6).  Recently  Schlottmann  [39] 
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applied  a  method  developed  by  Nozieres  and  de  Dominicis  [51] 
to  electronic  phase  transitions  in  the  Falicov-Kimball  model.  He 
showed  that  the  characteristic  exponential  behavior  (2.4.14)  changes 
to  a  power  law*: 

v*  =  v  (^yG/ii+QG) . 

Hence,  we  see  that,  on  the  one  hand,  a  nonzero  “bare”  hybridiza¬ 
tion  is  essential,  but,  on  the  other  hand,  in  the  process  of  renormal¬ 
ization  the  initially  small  V  rapidly  increases  and  at  pG  1  tends 
to  V*  W  ~  p-1.  The  line  V  =  0  is  a  special  one;  namely,  the 
model  is  nonanalytic  and  has  an  essential  singularity  as  V  0, 
so  that  the  solution  for  small  V's  is  not  linked  to  the  solution  at 
V  =  0.  In  this  sense  the  exact  solution  for  the  case  with  V  =  0 
obtained  by  Hewson  and  Riseborough  [59]  is  unrelated  to  the  EPT 
problem. 

The  fact  that  the  effective  hybridization  and  the  level  width  f 
tend  at  pG  1  to  a  finite  limit  ~W  and  do  not  increase  in  propor¬ 
tion  to  G,  as  is  the  case  of  the  decoupling  (2.4.10),  again  leads  to  the 
possibility  of  a  first-order  transition  (condition  (2.4.9)  can  be  met). 
Since  the  level  width  T  becomes  energy-dependent  in  the  process  [39], 
there  is  a  possibility  for  two  transitions  to  occur  at  Ef  =^=  eF  —  Gns, 
as  was  first  obtained  (in  not  a  rigorous  fashion)  in  [46].  This  aspect 
has  not  yet  been  analyzed  in  the  approach  of  Schlottmann  [39]. 

Thus,  the  above  reasoning  leads  us  to  the  conclusion  that  excitonic 
correlations  essentially  blur  EPT’s.  If  the  simple  mean-field  approxi¬ 
mation  (2.4.1)  overemphasizes  the  tendency  towards  a  first-order 
transition,  the  generalized  mean-field  approximation  (2.4.10),  while 
embracing  the  tendency  of  leveling  off  the  transition  due  to  excitonic 
correlations,  may  even  somewhat  overestimate  this  tendency,  and  the 
truth  may  lie  somewhere  in  between.  We  also  note  that  in  the  periodic 
model,  in  contrast  to  the  impurity  model,  both  the  decoupling  of  the 
type  (2.4.10)  (see  [48,  49]  and  Sec.  2.4.4)  and  the  approach  of  Schlott¬ 
mann  [39]  produce  only  a  smooth  transition  in  the  Falicov-Kimball 
model. 

2.4.3  The  Two-Level  Model 

On  the  whole  we  must  say  that  the  final  situation  in  the 
Falicov-Kimball  model  is  not  clear  even  in  the  spinless  case.  We 
have  seen  that  different  approximations  lead  to  contradictory  con¬ 
clusions  concerning  electronic  phase  transition.  It  is  therefore  interest- 


*  This  is  true  for  the  impurity  model.  In  the  coherent  case  the  result 

(2.4.14)  remains  valid  [39].  However,  as  stated  by  Schlottmann,  the  coherent 
regime  is  not  realized  for  a  strong  f-s  interaction. 
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ing  to  verify  these  conclusions  on  a  simpler  model  that  can  be  solved 
exactly,  a  model  in  which  the  dispersion  of  the  s-electrons  is  neg¬ 
lected  and  a  narrow  s  level  with  an  energy  bs  is  substituted  for  the 
conduction  band  [35,  54].* 

In  the  spinless  case  the  model  Hamiltonian  is 

{esa?a{  +  EtltU  +  V  (ftat  +  h.c.)  +  Gftf^}.  (2.4.16) 

i 

We  see  that  in  this  approximation  the  model  is  reduced  to  a  single¬ 
site  one.  Its  solution  is  simple,  and  the  energy  is 

1  =  ^—4 -VW+4V*  (2.4.17) 

(here  and  below  we  assume  that  es  =  0).  As  the  position  of  the  f 
level  changes,  the  Et  state  of  the  system  varies  continuously  (as  expect¬ 
ed  in  a  single-site  case).  We  note  that  the  Coulomb  interaction 
(constant  G)  is  not  included  in  the  final  solution.  From  the  stand¬ 
point  of  physics  this  result  is  clear;  there  is  exactly  one  electron  at 
each  site  and  only  the  electronic  wave  function  changes  (it  has  an 
f-nature  or  an  s-nature  or  is  a  superposition  of  the  f  and  s  states); 
naturally,  the  electron  cannot  interact  with  itself. 

We  can  verify  that  the  generalized  mean-field  approximation 
(2.4.10)  that  allows  for  excitonic  correlations  yields  a  solution  coin¬ 
ciding  with  the  exact  solution.  In  this  approximation  the  system’s 
energy  is 

%  =  fo±g|«-+-gwt  -4  \(Et  +  Gns  - Gnt)2 
+  4  {V  +  GA)2]1/2  -  Gnsnt  +  GA2.  (2.4.18) 

We  see  that  on  the  extrema  of  (2.4.17),  given  by  the  equations 
d<i/dnt  =  0  and  <5g/<5A  =  0,  there  is  no  dependence  on  G: 

d%  _  d%\  dn\  .  dcS  dA  ,  d%  dcS  _ ^  /o  /  4n\ 

~dG~~  dm  dG  ‘  d^  dG  '  dG  dG  “ U* 

For  this  reason  we  can  set  G  =  0  in  (2.4.18).  We  then  arrive  at 
a  result  that  coincides  with  the  exact  solution  (2.4.17).  Therefore, 
we  see  that  if  we  allow  for  the  averages  and  A  ^  0  in  the  two- 
level  model,  we  arrive  at  a  complete  compensation  of  the  interac¬ 
tion.  But  if  we  use  the  usual  mean-field  approximation  for  the  f-s 
interaction  and  do  not  include  the  excitonic  averages  (/a+)  [i.e.  if  in 


*  Apart  from  the  model  nature,  there  exists  experimental  evidence 

(see  [68,  69])  that  sd  states  of  rare-earth  compounds  with  MY  are  to  a  great  extent 
local. 
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(2.4.18)  we  set  A  =  0],  then  for  nf  we  have  the  following  equation: 


nf 


Et  +  Gns — Gut 
Y  (it  +  Gns—Gnt)*  +  W* 


(2.4.20)- 


which  implies  that  for  small  F’s  the  electronic  phase  transition  is 
discontinuous  when  Et  varies,  in  contrast  to  the  exact  solution. 

We  see  once  again  that  even  the  simple  two-level  model  shows  that 
local  (excitonic)  correlations  play  an  important  role,  in  our  case 
completely  blurring  the  transition.  The  above  discussion  may  also 
serve  as  justification  for  the  use  of  the  generalized  approximation 
(2.4.10)  in  the  more  realistic  case  of  a  broad  conduction  band. 


2.4.4  The  Periodic  Model 

Inclusion  of  coherence  effects  caused  by  the  periodicity 
in  the  position  of  the  centers  and  accounted  for  by  choosing  the 
hybridization  (and  interaction)  matrix  elements  in  the  form  (2.3.7) 
leads  to  a  number  of  special  features.  First,  the  character  of  the 


Fig.  2.5.  The  energy  spectrum  and  density  of  states  in  the  model 
with  periodic  f-s  hybridization.  The  density  of  states  in  (b)  is  similar  to  the 
case  of  an  “impurity”  model  (cf.  Fig.  2.1),  the  only  difference  being  that  there 
is  a  narrow  gap  “cut”  in  the  peak  in  the  p  versus  s  dependence. 


spectrum  changes:  instead  of  virtual  states  a  gap  may  appear  in  the 
spectrum.  In  the  simple  spinless  case  this  becomes  apparent  from 
Fig.  2.5:  due  to  f-s  hybridization  there  appears  the  usual  repulsion  of 
levels.  In  the  full  model  of  an  Anderson  lattice,  when  we  allow  for 
the  spins  and  Coulomb  f-f  interaction  t/ff,  the  situation  grows  much 
more  complex  (we  will  discuss  this  aspect  in  Chap.  2.6).  Nevertheless r 
in  respect  to  the  nature  of  the  EPT  the  periodic  model  does  not  differ 
radically  from  the  impurity  model.  In  this  case  the  equation  of 
motion  for  the  Green  function  in  the  splinless  model  has  a  form 
similar  to  (2.4.3)-(2.4.5),  the  difference  being  that  instead  of  sum¬ 
ming  over  momenta  k  we  have  only  terms  with  one  value  of  k.  For 
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instance, 

«„(*.  «l4[>-tr  G«.~ •  <2-«« 

Knowing  the  spectrum  of  the  system,  we  can  easily  find  the  electron 
-energy: 


—  *y  j  {^f  +  G  (ns  +  nt)  +  £ 

~oo 

—  [{Et  -f  Gns  -  e  -  Gnt)2  +  4  (F  +  GA)2J1/2}  p  (e)  de  -  Gnsnt  +  GA2. 

(2.4.22) 

When  density  of  states  is  constant,  namely,  p  (e)  =  W-10  (2e  — 

—  W)  0  (W  —  2s)  (with  W  the  width  of  the  conduction  band), 
the  problem  of  the  phase  transition  can  be  solved  analytically 
for  any  value  of  G.  Minimizing  (2.4.22)  with  respect  to  nf  and  A, 
we  arrive  at  the  self-consistency  equations  [which  can  also  be  obtained 
directly  from  the  Green  function  of  the  type  (2.4.21)]: 

JF(l-2nf)  =  [(£f  +  W72)2  +  4  (F  +  GA)2]1/2 

~[(Ei~WI2)2  +  4  (F  +  GA)2]1/2,  (2.4.23) 


(2.4.23) 

(2.4.24) 


A----  V+GA  In  ff+^/2-H(ff+K72)8+ 4(r+gA)«IV»  (2  4  24) 

w  Et~W/2+l(Et—W/2)2+4:(V+GA.)2]V*'  \  > 

where  Et  —  Et  +  G  (1  —  2nt).  Solving  (2.4.23)  and  (2.4.24)  for  A, 
we  arrive  at  an  equation  for  nf,  which  at  V  —  0  is 

£t  =  (1  -  2 nt)  ( -j-  coth  (2.4.25) 


(2.4.25) 


(provided  that  0  <  nf  <  1).  We  see  that  in  this  case  the  EPT  is 
continuous  for  any  value  of  G  (nonzero  hybridization  will  only  blur 
the  transition  still  further).  Hence,  in  contrast  to  the  impurity 
model,  all  calculations  can  be  carried  out  for  any  strength  of  the 
f-s  interaction.  Via  numerical  calculations  Leder  [48]  has  also  estab¬ 
lished  that  there  are  no  first-order  transitions  in  the  periodic  model 
with  excitonic  averages.  Jumplike  transitions  in  this  case  become 
possible  when  we  add  the  electron-lattice  interaction  (see  Chap.  2.5). 

Note  that  in  this  model  the  spectrum  of  the  system  given  by 
(2.4.21)  has  the  form  shown  in  Fig.  2.5  and  the  chemical  potential 
always  lies  in  the  gap  when  there  is  one  electron  per  center.  There¬ 
fore,  the  electronic  phase  transition  is,  in  fact,  an  insulator-insulator 
transition  (presumably,  this  is  the  case  with  SmS;  e.g.  see  [7]). 
The  main  factors  that  determine  the  nature  of  the  transition  probably 
act  in  the  general  case  as  well,  with  the  spins  taken  into  account.  Here, 
however,  the  researcher  is  confronted  with  the  difficult  question  as 
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to  the  type  of  the  emerging  ground  state,  in  particular  whether  the 
;gap  will  remain.  The  electron  spin  may  also  contribute  to  the  nature 
of  the  transition,  as  shown  by  Druzhinin  [56].  These  aspects  will  be 
discussed  more  thoroughly  in  Chap.  2.6. 


2.5  THE  ELECTRON  -  LATTICE  INTERACTION 

AND  ITS  ROLE  IN  TRANSITIONS 


2.5.1  Interaction  with  a  Homogeneous  Strain 


The  most  widely  used  method  of  inducing  transitions 
with  MV  in  rare-earth  compounds  is  to  apply  pressure  to  the  sample. 
This  very  fact  indicates  that  the  states  of  such  a  substance  greatly 
depend  on  the  specific  volume  and,  therefore,  that  the  electron- 
lattice  interaction  plays  an  important  role  in  EPT  [35,  57,  58]. 
As  noted  before,  the  explanation  is  that  when  the  system  is  com¬ 
pressed,  first,  the  relative  position  of  the  f  level  and  the  Fermi  level 
{the  conduction  band)  changes  and,  second,  the  f-s  hybridization 
increases.  In  the  simplest  version  of  the  model  we  can  allow  for  these 
■effects  by  taking  the  parameters  of  the  Hamiltonian  (2.3.4),  Ef  and 
F,  to  be  functions  of  the  specific  volume  v  or  introducing  the  electron- 
phonon  interaction  (2.3.6).  The  two  approaches  are  equivalent  if 
for  the  interaction  Hamiltonian  (2.3.6)  we  use  the  mean-field  approx¬ 
imation  (hi)  =  b  =  const  and  assume  that  strains  near  every  site 
are  the  same.  We  can  obtain  the  first  term  in  (2.3.6)  from  the  first 
term  in  (2.3.4)  by  expanding  Et  (v)  in  the  small  deviations  v  —  u0, 
while  the  second  term  can  be  obtained  by  expanding  the  term  that 
describes  the  f-s  hybridization.  If  we  keep  to  the  mean-field  approxi¬ 
mation,  it  is  apparently  expedient  to  work  with  Ef  (u)  and  V  (u); 
this  enables  us  to  easily  account  for  the  electron-lattice  and  Coulomb 
f-s  interactions  simultaneously  [35]. 

If  we  allow  for  the  electron-lattice  interaction,  we  must  add  the 
energy  of  the  lattice 


-#latt  = 


B(v-vqY 

2 


(2.5.1) 


to  the  energy  of  the  system.  We  confine  ourselves  to  small  deviations 
v  =  v  —  u0  and  assume  that 

Et  (v)  =  E0  -  yv, 

T r  /  \  t /  (2.5.2) 

V  (v)  =  V0  —  av 

(with  a  and  y  positive).*  Let  us  first  take  the  simplest  phenomenolog¬ 
ical  scheme  [of  the  type  of  (2.4.2)],  which  enables  us  to  illustrate 


* 


Nonlinear  effects  can  easily  be  included  in  this  scheme  (see  [57,  58]). 
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the  effect  of  the  electron-lattice  interaction  on  the  EPT.  We  neglect 
the  direct  and  excitonic  f-s  hybridizations  and  allow  only  fox  the 
shift  of  the  f  level  with  volume,  given  by  (2.5.2).  We  can  then  easily 
write  the  energy  of  the  system  and  include  the  Et  versus  v  dependence 
and  the  lattice  energy: 

%  =  [G  ~  Et  (v)l  «,  +  -X.  nS  —  Gnl -f -g-fcrp»>l  .  (2.5.3) 

Minimizing  the  energy  [more  exactly,  the  enthalpy  $g  =  I  + 
+  P  (v  —  z>0),  with  P  being  the  external  pressure]  with  respect  to 
v  we  find  that 


V—Vq^ 


P  +  yns 
B 


(2.5.4) 


which  after  substituting  into  (2.5.3)  yields 

Se=-{E0  +  ^-P-G)  Ws  +  -nI-(G  +  -g-)«I  +  const.  (2.5.5) 


We  see  that,  first,  the  f  level  moves  upward  as  the  pressure  in¬ 
creases  and,  second,  the  inclusion  of  the  interaction  of  the  electrons 
with  the  homogeneous  strain  leads  to  the  term  —y2nt/2B  in  the 
energy,  a  term  that  in  structure  and  effect  is  similar  to  the  term 
— Gnl  in  (2.4.2).  Accordingly,  all  conclusions  about  the  nature  of  the 
phase  transition  induced  by  applying  pressure,  discussed  in  Chap. 
2.4,  remain  valid  in  this  model. 

Let  us  now  consider  the  general  case,  in  which  we  allow  for  both 
effects  associated  with  the  Coulomb  f-s  interaction  and  hybridization 
and  the  electron-lattice  interaction. 

The  impurity  model .  In  the  spinless  impurity  model  we  can  express 
the  free  energy  via  (2.4.13),  add  to  it  the  lattice  energy  (2.5.1),  and 
allow  for  (2.5.2).  In  addition  to  varying  this  energy  with  respect  to 
rif  and  A  we  must  minimize  it  with  respect  to  v.  The  condition 
d%!dv  =  — P  yields  the  following  equation  of  state: 

p  =  _  Bv  -f  X  (  arccot  lf-+gp~s-F-  -  arccot  ) 


+  pVa  In 


(£(  +  g/ts-6riHP 
(Ef+G»g)*+r» 


(2.5.6) 


When  the  Coulomb  interaction  is  absent  ( G  —  0),  Eq.  (2.5.6) 
suffices  to  describe  the  behavior  of  the  system  as  P  varies,  while 
Eq.  (2.4.8)  shows  how  the  valence  nt  changes.  But  if  G  =£  0,  we 
must  solve  a  simultaneous  set  of  equations  (2.4.8),  (2.4.12),  and 
(2.5.6).  By  using  Eqs.  (2.4.8)  and  (2.4.12)  we  can  write  the 
equation  of  state  in  a  convenient  (although  implicit)  form 

v  =  B”1  (ynt  —  2a  A  —  P). 


(2.5.7) 
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Let  us  study  the  behavior  of  the  EPT  with  respect  to  various  fac¬ 
tors.  A  first-order  phase  transition  accompanied  by  a  sudden  change 
in  u  and  the  occupation  number  of  the  f  level,  nt ,  occurs  if 


dP_ 

dv 


—  —B  +  y 


— 2a 
av 


(2.5.8) 


This  condition  is  written  for  the  case  where  the  renormalized  f 
level  coincides  with  the  Fermi  level:  Ef  +  Gns  =  bf. 

We  start  with  the  case  of  constant  hybridization,  a  =  0  (we  will 
discuss  the  case  of  an  f  level  with  a  varying  width  in  Sec.  2.5.2). 
Combining  (2.4.8)  and  (2.4.12)  with  (2.5.8),  we  transform  the  lattre 
to 


y2B~1  >  nT  +  p"1  -  2 G.  (2.5.9) 

This  condition  is  sufficient  for  a  first-order  transition  to  occur;  it 
generalizes  criterion  (2.4.9)  to  the  case  of  a  compressible  lattice. 
We  see  that  if  we  allow  for  the  electron-lattice  interaction,  the  EPT 
may  become  jumplike  even  in  the  absence  of  the  Coulomb  f-s  inter¬ 
action.  We  also  note  that  contrary  to  the  results  of  Entel,  Leder,  and 
Grewe  [65]  a  first-order  transition  is  possible  at  nonzero  hybridization. 

Condition  (2.5.9)  for  a  first-order  transition  at  Ef  =  Ef  +  Gns  = 
=  Bp  is  sufficient  but  not  necessary;  namely,  jumplike  transitions 
may  take  place  for  other  positions  of  the  f  level.  The  explanation  is 
as  follows.  As  we  see  from  criteria  (2.4.9)  and  (2.5.8),  the  fact  that 
the  f  level  possesses  a  finite  width  T  blurs  the  transition.  If  T  is 

constant,  dPIdv  changes  its  sign  for  the  first  time  at  Et  =  eF.  But 
if  T  changes  when  pressure  is  applied  [at  the  expense  of  the  varia¬ 
tion  of  V  ( v )  or  of  the  electronic  contribution  to  hybridization, 
GA;  see  Eqs.  (2.4.10)  and  (2.4.14)],  the  system  may  become  unstable 
at  other  values  of  Ef  (values  for  which  V  is  smaller).  For  one,  the 
excitonic  contribution  to  the  level  width  (2.4.14)  is  the  greatest 

exactly  at  E f  =  eF,  a  fact  that  may  hinder  the  criterion  (2.5.9)  at 
this  point  and  stabilize  the  phase  with  the  f  level  pinned  at  eF. 
For  other  values  of  Ef  the  width  F  is  smaller  and  condition  (2.5.9) 
can  be  met. 

The  situation  can  be  analyzed  in  greater  detail  when  the  external 
hybridization  V  is  zero  and  the  entire  broadening  has  an  excitonic 
nature  and  is  given  by  (2.4.14).  (Strictly  speaking,  a  small  bare 
hybridization  is  always  needed;  see  Sec.  2.4.2.)  But  at  V  =  0  the 
problem  becomes  essentially  nonanalytic  in  F,  and  because  of  the 
f-s  interaction  the  initially  small  hybridization  is  renormalized  and 
attains  values  given  by  (2.4.14)  or  a  modification  of  this  formula 
(see  [39]).  In  this  case  the  self-consistency  equation  for  rif  takes  the 
form  (2.4.15),  with  the  constant  on  the  right-hand  side  G'  =  G  — 
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—  l/2p  +  y2!2B.  An  analysis  of  this  equation  leads  to  the  following- 
results: 

(A)  The  EPT  proves  to  he  continuous  at  G'  <C  0. 

(B)  At 

0  <  Gf  <  (n/2)  go  exp  (—1/p G) 

there  are  two  consecutive  jumps  in  the  nt  versus  P  and  v  versus  P 
functions  at  Ef  <C  and  E f  >  eF,  with  a  MV  state  in  between. 


fa)  W 

Fig.  2.6.  The  “phase  diagram”  (a)  and  the  behavior  of  the  occupa¬ 
tion  number  of  the  f  level  (b)  in  the  impurity  model  with  electron-phonon  inter¬ 
action.  The  letter  A  denotes  the  region  of  a  continuous  transition,  B  the  region 
of  two  successive  jumplike  transitions,  and  C  the  region  of  one  first-order  tran¬ 
sition. 

(G)  For  still  greater  values  of  G  there  is  one  jumplike  first-order 
phase  transition.  The  condition  for  such  a  transition  to  occur  coin¬ 
cides  with  the  above-discussed  criterion  (2.5.9),  as  we  can  easily 
see. 

The  phase  diagram,  in  which  all  three  regions  are  shown,  is  depicted 
in  Fig.  2.6.  We  note  once  more  that  when  the  electron-lattice  inter¬ 
action  is  taken  into  account,  first-order  transitions  may  be  realized 
for  a  weak  f-s  interaction,  pG  <  1,  where  the  method  employed  i & 
justified. 

The  periodic  model .  We  can  consider  the  periodic  model  in  a  similar 
way  (see  [35,  49]).  Employing  the  energy  in  the  form  (2.4.22)  and 
adding  to  it  the  lattice  energy  given  by  (2.5.1),  we  can  find  the 
equation  of  state  and  formulate  the  condition  for  a  discontinuous  tran¬ 
sition.  At  a  —  0  and  V  =  0  the  behavior  of  the  n{  versus  P  func¬ 
tion  is  given  by  the  following  relationship  [cf.  (2.4.25)]: 

F  ,  yp  ?2 

=  (l-2n{)  (-f  coth-g--G--g-).  (2.5.10) 

We  see  that  as  P  grows  the  effective  f  level  moves  upward  with  a 
constant  speed,  and  the  criterion  for  a  first-order  phase  transition 
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to  occur  in  this  case  is 

Y2#-1  >  W  coth— — 2 G.  (2.5.11); 

Hence,  in  the  periodic  model  a  jumplike  transition  is  realized, 
only  because  of  the  interaction  with  the  lattice;  we  came  to  the  same 
conclusion  in  Sec.  2.4.4.  Here,  unlike  the  incoherent  case  (the  im¬ 
purity  model),  we  do  not  have  two  phase  transitions  in  this  approx¬ 
imation,  and  the  phase  diagram  has  the  form  depicted  in  Fig.  2.7. 
Nevertheless,  qualitatively  the  conclusion  is  the  same,  i.e.  the  f 


Fig.  2.7.  The  “phase  diagram”  similar  to  that  in  Fig.  2.6a  in  the^ 
periodic  model. 

Fig.  2.8.  A  rough  sketch  of  the  pressure  dependence  of  the  width  T 
of  the  f  level. 


level  moves  as  the  pressure  (which  is  characterized  by  the  parameter 
Y  or  the  electron-lattice  interaction  constant  gx  in  (2.3.6))  varies,, 
and  this  motion  assists  the  discontinuous  transition. 

What  is  the  physics  of  the  discontinuous  transition?  Suppose  that 
initially  the  f  level  lies  below  the  bottom  of  the  conduction  band 
(or  the  Fermi  level)  and  some  f-electrons  are  excited  out  of  this  level 
to  the  s  band.  Accordingly,  there  appears  in  the  system  ns  ions  with 
large  valence  but  smaller  radius.  In  the  mean-field  approximation 
this  is  equivalent  to  a  decrease  in  the  average  lattice  parameter,  or 
the  atomic  volume  v,  which  according  to  (2.5.2)  make  the  f  level 
move  upward,  i.e.  decreases  the  activation  energy  needed  for  pro¬ 
moting  other  f-electrons  to  the  conduction  band.  In  some  cases 
this  “feedback”  becomes  quite  strong  and  causes  an  avalanche-type 
process  with  a  large  number  of  f-electrons  going  over  to  the  s  band 
and  the  respective  lattice  parameter  decreasing.  (The  mechanism 
resembles  the  mechanism  of  first-order  transitions  in  the  Falicov- 
Kimball  model;  cf.  Sec.  2.4.1.) 

Variation  of  physical  quantities  under  pressure .  Now  we  are  prepared 
to  analyze  the  behavior  of  various  physical  quantities,  such  as  the 
width  of  the  f  level  and  the  compressibility,  when  we  apply  pressure 
to  the  system. 
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The  change  in  the  width  T  of  the  f  level  is  determined  by  two  fac¬ 
tors:  on  the  one  hand,  T  grows  with  pressure  due  to  (2.5.2)  (possibly 
4iscontinuously  if  the  EPT  is  of  the  first  order);  on  the  other,  the 

excitonic  contribution  to  T  is  not  monotonic.  At  Z?f  <  gf  both 

mechanisms  act  in  one  direction,  while  at  E f  >  sF  (after  the  transi¬ 
tion)  the  second  counteracts  the  first.  As  a  result  the  behavior  of  T 
as  a  function  of  P  depends  on  the  concrete  values  of  the  parameters; 
a  typical  curve  of  the  T  versus  P  dependence  is  shown  schematically 
in  Fig.  2.8.  A  considerable  (more  than  threefold)  increase  in  the 
characteristic  energy  of  spin  fluctuations  (which  is  apparently 
proportional  to  T)  in  a  phase  with  MV  was  found  in  the  experiment 
of  Shapiro  et  al.  [60]  (also  see  [61,  62]). 

We  can  find  the  compressibility  of  the  system  by  using  the 
equation  of  state  (2.5.7): 

x==‘lF==xo(l  +  2a-g--7^-)  .  =  (2-5.1 2) 

The  next  step  is  to  substitute  the  functions  A  (P)  and  nt  ( P )  deter¬ 
mined  from  the  simultaneous  self-consistency  equations.  Naturally, 
the  behavior  of  x  with  P  may  be  quite  complex,  but  we  can  get  a 

general  idea  from  the  following  considerations.  At  Ef  <  &F  and  an 
increase  in  pressure,  nt  drops,  i.e.  dntIdP  <  0,  while  the  width  of 
the  f  level  increases  (due  to  the  growth  in  the  bare  hybridization  V 
■and  the  electronic  contribution  G  ( fa+ )).  Equation  (2.5.12)  shows 

that  both  factors  soften  the  lattice.  On  the  other  hand,  at  Et  >8F 
the  f  level  moves  away  from  the  Fermi  level,  and  because  of  this 
continues  to  decrease  but  the  effective  width  of  the  f  level  (the 
electronic  contribution  to  it)  begins  to  diminish.  The  net  change  in 
x  depends  on  the  model  parameters,  but  generally  we  can  say  that 
in  a  phase  with  MV  near  the  transition  point  the  compressibility  is 
exceptionally  high,  and  the  softening  of  the  lattice  increases  faster 
before  the  transition,  a  fact  that  has  been  established  in  experiments 
with  SmS  (see  [4,  81). 

Qualitatively  such  behavior  is  due  to  the  fact  that  in  the  region 
with  MV  compression  is  facilitated  by  the  decrease  in  the  ionic 
radius  because  a  number  of  the  f-electrons  goes  over  to  the  conduc¬ 
tion  band  and,  as  a  result,  the  lattice  parameter  decreases.  The 
upward  shift  of  the  f  level  assists  such  transitions,  while  the  broaden¬ 
ing  of  the  level  initially  (at  Ef  <;  gf)  also  leads  to  a  decrease  in  nt 

-and  in  this  way  increases  the  compressibility,  but  later  (at  E f  >  eF) 
nets  in  the  reverse. 
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2.5.2  The  Change  in  the  Width  of  the  f  Level 
and  Its  Role  in  Valence  Transitions 


In  the  previous  section  we  dealt  mainly  with  the  motion 
of  the  f  level  with  pressure.  At  the  same  time  other  parameters  of 
a  system  also  change  when  the  sample  is  compressed.  For  example, 
both  the  hybridization  V  and  the  width  T  of  the  virtual  f  level  in- 
!  crease.  Recently  there  have  been  experimental  indications  that  at 
least  in  compounds  of  Ce  this  factor  plays  a  no  less  important  role 
in  EPT’s  than  a  shift  of  the  f  level.  Here  we  will  consider  the  effect 
of  the  f  level  broadening  on  the  EPT  and  demonstrate  [641  that  in 
certain  conditions  such  broadening  causes  an  abrupt  transition 
with  a  valence  change  and  the  final  state  has  mixed  valence. 

The  reasoning  up  till  now  leads  us  to  the  conclusion  that  the  f-s 
hybridization,  in  broadening  the  f  level,  blurs  the  transition  and 
makes  it  smoother  [see  Eqs.  (2.4.9)  and  (2.5.9)].  But  we  assumed  all 
along  that  hybridization  was  constant.  However,  if  we  take  into 
account  that  under  pressure  it  grows  (a  in  (2.5.2)  is  nonzero),  the 
situation  changes. 

Qualitatively  the  picture  is  as  follows.  Let  us  assume  that  in  the 
initial  state,  with  P  =  0  and  specific  volume  v  —  v01  the  /  level 
lies  below  the  Fermi  level,  E0  <  ep,  and  has  a  width  T0  =  jtp 7*. 
We  also  assume  that  when  pressure  grows,  the  f  level  moves  upward 
and  broadens.  As  it  broadens,  the  number  of  occupied  f  states  de¬ 
creases  (see  Fig.  2.2),  and  since  ions  without  an  f-electron  are  smaller, 
this  leads  to  a  smaller  average  lattice  parameter.  As  a  result  we  are 
again  dealing  with  the  situation  described  in  the  previous  section, 
namely,  due  to  such  additional  compression  the  width  of  the  f  level 
grows  still  greater  and  nt  diminishes  still  further;  we  again  have  a 
feedback  that  leads  to  the  transition  becoming  a  first-order  one.  We 
must  note,  however,  that  in  contrast  to  the  shift  of  the  f  level  this 
mechanism  of  accelerating  the  transition  acts  only  as  long  as  Et  is 
smaller  than  eF  or  nt  >  1/2.  In  the  opposite  case  this  mechanism 
hinders  the  transition.  As  a  result,  in  the  final  state  the  effective  f 
level  may  be  fixed  near  ep  and  we  have  a  phase  with  MV  (rcf  ~  1/2). 
This  mechanism  (the  broadening  of  the  f  level  under  pressure)  may, 
therefore,  be  highly  effective  in  stabilizing  the  MV  phase  after  the 
transition  has  been  completed  [7]. 

The  easiest  way  to  illustrate  the  above  arguments  is  to  use  the 
two-level  model  considered  in  Sec.  2.4.3  (similar  results  are  obtained 
for  models  with  a  wide  s  band).  The  energy  of  the  system  in  this 
case  is  given  by  (2.4.17)  to  which  we  must  add  the  lattice  energy 
(2.5.1).  From  the  resulting  formula  we  can  find  the  equation  of  state 


P  = 


yEf  +  4ocF  ^ 

ywf+w*  /  ’ 


(2.5.13) 


where  we  have  used  (2.5.2)  and  introduced  the  notation  v  =  v  —  p0. 
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The  instability  condition  for  the  system  (the 
first-order  phase  transition)  has  the  form 

dP  _  t>  i  2  (V of  EqC*)*  n 

dv  ~  °'r  (£f+4F2)®/a  ^ 


condition  for  a 
(2.5.14) 


This  condition  is  fulfilled  most  easily  at 

,7  £q«  +  4F0v  . 

cr~  y2+4«2  ’ 


(2.5.15) 


Eq.  (2.5.14)  then  takes  the  form 

(Y2  -f  4a2)*/2  >  4 B  |  y0Y  -  E0a  |,  (2.5.16) 

which  is  a  necessary  and  sufficient  condition  for  a  first-order  tran¬ 
sition  in  our  model. 

We  can  easily  see  that  the  small  increase  in  hybridization  with 
pressure  (small  a’s)  hinders  the  abrupt  transition;  but  for  large 
values  of  a  this  criterion  is  met  more  easily  and  the  increase  in 
hybridization  assists  the  jump.  For  the  transition  to  occur  under 
positive  pressure  (uor  <  0)  we  must  require  that 

(2.5.17) 


We  can  verify  that  the  criteria  (2.5.16)  and  (2.5.17)  do  not  con¬ 
tradict  each  other.  From  (2.5.17)  we  see  that  for  a  jump  to  occur  a 
shift  of  the  f  level  (y  =/=  0)  is  necessary  in  addition  to  the  broadening. 
Actually,  criterion  (2.5.16)  can  be  met  at  Y  —  0>  too.  But  in  this 
case  the  transition  would  occur  in  the  nonphysical  region  P  <  0, 
at  a  point  where  hybridization  V  (v)  passes  through  zero  and  changes 
its  sign,  which  is  completely  unphysical  (such  a  false  transition  was 
obtained  in  [65]).* 

Thus,  our  simple  model  corroborates  the  above  qualitative  reason¬ 
ing  and  shows  that  the  increase  in  the  f-s  hybridization  or  the  width 
of  the  f  level  under  pressure  in  certain  conditions  assists  a  dis¬ 
continuous  valence  transition.  Such  a  transition  starts  at  a  state 
with  a  rather  low  lying  f  level,  i.e.  from  a  phase  with  nt  m  1  (the 
increase  in  hybridization  with  pressure  hinders  the  upward  motion 
of  the  f  level,  and  the  abrupt  transition  takes  place  at  large  values  of 
|  Et  |).  The  final  state  is  one  with  mixed  valence,  n(  ~  1/2  (the  f 
level  moves  upward  to  the  Fermi  level  and  broadens  considerably). 
These  results  are  in  good  qualitative  agreement  with  the  main  fea¬ 
tures  of  valence  transitions,  for  one,  with  the  results  of  [61,  62]. 


*  We  can  verify  that  this  mechanism  of  transition  due  to  f  level 

broadening  acts  also  for  the  nonlinear  F  versus  v  dependence.  Both  the 
high  growth  rate  F  ( dVldv  ;>  1)  and  the  nonlinearity  (d?V/dv2  >  0)  contri¬ 
bute  to  the  jump.  .  .. 
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2.5.3  Local  (Polaron)  Effects  in  the  Electron -Lattice 

Interaction 

When  studying  the  Falicov-Kimball  model  in  Chap.  2.4t 
we  saw  how  important  the  local  (excitonic)  effects  are;  namely,  the 
mean-field  approximation  overestimates  the  tendency  to  a  jumplike 
transition,  while  if  we  allow  for  excitonic  correlations,  the  tran¬ 
sition  becomes  smoother  (local  correlations  are  also  important  when 
one  considers  the  properties  of  the  MV  state  proper;  we  will  touch 
on  these  questions  in  Chap.  2.6).  Similarly,  local  effects  may  play 
an  important  role  in  the  electron-lattice  interaction.  Up  till  now 
we  considered  the  electron-lattice  system  in  the  mean-field  approxi¬ 
mation,  i.e.  it  was  assumed  that  the  deformations  at  every  center 
are  the  same  and  are  determined  by  the  average  occupation  number 
rif  of  the  f  levels.  A  real  lattice,  however,  reacts  near  a  given  center 
to  the  electronic  state  of  that  center  mainly;  correspondingly,  the 
local  correlations  have  in  essence  a  polaron  nature  (the  deformations 
near  a  particular  center  may  differ  depending  on  whether  there  is 
an  f-electron  at  that  center). 

Intuitively  it  is  clear  that  when  we  allow  for  local  effects  in  the 
electron-lattice  interaction,  just  as  in  the  Coulomb  f-s  interaction, 
the  coupling  between  the  various  centers  becomes  weaker  and,  hence, 
the  tendency  to  a  first-order  phase  transition  is  suppressed.  However, 
there  is  another  nontrivial  effect  here;  namely,  if  there  are  local 
deformations  of  the  polaron  type,  there  emerges  an  effect  known 
from  polaron  theory  resulting  in  the  reduction  of  off-diagonal  matrix 
elements  (polaron  band  narrowing).  But  f-s  hybridization  is  just 
such  an  off-diagonal  quantity.  It  acquires  an  exponential  factor 
[661: 

V  V  exp  (-g\! co2),  (2.5.18) 

with  gx  the  electron-phonon  interaction  constant  (2.3.6),  and  co 
the  characteristic  phonon  frequency.  In  turn,  such  a  decrease  in 
hybridization  and  in  the  corresponding  width  of  the  f  level  facilitates 
a  first-order  transition.  Therefore,  a  priori  the  final  result  is  not 
clear. 

To  clarify  this  question  let  us  take  the  two-level  model  [67],  We 
take  the  Hamiltonian  in  the  form 

H =  2  (884«i  +  Etftfi  +  v  (atfi  +  h  .c.)  +  (Ob&i  -  gftft  (bt  +  bt)}. 

(2.5.19) 

Here  we  consider  the  phonons  to  be  local.  Strictly  speaking,  we 
must  take  into  account  phonon  dispersion  or  the  k-dependence  of 
electron-phonon  interaction  (see  Sec.  2.5.4),  but  in  the  variational 
approach  we  will  now  use  this  is  unimportant.  In  this  way  the  model 
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Hamiltonian  (2.5.19)  enables  us  to  illustrate  the  main  features1  of 
polaron  effects  in  EPT’s  and  in  phases  with  MV. 

There  are  two  limiting  cases  here:  strict  localization  [66]  (lattice 
deformation  instantly  follows  the  electronic  state  of  the  center,  i.e. 
acquires  two  values  corresponding  to  nt  —  0  and  nt  =  1)  and  the 
case  where  due  to  rapid  f-s  transitions  the  deformation  corresponds 
to  the  average  occupation  of  the  f  levels,  which  is  equivalent  to  the 
mean-field  approximation.  To  study  the  general  case  and  establish 
the  conditions  for  the  limiting  cases  we  use  a  variational  method 
and  seek  the  wave  function  at  each  site  i  in  the  form 

1  if H)  =  uat  |  0)  ||  ps»  +  vft  |  0>H  pf»,  «2  +  u2  =  1.  (2.5.20) 

Here  ||  P))  is  the  coherent  state  of  phonons  with  the  eigenvalue 
P  =  (b),  which  describes  the  deformation  of  the  lattice  near  the 
ith  site;  these  functions  have  the  following  properties: 

&IIP»  =  PIIP»,  «P II P?»  =  exp  {  — - -^-  +  P+P'}.  (2.5.21) 

The  meaning  of  the  wave  function  (2.5.20)  is  that  different  elec¬ 
tronic  states  of  a  center  have  corresponding  to  them  different  lattice 
deformations.  The  response  of  the  lattice,  however,  is  not  instanta¬ 
neous  and  the  lattice  does  not  manage  to  completely  follow  the  fast 
f-s  transitions  caused  by  hybridization;  therefore,  the  quantities  ps, 
Pf,  and  nt  must  be  determined  in  a  self-consistent  manner. 

The  average  value  of  the  energy  (2.5.19)  over  the  wave  function 

(2.5.20)  is  a  functional  of  three  variational  parameters,  ps,  pt,  and 
tit  =  n2  (ns  =  w2  =  1  —  «{).  (In  what  follows  we  will  assume  that 
all  centers  are  equivalent  and  hence  drop  the  site  index  i.)  Bearing 

(2.5.21)  in  mind,  we  can  write  this  functional  as 

g  =  (1  —  nt)  (es  +  ©Pf)  +  nt  ( Et  +  ©P?  —  2gp{) 

— 2F  exp  {-ikdkLj  Y nt(l-nt).  (2.5.22) 

The  mean-field  approximation,  which  on  qualitative  assumptions 
is  justified  for  strong  hybridization  (fast  f-s  transitions),  corresponds 
to  ps  =  pf  =  p.  Minimization  of  (2.5.22)  then  yields  Pmfa  = 
—  g«{/©,  and  the  energy  %  (nt)  is 

gMPA  =  (Et- 8S)  nt  -  -£■  n\-2VVnt(i-nt),  (2.5.23) 

which  corresponds  to  (2.5.5).  This  implies  that  there  exists  a  first- 
order  phase  transition  for  sufficiently  weak  hybridization,  V  < 
<  g2/2w.  (This  condition  is  equivalent  to  (2.5.16)  with  a  =  0, 
obtained  earlier.) 

The  other  limiting  case  of  slow  f-s  transitions  (V  <C  ©)  would 
correspond  to  the  deformation  at  a  center  being  local:  from  (2.5.22) 


2.  Electronic  Phase  Transitions  and  the  MV  Problem  101 

with  V  ->■  0  we  find  that  (3S  =  0  and  |3f  =  g/co,  i.e.  the  deformation 
is  zero  at  a  center  with  n{  =  0  and  is  the  maximum  possible  at  a 
center  with  rif  =  1.  The  energy  of  the  system  in  this  case  proves  to  be 
a  linear  function  of  and  we  have  returned,  so  to  say,  to  the  case 
of  free  (noninteracting)  electrons,  the  only  difference  being  that 
the  energies  of  occupied  and  empty  levels  are  renormalized  different¬ 
ly.  Naturally,  there  is  no  first-order  transition  here. 

Minimization  of  the  entire  expression  (2.5.22)  yields  three  equa¬ 
tions  for  ps,  Pf,  and  nt .  Analytical  and  numerical  studies  of  these 
equations  lead  to  the  following  results: 

(1)  ps  ~  pf  for  an  f  level  that  is  far  from  the  Fermi  level  (in  the 
given  model  from  the  s  level  es);  at  Et  <c  ss  we  have  nt  ~  1  and  ps  ~ 
~  pf  ~  g/co,  while  at  Et  es  we  have  ~  0  and  ps  pf  ^  0. 
But,  strictly  speaking,  the  mean-field  approximation  (ps  =  Pf)  is 
realized  for  large  Vs  only  asymptotically,  as  V  -*•  oo. 

(2)  As  Et  approaches  es,  the  difference  pf  —  ps  increases  and, 
accordingly,  the  effective  hybridization  V  =  V  exp  {— (ps  —  Pf)2/2} 
falls  off  faster  and  faster  [in  accordance  with  (2.5.18)].  This  reduction 
of  hybridization  is  maximal  at  Et  =  es. 

(3)  Notwithstanding  the  suppression  of  hybridization,  which  would 
seem  to  increase  the  tendency  to  a  jumplike  transition,  the  EPT 
actually  becomes  smoother  than  predicted  by  the  mean-field  approxi¬ 
mation.  For  instance,  at  g! 2co  <C  1  the  transition  proves  to  be  smooth 
at  any  value  of  F,  however  small.  This  means  that  the  tendency^of 
the  various  centers  to  “uncouple”  [which  in  effect  results  in  reduction 
of  the  quadratic  term  of  the  type  —  Cn\  in  (2.5.23)1  prevails  over  the 
tendency  to  accelerate  the  transitions  due  the  decrease  in  hybrid¬ 
ization  and  the  polaron  narrowing  of  the  f  level. 

We  note  also  that  the  degree  to  which  the  f  level  is  narrowed  de¬ 
pends  not  only  on  the  relation  between  the  model  constants  g,  co, 
and  F  but  on  the  position  of  the  f  level  in  relation  to  the  Fermi 
level.  The  authors  of  [66,  70]  did  not  allow  for  this  effect. 

Newson  and  Newns  [71],  using  a  variational  method  [67]  and  the 
Gr^en-function  technique  for  the  case  of  a  broads  band,  also  came 
to  the  conclusion  that  the  decrease  in  correlations  between  different 
sites  due  to  polaron  effects  is  more  important  than  the  single-site 
effect,  the  narrowing  of  the  f  level.  We  see,  therefore,  that  both  in 
the  model  with  electron-electron  interaction  and  in  that  with  elec¬ 
tron-lattice  interaction,  allowing  for  local  correlations  greatly 
weakens  the  coupling  between  the  centers,  i.e.  suppresses  the  cooper¬ 
ative  effects  and  brings  the  system  nearer  in  its  properties  to  that  of 
independent  “impurities”.  This  can  serve  as  partial  justification 
for  the  impurity  model,  which  we  have  used  extensively  in  our 
review.  We  see  that  these  effects  also  modify  valence  transitions 
acting  contrary  to  the  first-order  phase  transition  and  stabilizing  the 
MV  phase. 
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2,5.4  Interaction  via  Short-Wavelength  Phonons  and  Formation 
of  Ordered  Structures 

Above  we  discussed  largely  the  interaction  with  a  homo¬ 
geneous  strain  or,  which  is  the  same,  with  long- wave  phonons.  But 
electrons  interact  with  other  phonon  modes  as  well,  and  such  interac¬ 
tion  may  have  quite  different  consequences  for  the  entire  problem  of 
EPT.  Indeed,  the  interaction  of  electrons  with  dilatation  results  in 
the  electrons  being  attracted  to  each  other,  a  fact  that  is  reflected  by 
terms  of  type  — y*np2B  in  (2.5.5)  or  — in  (2.5.23)  and  leads 
to  a  first-order  transition.  But  the  interaction  via  short-wavelength 
phonons  may  lead  to  repulsive  forces,  in  this  way  slowing  down 
the  transition  and  stabilizing  the  MV  phase.  Because  of  such  inte¬ 
raction  there  may  also  appear  spatial  correlations  within  the  sys¬ 
tem.  We  will  study  this  aspect  [7]  using  the  model  Hamiltonian 

#  =  2  ek4«k  +  £,2  ft  ft  +  2  ©,&*&,  +  2  Siqftfi  (K  +  &-«,).  (2-5.24) 

k  i  q  iq 

where  giq  =  gq  exp  (tq-R*). 

We  exclude  the  electron-phonon  interaction  by  introducing  the 
“polaron”  canonical  transformation 

R  =  (2.5.25) 

iq 

or  the  equivalent  shift 


bq  2 


This  yields 

k  i  q  q 

+  2  —  2 
q  i  f 

(2.5.26) 

where 

(2.5.27) 

q 


Equations  (2.5.26)  and  (2.5.27)  show  that,  first,  there  is  a  constant 
shift  of  the  f  level  (the  polaron  shift)  and,  second,  the  f-electrons  at 
different  centers  interact.  Depending  on  the  dispersion  of  coq  and  gq, 
the  interaction  may  have  different  signs.  If  the  interaction 

gq  l 
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is  of  maximal  strength  when  q  =^=  0  (the  net  interaction  of  the  f-elec- 
trons  is  attractive,  the  strain  is  homogeneous,  and  all  centers  are 
occupied  equally),  we  find  that  in  the  mean-field  approximation  for 
(2.5.26)  the  total  energy  is  given  by  an  expression  of  the  type  (2.5.5): 

(St-  2  -#-)  (1  -ntY  (2.5.28) 

q  q 

(we  assume  the  constant  density  of  states  p  (e)  in  the  s*  band).  We 
note  that  (2.5.28)  differs  somewhat  from  what  we  may  have  obtained 
if  we  applied  the  mean-field  approximation  directly  to  (2.5.24); 
in  (2.5.28)  the  effect  of  self-action  has  been  excluded  correctly. 
For  one,  for  purely  local  phonons  (in  the  absence  of  dispersion  in  co<j 
and  gq,  i.e.  coq  ~  co  and  gq  =  g)  Eq.  (2.5.5)  would  give  a  jumplike 
phase  transition;  on  the  other  hand,  in  this  case  =  0  and, 

according  to  Eqs.  (2.5.26)  and  (2.5.28),  the  transition  can.  only  be 
smooth.  Indeed,  local  phonons  do  not  lead  to  an  interaction  between 
the  centers,  and  there  is  no  question  of  a  cooperative  transition. 
Hence,  we  again  see  that  allowing  for  local  effects  (the  exclusion  of 
self-energy)  smooths  the  transition  and  makes  the  term  —Crif  in 
the  energy  decrease  (in  Sec.  2.5.3  this  effect  was  considered  in  a 
model  without  dispersion,  where,  strictly  speaking,  a  transition  is 
always  smooth;  however,  the  method  used  there  imitates  the  general 
situation). 

If  the  strongest  interaction  is  that  with  short- wavelength  phonons 
(e.g. ,  in  SmS,  the  interaction  with  phonons  at  the  L-point  of  the  Brillou- 

JT 

in  zone,  q0  =  ~  (1,  1,  1)),  there  may  appear  in  the  system  a  density 

wave  of  the  f-electrons  with  a  wave  vector  q0  and  nu  = 
=  nt  [1  +  cos  (q0*R*)J.  This  phase  corresponds  to  one  with  MV 
of  a  periodic  structure  (a  density  wave  of  f-electrons  or,  more  exact¬ 
ly,  a  valence  density  wave,  VDW).  As  E f  grows,  the  system  goes 
through  the  following  phases:  the  homogeneous  phase  with  ^  1 
the  MV  phase  with  spatial  correlations  and  nt  ~  1/2  the  phase 
with  nt  ^  0. 

This  becomes  especially  evident  if  we  assume  that  the  s-elec- 
trons  are  localized  (the  two-level  model)  and  nu  +  nsi  =  1.  If  we 
introduce  the  pseudospin  operators  at  =  1/2  (of  —  — 1/2  for  nu  =  1 
and  of  —  1/2  for  nti  =  0  and  nsi  =  1),  we  can  write  the  effective 
Hamiltonian  (2.5.26)  in  the  form 

h  =  Et  +  2^3 - es.  (2.5.29) 

COq 

i  q 

If  the  interaction  with  the  mode  q  =  nla  is  strong,  we  arrive  at  the 
Ising  model  of  an  antiferromagnet  in  a  parallel  field,  and  the  sequence 
of  transitions  as  h  (or  Ef)  grows  corresponds  to  that  described  above 
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(the  phase  with  o?  =  — 1/2,  i.e.  tin  —  1  -*•  the  “antiferromagnetic* 
phase  with  MV,  nti  =  0;  1;  0;  1;  ....  and  =  1/2  ->■  the  phase 
with  erf  =  +1/2,  i.e.  nn  =  0). 

In  terms  of  pseudospin,  hybridization  of  f-  and  s-electrons  is 
equivalent  to  the  presence  of  a  transverse  field  Vcrf;  it  smooths  out 


Fig.  2.9.  The  change  in  the  occupation  of  the  f  level  for  the  inter¬ 
action  via  short-wave  phonons*  The  solid  line  represents  the  case  with  T  =  0 
and  7  =  0,  while  the  dashed  line  the  case  with  T  =£  0  or  7  ^  0. 

Fig.  2.10.  The  qualitative  behavior  of  the  electron-electron  inter¬ 
action  via  phonons  with  distance. 


the  transition  and  destroys  long-range  order.  Since  this  term  does 
not  commute  with  the  canonical  transformation  operator  R  defined 
in  (2.5.25),  we  cannot  completely  separate  out  the  phonons.  It  is  this 
that  leads  to  polaron  reduction  of  hybridization  (2.5.18)  and  results 
in  the  additional  complications  studied  in  Sec.  2.5.3.  Transition 
with  the  field  (with  increasing  Et)  in  the  model  with  an  interaction 
Hamiltonian  (2.5.29)  of  an  antiferromagnetic  type  becomes  also 
continuous  at  any  nonzero  temperature  (Fig.  2.9). 

The  total  interaction  of  the  f-electrons  via  the  lattice,  Ju which 
includes  the  exchange  of  both  long-wave  and  short-wave  phonons, 
may  be  much  more  complicated  since  the  interaction  with  a  homo¬ 
geneous  strain  results  in  long-range  attraction  while  interaction 
via  short-wave  length  phonons  results  in  short-range  repulsion  (such 
is  interaction  of  impurities  of  the  interstitial  atoms  in  a  solid,  e.g. 
hydrogen  atoms  in  a  metal  [72],  where  the  effect  is  known  as  the 
nearest-neighbor-blocking  effect).  The  resulting  interaction  shown 
in  Fig.  2.10  resembles  the  standard  interaction  of  atoms  and  mole¬ 
cules.  The  resulting  spin  model  (2.5.29)  with  short-range  antiferro¬ 
magnetic  interaction  and  long-range  ferromagnetic  interaction  also 
behaves  in  the  fashion  depicted  in  Fig.  2.9,  only  in  this  case  the 
transitions  at  points  E fl  and  Et%  are  real  first-order  transitions  [73]. 
As  the  temperature  increases,  there  appear  tricritical  points  on  the 
lines  of  phase  transition.  The  resulting  phase  diagram  (Fig.  2.11) 
resembles  the  real  phase  diagram  of  cerium  (Fig.  2.12). 
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Hence,  by  allowing  for  the  electron-phonon  interaction  we  are 
able  to  reproduce  the  basic  features  of  valence  transitions,  e.g. 
the  presence  in  a  number  of  systems  (see  [7])  of  two  phase  transitions. 


p;  P(kbar) 


Fig.  2.11.  The  phase  diagram  of  a  system  with  the  interaction 
depicted  in  Fig.  2.10. 

Fig.  2.12.  The  phase  diagram  of  cerium  [20]. 


the  stabilization  of  MV  phase  in  the  intermediate  region,  the  existence 
of  critical  points  on  the  lines  of  phase  equilibrium,  and  the  anomalous 
behavior  of  the  compressibility  and  phonon  frequencies. 


2.6  MIXED- VALENCE  STATES:  THE  BASIC  PROBLEMS 

Up  till  now  we  have  mainly  discussed  the  results  obtained 
in  the  theory  of  EPT’s  and  mentioned  the  various  difficulties  only 
in  passing.  But  the  situation  is  not  as  good  as  it  might  seem.  More 
than  that,  there  are  many  more  questions  than  answers  in  the  MV 
problem.  In  this  chapter  we  will  try  to  describe  the  situation  as  it 
stands  and  reveal  the  relationship  between  the  MV  problem  and  other 
fashionable,  so  to  say,  and  difficult  problems  and  phenomena  in 
solid-state  physics.  We  will  also  try  to  indicate,  at  least  qualitatively, 
possible  ways  of  solving  the  problems  emerging. 

The  main  difficulties  emerge  when  we  try  to  describe  the  structure 
and  properties  of  the  MV  phase  proper  and  the  type  of  ground  state. 

This  is  the  range  of  questions  to  be  considered  in  this  chapter. 
The  two  previous  chapters  were  devoted  largely  to  EPT’s.  Now  we 
turn  to  the  problem  of  mixed  valence.  This  is  still  a  formidable 
problem;  there  is  yet  no  real  solution. 
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2.6*1  Properties  of  Mixed- Valence  States. 

The  Experimental  Situation  and  Statement  / 
of  the  Problem 

We  will  start  with  a  brief  review  of  the  properties  of 
mixed-valence  states.  This  will  help  us  to  correctly  formulate  the 
various  problems  and  suggest  several  possible  ways  of  solving  them. 

States  with  MV  are  characterized  by  the  fact  that  the  f  level  lies 
close  to  the  Fermi  level  or,  in  other  words,  there  is  a  resonance  be¬ 
tween  the  electron  configurations  4fn  and  (4fn_1  +  an  (sd)-electron). 
Mathematically,  the  criterion  for  this  is 

|  En  —  sd|  =  \E{  —  8p|  ^  r  =  npV2.  (2.6.1) 

If  the  f  level  lies  much  deeper  than  the  Fermi  level  eF,  we  are 
dealing  with  the  Kondo  effect  (for  a  concentrated  system  one  speaks 
of  the  Kondo  lattice  [74]);  in  the  opposite  case,  when  Et  >>  eF,  we 
simply  have  a  partially  filled  conduction  band,  i.e.  a  normal  Fermi 
liquid. 

A  phase  with  MV  is  characterized  by  the  presence  of  a  narrow 
resonance  or  a  peak  in  the  density  of  states  near  eF.  This  affects  the 
majority  of  properties  of  such  compounds— practically  all  of  their 
physical  features  behave  in  an  anomalous  way.  Thermodynamically, 
these  substances  are  usually  characterized  by  a  very  large  linear 
electronic  specific  heat  c  —  yT  (the  factor  y  is  proportional  to  the 
density  of  states,  pt0t  (£f)>  and  in  cases  typical  of  such  compounds  is 
higher  by  2  to  3  orders  of  magnitude  than  for  normal  metals  of  the 
Na  and  A1  type).  At  high  temperatures  their  magnetic  susceptibility 
obeys  the  Curie-Weiss  law,  but  as  T  ->*  0  it  tends  to  a  constant 
%  (0),  often  passing  through  a  maximum.  The  magnitude  of  %  (0) 
is  also  very  high  and,  in  general,  corresponds  to  a  high  value  of  y. 
The  properties  of  the  lattice  have  characteristic  features,  too.  Namely, 
in  a  phase  with  MV  the  compressibility  is  usually  anomalously  high 
while  the  frequency  of  the  longitudinal  phonons  is  anomalously  low 
(to  an  extent  that  in  Sm-^Y^S  the  frequencies  of  the  longitudinal 
optical  phonons  lie  below  those  of  the  transverse  phonons  over  the 
entire  Brillouin  zone  [75],  despite  the  fact  that  this  compound  is 
similar  to  ionic  crystals  of  the  NaGl  type).  Of  special  interest  are 
the  transport  properties  of  compounds  with  MV,  on  which  we  will 
dwell  later. 

Qualitatively,  the  above-mentioned  features  can  be  explained  by 
the  simple  idea  of  a  narrow  (T  10 ~2  eV)  peak  in  the  density  of 
states  at  &F.  If  we  assume  that  the  usual  notion  of  a  Fermi  liquid  is 
applicable  here,  the  only  difference  being  the  large  effective  mass, 
then  we  can  explain  the  high  value  of  the  electronic  specific  heat 
(y  ~  ptot  (8f)  ~  h/T)  and  the  constant  (and  high)  value  of  the 
magnetic  susceptibility  at  absolute  zero,  %  (0),  which  is  also  pro- 
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portional  to  ptot  (&F).  The  high  density  of  states  at  eF  also  explains 
the  high  compressibility  of  the  system.  (Another  explanation  of  the 
high  compressibility  and  the  softness  of  the  longitudinal  phonons, 
which  we  gave  in  Sec.  2.5.1,  is  in  essence  closely  related  to  the  cur¬ 
rent  one.) 

This  simple  interpretation  gives  a  qualitatively  satisfactory 
explanation  of  many  properties  of  states  with  MV  but  runs  into  a 
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Fig.  2.13.  The  temperature  dependence  of  the  resistivity  in  SmB6 

177,  80]. 

number  of  difficulties,  both  theoretical  difficulties  and  difficulties  in 
explaining  various  peculiarities  observed  in  experiments. 

Theoretically  it  is  difficult  to  understand  how  there  can  exist  a 
Fermi  liquid  with  an  effective  mass  so  high  and  degeneracy  tem¬ 
peratures  so  low  (the  latter  are  about  102  K  in  such  substances). 
It  would  seem  that  any  interactions,  both  those  discussed  in  Chaps. 
2.4  and  2.5  and  those  not  mentioned  (e.g.  the  Coulomb  interaction 
of  the  f-electrons  or  f-holes  at  different  centers),  make  such  a  model 
inapplicable  [761.  First,  the  electrons  in  such  narrow  bands  must 
be  localized  according  to  Mott  and  Hubbard.  Next,  they  could  form 
a  Wigner-like  crystal  (this  possibility  was  discussed  in  Sec.  2.5.4). 
Another  factor  that  could  drastically  change  the  properties  of  such 
-a  Fermi  liquid  is  the  interaction  between  the  f-  and  s-electrons,  which 


would  lead  to  a  state  of  the  excitonic  insulator  type  [47].  In  general* 
as  a  result  of  any  of  these  factors,  both  separately  and  jointly,  we 
could  expect  the  Fermi-liquid  behavior  to  break  down;  for  one,  we 
could  expect  the  system  to  transfer  to  the  dielectric  state. 

Interestingly,  it  was  recently  established  that  for  some  compounds 
with  MY  the  situation  is  apparently  just  what  we  have  described* 
It  has  been  discovered,  primarily  in  studying  transport  properties* 
that  in  some  such  substances  (SmB6,  SmS,  TmTe,  and  others)  there 
is  probably  a  small  gap  in  the  ground  state.  The  most  representative 
in  this  sense  is  SmB6  [77].  The  temperature  dependence  of  the  resis¬ 
tivity  of  the  compound  is  shown  in  Fig.  2.13  (for  comparison 
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Fig.  2.14.  The  temperature  dependence  of  the  resistivity  in 

CeAl3  [79]. 

we  have  depicted  the  temperature  dependence  of  the  resistivity  of 
the  CeAl3  compound  in  Fig.  2.14  [79];  although  the  resistivity  of 
this  compound  does  behave  in  a  peculiar  fashion,  at  low  temperatures 
the  compound  closely  resembles  a  Fermi  liquid,  R  ~  5712,  the  only 
difference  being  the  low  degeneracy  temperature,  T¥  ~  20  K).  We 
see  that  in  SmB6,  in  contrast  to  CeAl3,  the  resistivity  rises  as  the 
temperature  drops,  and  the  compound  shows  no  tendency  to  become 
a  Fermi  liquid  down  to  very  low  temperatures.  Correspondingly* 
the  study  of  the  optical  properties  of  SmB6  in  the  far-infrared  region 
has  shown  that  its  dielectric  constant  &  (co)  does  not  behave  like  that 
of  a  metal;  namely,  in  the  very-low-frequency  range  Re  8  becomes 
positive.  Hall  effect  studies  have  revealed  that  at  low  temperatures 
the  concentration  of  conduction  electrons  in  SmB6  is  about 
5  X  1017  cm-3  [77]. 

The  entire  body  of  experimental  results  would  seem  to  point  to 
the  presence  of  a  small  semiconductor  gap,  Eg  ~  20  K,  in  the  MV 
phase  of  SmB6.  Although  this  assumption  is  not  free  from  flaws 
either  (for  one,  it  is  difficult  to  explain  why  as  T  -»•  0  the  resistivity 
does  not  become  infinite  but  reaches  a  plateau  at  a  residual  value  of 
R0  ~  2.6  Q* cm,  which  is  four  orders  of  magnitude  greater  than 
the  typical  maximum  metallic  resistivity  [80]),  it  does  give  a  better 
explanation  of  the  entire  body  of  experimental  data  on  SmB6  than 
the  idea  of  a  Fermi  liquid. 
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But  what  is  the  nature  of  this  gap?  Is  it  due  simply  to  a  single¬ 
particle  effect,  i.e.  has  a  purely  hybridization  nature  (see  Fig.  2.5), 
or  is  it  a  reflection  of  some  collective  effect  that  we  have  already 
discussed?  If  the  second  assumption  is  true,  it  would  be  desirable 
to  determine  exactly  what  mechanism  is  responsible  for  the  presence 
of  a  gap  and  whether  the  properties  of  the  system  will  be  similar  to 
those  of  an  ordinary  semiconductor.  Another  interesting  question  is 
how  the  state  of  the  system  and  its  properties  change  when  external 
conditions  change  (e.g.  when  pressure  is  applied).  This  question  is 
closely  related  to  the  EPT  problem;  namely,  is  the  gap  preserved 
in  transitions  or  does  the  EPT  change,  say,  an  insulator  to  a  metal 
{i.e.  bring  about  a  transition  from  the  case  with  a  gap  to  the  Fermi- 
Jiquid  picture)?  Moreover,  many  compounds  with  MY  (e.g.  the  a 
phase  of  Ce  and  the  majority  of  intermetallic  compounds)  have  no 
gap;  for  them  the  picture  of  a  Fermi  liquid  is  quite  applicable. 
'Correspondingly,  it  would  be  desirable  to  know  the  reason  for  this 
and  why  substances  with  MV  apparently  divide  into  two  classes: 
metals  that  behave  like  Fermi  liquids  and  insulators  with  a  narrow 
gap. 

All  these  questions  are  at  the  center  of  attention  of  researchers 
studying  the  MY  problem,  but  no  final  answers  have  yet  been  found. 
For  this  reason  our  exposition  is  largely  hypothetical  and  qualitative. 
We  will  elucidate  the  situation  that  exists  at  present  and  will  express 
a  viewpoint  that  to  us  seems  most  convincing. 

2.6.2  The  Anderson  and  Kondo  Lattices 

Theoretically  almost  all  the  above-mentioned  questions 
spring  from  and  may  be  analyzed  within  the  framework  of  the  model 
of  an  Anderson  lattice,  which  we  discussed  in  Chap.  2.3.  For  this 
reason  we  will  start  with  this  case  and  only  then  discuss  the  possible 
role  of  other  factors  and  interactions  not  included  in  the  model 
<2.3.4). 

The  properties  of  a  single  impurity,  described  by  the  Anderson 
model  (2.3.2),  are  now  well  known.  There  exist  several  approximate 
studies  (see  [81 1),  such  as  the  approach  developed  by  Haldane  [821 
using  renormalization-group  methods  and  the  detailed  numerical 
calculations  of  Krishna-Murthi  et  al.  [83].  Moreover,  there  is  an 
exact  solution  [29],  although  this  is  brought  up  only  to  a  set  of  inte¬ 
gral  equations.  (Quite  recently  these  equations  have  been  solved 
1211.)  AH  these  approaches  lead  us  to  the  following  picture:  for  a 
deep-lying  level  the  problem  is  equivalent  to  the  Kondo  model, 
while  for  Et  ep  (the  MV  case)  the  Kondo  temperature  TK  grows, 
tending  to  T,  and  the  strong-coupling  regime  is  achieved  directly 
from  a  threefold  degenerate  state  (i.e.  the  states  |  ra*  =  0),  |  f  ), 
and  |  |  )  are  occupied);  see  Fig.  2.15.  Here  at  low  temperatures 
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(T  <  T)  the  elementary  excitations  have  a  Fermi-liquid  nature, 
but  unlike  the  case  of  a  Kondo  impurity  there  is  no  universality  in 
the  MV  case.  For  instance,  the  ratio  of  the  magnetic  susceptibility 
to  the  heat  capacity  as  T  ->  0,  namely  £  =  (4n2/3)  T%  ( T)lc  ( T ),  is 


fX  nf~0  nfjg/3  nf-1 


Fig.  2.15.  A  rough  sketch  of  the  behavior  of  the  susceptibility  in 
the  Anderson  model  [82].  We  can  see  a  transition  between  states  of  fourfold 
degeneracy  (T%  =  1/8  and  equally  probable  occupation  of  the  f-level  states 
|  0;,  |f),  and  |  f  >  ),  threefold  degeneracy  (T%  =  1/6  and  occupied 
states  0),  |f),  and  |  j  )),  twofold  degeneracy  (T%  ca  1/4,  occupied  states 

|  f  }  and  |  j  },  and  localized  magnetic  moments  in  tne  system),  and  the  singlet 
state  (T%  ~  0  and  the  Fermi-liquid  regime).  The  regime  with  localized  magnetic 
moments  is  not  realized  in  the  MY  case  (6). 


not  a  universal  quantity  and  depends  on  the  position  of  the  f  level 
relative  to  the  Fermi  level;  it  changes  (for  spin  1/2)  from  the  value 
of  2,  characteristic  of  a  Kondo  impurity,  to  the  value  of  1  at  Ef  ^  sF, 
the  value  for  a  Fermi  gas  without  interaction  [83]. 

In  accordance  with  qualitative  reasoning  we  can  expect  this  ratio 
to  take  the  following  form: 


c 


4jc2  T% 

“3  — 


i  +  nt. 


(2.6.2) 
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Indeed,  rtf  gives  the  probability  of  finding  on  the  f  level  a  localized 
electron  with  a  magnetic  moment,  i.e.  on  the  average  the  impurity 
ensemble  has  nt  impurities  with  a  localized  spin,  which  produce 
a  ratio  £  =  2,  and  (1  —  raf)  impurities  without  spin,  for  which 
£  =  1.  The  exact  solution  of  the  single-impurity  case  [21]  shows 
that  (2.6.2)  indeed  is  roughly  correct  in  an  MY  phase  (Ef  >  eF) 
but  does  not  hold  in  the  Kondo  regime  (E f  C  eF). 

In  concentrated  systems  (the  Anderson  lattice)  the  situation  is 
not  so  clear.  For  deep-lying  levels  (Ef  <C  cF)  we  obtain  an  equivalent 
lattice  of  Kondo  impurities,  the  so-called  Kondo  lattice  [74],  with 

H KL  :=  (2  {  — J—  di^d^S -J—  ( CLi^Cl} | 

i 

~t~  yi  W fj  (dt\dj\  H- *  (2.6.3) 

ij 

This  model  was  studied  for  the  one-dimensional  case  numerically 
using  the  renormalization-group  technique  [84]  and  for  the  three- 
dimensional  case  using  the  method  of  functional  integration  [85]. 
And  an  interesting  result  was  obtained  when  the  number  of  elec¬ 
trons  Ne  in  the  conduction  band  differs  from  the  number  of  spins 
N s,  the  system  is  a  metal,  while  when  Ne  =  Ns,  a  gap  develops  at 
the  Fermi  level  and  the  system  is  an  insulator.  The  ground  state  in 
the  latter  case  is  a  singlet  and  can  be  thought  of  as  a  state  produced 
as  a  result  of  singlet  pairing  (the  Kondo  compensation  of  the  moment) 
of  each  of  the  s-electrons  with  a  corresponding  localized  spin  (although 
this  effect  has,  of  course,  a  cooperative  nature). 

We  note  an  analogy  between  this  situation  and  that  of  an  exci- 
tonic  insulator  [47],  where  there  is  pairing  (usually  singlet  pairing) 
of  electrons  with  holes,  which  takes  place  when  the  concentrations  of 
both  are  the  same  and  leads  to  a  gap  in  the  spectrum. 

We  can  fill  this  analogy  with  more  details  if  we  use  the  equivalence 
of  the  Kondo  model  and  the  model  of  a  spinless  impurity  with  an 
f-s  interaction  [52,  53].  Namely,  in  the  case  of  asingle Kondo  impuri¬ 
ty  the  authors  of  [52,  53]  proved  the  equivalence  of  the  initial  Kondo 
model  (with  different  constants  of  the  longitudinal  and  transverse 
exchange  interactions,  J  n  and  J  j_)  and  the  Falicov-Kimball  model 

H  =  2  Bhctck  +  Etf+f  +  2  V  o ctf  +  h.c.)  +  Gtf  2  cfcv,  (2.6.4) 

k  k  hh' 

where  cj  and  ch  are  new  fermions  that  do  not  coincide  with  the  initial 
fermions  aflo  and  ako ;  eh  gives  the  (linear  in  k)  dispersion  law  at 
eF;  Ef  is  zero  for  the  Kondo  model  without  a  magnetic  field  (i.e. 
the  resonance  level  lies  exactly  at  the  Fermi  level),  and 

2 V  =  JX,  ]/"2  (Gp  +  ]/  2  —  1)  =  / n  p. 


(2.6.5) 
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Apparently,  we  can  connect  the  appropriate  models  in  the  case 
of  concentrated  systems  in  a  similar  fashion,  i.e,  the  model  of  the 
Kondo  lattice  should  be  equivalent  to  the  spinless  periodic  model 
of  Falicov  and  Kimball.  The  latter  differs  from  the  standard  case 
of  an  excitonic  insulator  (see  [47])  only  in  one  respect:  the  effective 
mass  of  the  holes  is  much  greater  than  the  electron  mass.  Correspond¬ 
ingly,  the  gap  for  a  Kondo  lattice  [84,  85]  is  similar  to  the  gap  in  an 
excitonic  insulator. 

A  comparison  of  these  two  models  clarifies  the  difference  mentioned 
in  Chap.  2.4  between  the  MY  problem  and  the  excitonic-insulator 
problem;  namely,  strong  coupling  is  always  the  case  for  heavy  f-elec- 
trons  (f-holes)  and  the  usual  approach  to  this  problem  [47]  is  inap¬ 
plicable-even  one  such  center  is  equivalent  to  the  Kondo  model 
and  brings  in  all  the  difficulties  inherent  in  this  model  (the  model 
(2.6.4)  for  a  single  impurity  has  been  solved  exactly  in  [20]). 

Another  model  that,  apparently,  is  connected  with  the  Kondo- 
lattice  model  is  the  Hubbard  model  (2.2.3).  We  know  that  the  ground 
state  in  the  Kondo  problem  is  equivalent  to  a  Fermi-liquid  state  in 
which,  however,  there  appears  an  interaction  of  the  Hubbard  type 
between  the  fermions  (the  s-electrons),  Uat^ai^ai^a^  [87].  The 
same  terms  appear  when  the  Kondo  lattice  is  analyzed  by  the  renor¬ 
malization-group  technique  [84],  so  that,  in  accordance  with  No- 
zieres’s  ideology,  we  can  expect  that  at  low  temperatures  the  Kondo 
lattice  is  equivalent  to  fermions  with  such  an  interaction,  i.e.  the 
Hubbard  model.  In  this  case  we  can  relate  the  gap  in  the  Kondo  lat¬ 
tice  (which  in  one  dimension  exists  for  all  values  of  the  parameters 
of  the  Hamiltonian  (2.6.4))  to  the  respective  gap  in  the  Hubbard 
model  (see  [86]).  That  all  three  models,  the  Kondo-lattice  model, 
excitonic-insulator  model,  and  Hubbard  model,  are  similar  is  proved 
by  the  fact  that  for  all  of  them  the  gap  in  the  one-dimensional  case 
depends  on  the  coupling  constant  (/,  (?,  or  U)  in  a  similar  manner 
(see  [47,  84,  86]): 

Eg  ~  F  (p /)  exp  (— 1/p/). 

On  the  basis  of  this  analogy  we  can  conclude  that  singlet  pairing  and 
the  gap  in  the  spectrum  of  the  Kondo  lattice  in  the  three-dimensional 
case  exist  not  for  any  value  of  the  coupling  constant  but  only  for 
a  strong  f-s  exchange  interaction.  Indeed,  calculations  show  that  for 
weak  coupling  in  three  dimensions  the  regime  is  not  a  singlet  one 
(i.e.  not  a  Kondo  type)  but  a  magnetically  ordered  (apparently,  the 
latter  state  has  no  gap  except  in  the  case  of  nesting). 

The  possibility  of  a  magnetic  regime  instead  of  a  Kondo  regime 
for  small  /’ s  is  (at  least  qualitatively)  due  to  the  fact  that  while  the 
characteristic  energy  of  singlet  pairing  E-&  ~  W  exp  (1/p/)  (we  note 
that  here  /  is  negative),  the  energy  of  magnetic  ordering  (the  Ruder- 
man-Kittel  exchange)  ky  ^  p/2.  We  see  that  for  small  /’ s 
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^rkky  >  i*e-  the  magnetic  state  proves  preferable.  The  possi¬ 
bility  of  a  magnetic  solution  in  the  Kondo  lattice  at  /  <  0.3  IF  was 
first  obtained  for  the  one-dimensional  model  [74];  further  calcula¬ 
tions  (see  [84])  have  not  corroborated  the  existence  of  two  different 
regimes  in  one  dimension.,  but  in  three  dimensions  the  situation  is, 
apparently,  what  we  have  described.  The  deep  f  levels,  in  agreement 
with  (2.3.3),  give  a  small  exchange  interaction  /,  and  for  these  cen¬ 
ters  the  magnetic  regime  is  realized;  in  fact  such  are  the  typical 
magnetic  compounds  of  rare-earth  metals.  On  the  other  hand,  as 
Et  ->•  eF  (when  we  approach  a  state  with  MV),  |  J  |  grows  and  a  tran¬ 
sition  is  possible  to  the  Kondo  regime,  in  which  at  Ne  =  Ns  a  gap 
appears  at  the  Fermi  level. 

We  note  that  from  what  has  been  said  a  change  from  one  regime 
to  the  other  will  take  place  at  (  /  |  ~  0.3 W  =  0.3p~\  i.e.,  in  ac¬ 
cordance  with  (2.3.3),  at  eF  —  Ef  3p V2  ~  T,  which  is  exactly 
in  an  MV  phase.  In  this  case,  however,  the  transition  via  Schrieffer- 
Wolff  transformation  from  the  Anderson  lattice  (2.3.4)  to  the  Kondo 
lattice  (2.5.3)  cannot  be  achieved,  and  one  must  resort  to  the  orig¬ 
inal  model  (2.3.4).  Therefore,  we  see  that  the  singlet  regime  with 
a  gap  realized  in  a  three-dimensional  Kondo  lattice  for  strong  coupl¬ 
ing,  p/~  1,  apparently  can  serve  only  as  an  indication  that  a  sim¬ 
ilar  situation  is  present  in  the  mixed-valence  case  in  the  realistic 
model  of  the  Anderson  lattice  as  well. 

Although  the  studies  of  the  Kondo  lattice  are  far  from  complete, 
the  situation  appears  to  be  such  as  discussed  above;  possibly,  the 
appropriate  one-dimensional  model  can  even  be  solved  exactly  (in 
a  way  similar  to  the  solution  of  the  Kondo  problem  [29]  or  the  one¬ 
dimensional  Hubbard  model  [86]).  However,  as  yet  there  is  no  reliable 
data  on  the  Anderson  lattice.  Among  the  exact  results  we  can  recall 
only  the  interesting  work  of  Jullien  and  Martin  [88],  who  made  a  nu¬ 
merical  calculation  for  a  one-dimensional  model  with  a  finite  number 
of  centers  and,  by  applying  an  extrapolation  technique,  established 
that  the  gap  at  Nc  =  for  deep-lying  levels  (the  Kondo  lattice) 
is  present  here  for  any  position  of  the  f  level  (including  the  mixed- 
valence  case)  and  the  chemical  potential  lies  inside  the  gap.  The 
authors  study  the  case  where  there  are  two  electrons  per  site  and 
in  the  initial  state,  at  Et  <C  eF,  one  electron  localized  on  the  f  level 
produces  a  localized  spin  while  the  rest  Ve  =  N  electrons  lie  in 
the  conduction  band  and  fill  it  up  to  the  middle  (in  [88]  the  conduc¬ 
tion  band  is  taken  nondegenerate  in  the  tight-binding  approximation, 
8^  ~  cos  k).  In  this  case  at  one  limit  (deep-lying  levels  and  a  Kondo 
lattice)  the  gap  lies  at  the  Fermi  level  and  appears  due  to  the  singlet 
pairing  discussed  above.  At  the  other  limit,  when  the  f  level  lies 
quite  high  (above  the  top  of  the  conduction  band),  the  s  band  proves 
to  be  completely  filled  and  we  again  have  an  insulator.  It  was  found 
that  the  dielectric  nature  of  the  system  is  preserved  for  all  interme- 
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diate  values  of  Et.  This  conclusion  agrees  with  Luttinger’s  theorem 
on  the  constancy  of  the  volume  of  the  Fermi  sphere.  (This  theorem, 
however,  is  not  applicable  in  the  insulator-metal  transition  of  the 
Mott-Hubbard  type;  see  Sec.  2.6.3.) 

Qualitatively,  the  reason  for  the  preservation  of  the  gap  at  all 
positions  of  the  f  level  can  be  pictured  in  the  following  manner 
(Un  is  large).  As  the  f  level  moves  upward  at  Ef  ^  e^0,  some  of  the 
f-electrons  go  over  to  the  conduction  band,  but  the  number  of  remain¬ 
ing  f-electrons  will  nevertheless  always  remain  equal  to  the  number 
of  holes  in  the  conduction  band;  apparently,  their  pairing  produces 
the  gap  in  the  spectrum. 

Thus,  we  again  arrive  at  the  case  of  an  excitonic  insulator.  We 
note  that,  in  contrast  to  this  case,  in  the  initial  Hamiltonian  (2.3.4) 
[or  (2.6. 3)1  there  is  no  direct  interaction  between  the  f-  and  s-electrons 
of  the  type  Gnfns ,  which  is  usually  responsible  for  excitonic  pairing. 
Obviously,  the  respective  interaction  appears  due  to  the  renormaliza¬ 
tion  process  or  in  a  way  similar  to  the  way  it  emerges  in  the  transi¬ 
tion  from  model  (2.6.3)  to  (2.6,4);  here  we  can  clearly  see  the  impor¬ 
tance  of  the  strong  f-f  interaction,  Un^n^.  This  problem  has  not 
yet  been  studied  in  detail. 

The  situation  just  discussed  (the  dielectric  state  for  all  E\ s  with 
two  electrons  per  site)  must  also  occur  in  the  opposite  case,  where 
starting  from  the  initial  state  the  f  level  moves  downward  instead 
of  upward,  so  that  the  upper  Hubbard  level  Ef  -f  U  drops  below 
the  bottom  of  the  conduction  band.  After  this  both  electrons  are 
on  the  f  level  with  opposite  spins  and  the  system  will  again  be  in 
the  singlet  insulator  state  (this  state  resembles  the  semiconductor 
phase  of  SmS).  It  is  clear  that  there  will  be  a  gap  for  any  value  of  Ef 

2.6.3  The  Valence  Transition 

and  the  Mott-Hubbard  Transition 

A  totally  different  situation  may  arise  if  there  is  one 
electron  per  site  instead  of  two.  In  this  case  we  obviously  encounter 
a  transition  of  the  Mott-Hubbard  type. 

At  n  =  2,  the  state  of  the  system  is,  apparently,  always  dielectric, 
and  an  electronic  phase  transition  is  a  transition  of  the  insulator- 
insulator  type,  even  if  it  is  a  first-order  transition  by  one  of  the  mech¬ 
anisms  discussed  in  Chaps,  2,4  and  2.5.  Now  let  us  suppose  that 
n  —  1  and  in  the  initial  phase  the  f  level  lies  far  below  the  bottom 
of  the  conduction  band.  Then  this  level  contains  one  electron  and  a  lo¬ 
calized  spin,  rtf  =  1,  while  the  conduction  band  is  empty;  obviously, 
the  substance  in  this  phase  is  an  insulator.  On  the  other  hand,  when 
the  f  level  lies  far  above  eF,  we  are  dealing  with  a  case  where  the 
f  level  is  Unoccupied  and  can  be  ignored  while  the  conduction  band  is 
partially  filled  with  free  electrons  of  concentration  ns  =  1.  Hence, 
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the  system  is  now  a  metal,  and  the  transition  accompanied  by 
a  change  in  valency  is  that  of  the  insulator-metal  type,  in  which  the 
regime  of  localized  electrons  transforms  into  the  Fermi-liquid  regime 
(in  other  words,  we  can  say  that  the  statistics  has  changed  from 
atomic  at  Et  <C  (or  <<  0)  to  Fermi-Dirac  at  Ef  >  sF  (or  >  W)\ 
see  [89,  90]).  How  such  a  transition  takes  place  remains  complete¬ 
ly  unknown.  In  some  approximate  approaches  [91-93]  the  authors 
used  the  Hubbard  approximation  [17]  to  study  the  properties  of  this 
system  (and  also  the  case  with  n  =  2).  In  these  approaches  hybridi¬ 
zation  of  localized  (“single  occupied”)  f  states  with  free  (“doubly  oc¬ 
cupied”)  states  of  the  conduction  band  was  introduced.  As  a  result 


Fig.  2.16.  The  change  in  spectrum  (dashed  lines)  in  the  semicon¬ 
ductor  case  under  f-s  hybridization. 

the  spectrum  had  the  form  shown  in  Fig.  2.16;  even  at  Et  <Z  0  the 
fraction  of  occupied  f  states,  nf)  is  less  than  unity.  But  the  total  nunir 
ber  of  states  in  the  lower  subband  immediately  becomes  greater  than 
unity.  As  a  result  this  band  becomes  only  partially  filled,  the  chem¬ 
ical  potential  lies  not  in  the  gap  but  inside  this  band  (near  its  upper 
edge),  and,  irrespective  of  the  gap,  the  system  in  the  formal  sense, 
is  a  metal,  no  matter  how  deep  the  f  level  lies  or  how  weak  the  f-s 
hybridization  is*.  In  thiscase  there  is  no  EPT  at  all,  since  from  the 
very  beginning  the  hybridization  makes  the  system  a  metal,  while 
as  the  f  level  moves  upward  the  lower  band  gradually  broadens 
and  the  Fermi  level  in  it  moves  toward  its  center.  This  result,  how¬ 
ever,  from  the  physical  standpoint  is  totally  unrealistic,  since  it 
is  clear  that  just  as  in  the  Hubbard  model  with  t< C  U ,  for  a  deep- 
lying  f  level  (|  Et  |  >>  V)  the  system  must  be  dielectric  and,  irres¬ 
pective  of  the  character  of  the  wave  function  (determined  by  the 
admixture  of  s  states  to  it),  the  total  number  of  states  per  site  in 
the  lower  band  must  in  this  case  be  equal  to  unity. 

To  correct  this  deficiency  Kikoin  and  Flerov  [89]  suggested  first 
introducing  a  canonical  transformation  that  would  diagonalize  the 


*  This  resembles  the  situation  with  the  Hubbard  model,  when  under 

an  incorrect  approximation  scheme  (the  Hartree-Fock  approximation,  say) 
the  system  proves  to  be  metallic,  no  matter  how  narrow  the  band  is,  t  <  U. 
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quadratic  part  of  the  Hamiltonian  (2.3.4): 

at  =  uhfh  +  vhat,  =  vh  ft  —  uhat,  u\  +  v\  =  1.  (2.6.6) 

The  next  step  is  to  express  the  interaction  in  terms  of  these  new 

wave  functions.  Clearly,  if  the  width  of  the  lower  band  £(at  F< 
|  Ef  |<0  it  is  of  the  order  of  F2/|  E f  |)  is  less  than  the  new  effective 
interaction 

Ua  =  (aa  |  Un^n^  |  aa  )  ~  u4?7,  (2.6.7) 

where  u2  ~  nt  ~  1  —  (V/Et)2  for  F  I  Et  [,  in  the  already  hybri¬ 
dized  lower  band  a  all  electrons  will  be  in  the  Hubbard  regime,  Le. 
this  system,  even  when  hybridization  is  taken  into  account,  will 
remain  a  Mott-Huhbard  dielectric. 

One  difficulty  arises  however,  when  we  try  to  describe  the  transi¬ 
tion;  namely,  there  must  be  a  point  where  the  regime  changes,  so 
that  the  lower  subband  lies  on  the  metallic  “side”  of  the  Mott-Hub- 
bard  transition.  It  is  highly  probable  that  this  happens  simulta¬ 
neously  with  a  valence  transition,  especially  if  this  is  a  first-order 
transition.  But  it  is  also  probable  that  these  two  transitions  are 
“uncoupled”  and,  say,  the  insulator-insulator  transition  with  an 
abrupt  valence  change  takes  place  first  and  only  after  this,  in  the 
phase  with  MV,  the  insulator-metal  transition  occurs  (cf.  a  similar 
discussion  by  Landau  and  ZeFdovich  [1]).  The  problem  remains  un¬ 
solved  as  yet. 

In  this  connection  it  would  be  interesting  to  see  what  really  are 
the  electrons  in  typical  systems  with  MV.  Do  they  lie  on  the  “local¬ 
ized”  or  “delocalized”  side  of  the  Mott- Hubbard  transition?  We  can 
make  a  qualitative  estimate  (see  [7,  90])  if  we  make  more  precise 
the  reasoning  discussed  above  [see  (2.6.7)]  and  compare  the  electron 
kinetic  energy  on  the  Fermi  level,  Ekin  ~  l/ptot(eF),  with  the  mean 
potential  energy  (2.6.7)  at  k  —  This  yields 

U?^  =  Vutr,  Pf„,M  =  -Jr 

i.e.  £fIn  =  r(l-i»y 
From  this  it  readily  follows  that  at  U  c^.  W  the  electrons  on  the 

Fermi  level  remain  in  the  strong  correlation  regime  (U  >  i?icln) 
down  to  1/2,  and  at  U  >  W  down  to  even  smaller  values. 

Bearing  in  mind  that  for  the  lower  hybridized  band  [band  a;  see 

(2.6.6)] 

ul  =  i.  (  1  +  —  =-)  , 

2  V  Y{th-EtY  +  W*  > 

we  see  that  strong  correlation  is  preserved  until  the  f  level  rises 
above  practically  the  middle  of  the  conduction  band.  We  can  easily 
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verify  that  the  total  number  of  f-electrons  is  then 

1  VI  9  V 

"f  =  2  u^-w , 

\k\<k^n/2, 

i.e.  in  typical  cases  ( W  c^.  3  eV,  V  ~  0.3  eV,  and  T  =  pnF2  = 
=  kV2IW  czl  10 -2eV)  the  electrons  on  the  Fermi  level  remain  strongly 
correlated  down  to  nt  0.1  and  only  at  smaller  value  of  transform 
to  a  real  delocalized  state  *.  From  this  viewpoint,  MV  compounds, 
which  have  the  characteristic  value  nt  0.3,  are  still  on  the  dielec¬ 
tric  “side”  or  at  the  most  on  the  threshold  of  the  Mott-Hubbard 
transition.  Of  course,  this  estimate  is  qualitative;  effects  that  we 
have  not  allowed  for  (electron  screening,  for  one)  may  change  the 
picture.  The  transition  to  a  Fermi-liquid  regime  at  small  values  of 
72f  may  be  facilitated  by  the  weakening  of  the  effective  interelectronic 
interaction  due  to  multiple  scattering  [90],  just  as  in  a  low  density 
gas.  We  also  note  that  the  relationship  between  the  localization 
discussed  above  and  the  Fermi-] iquid  behaviour  may  be  more  complex. 
For  instance,  in  the  case  of  a  Kondo  impurity  the  f-electron  is  strictly 
localized,  and  nevertheless  elementary  excitations  near  eF  at  T  <C  T-& 
are  well  described  by  the  Fermi-liquid  picture.  The  estimates  we 
have  just  made  prove  rather  that  the  role  of  interelectronic  correla¬ 
tions,  e.g.  the  one-site  correlations,  in  a  phase  with  MV  may  be  quite 
large. 

2.6.4  Excitonic  Correlations  in  an  MV  Phase 

In  discussing  the  nature  of  the  gap  in  the  Kondo  and 
Anderson  lattices  we  mentioned  the  fact  that  this  problem  is  related 
to  that  of  an  excitonic  insulator.  Effects  of  this  type  manifest  them¬ 
selves  even  more  strongly  if  we  include  the  Coulomb  f-s  interaction 
(2.3.5)  directly  in  the  Hamiltonian  (we  mentioned  this  in  passing 
in  Chap.  2.4). 

The  excitonic  inslulator  phase  usually  occurs  when  a  wide  valence 
band  and  a  wide  conduction  baud  with  the  same  Fermi  surfaces 
cross  and  the  number  of  electrons  ne  and  of  holes  nh  coincide.  If 
we  now  “unbend”  the  valence  band  and  make  it  flatter,  preserving 
the  equality  ne  —  nh,  we  arrive  at  the  Anderson-Falicov  model, 
which  makes  us  think  that  the  gap  already  existing  in  an  excitonic 
insulator  for  small  masses  of  f-holes  is  preserved  and  even  broadens 
as  mt  oo.  Thus,  in  this  approach  we  also  arrive  at  the  conclusion 
that  in  systems  of  the  SmS  and  SmB6  type,  where  all  conduction 
electrons  are  electrons  that  have  left  the  f  levels  (ns  —  hoie)» 
the  gap  will  remain  in  the  phase  with  MV  as  well;  in  this  case  it  is 


* 


A  similar  estimate  can  be  obtained  for  the  impurity  model. 
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of  an  excitonic  nature*.  It  is  not  important  for  our  reasoning  whether 
the  f-holes  are  localized  (i.e.  of  the  Hubbard  type)  or  delocalized. 
In  both  cases  f-s  pairing  is  possible  and  each  s-electron  finds 
a  partner.  Here  the  conclusion  that  in  this  situation  (ns  =  hole) 
there  is  a  gap  on  the  Fermi  surface  in  the  MV  phase  appears  to  be 
even  more  natural  than  in  the  Anderson-lattice  model  discussed  in 
Sec.  2.6.2.  Obviously,  we  may  again  conclude  that  these  two  ver¬ 
sions  are  simply  different  limiting  cases,  or  two  modes  of  descrip¬ 
tion,  of  a  single  picture. 

With  this  approach  we  can  also  easily  understand  why,  when  the 
number  of  s-electrons  is  not  equal  to  the  number  of  f-holes,  i.e.  when 
the  substance  is  initially  a  metal,  allowing  for  excitonic  effects  is 
unlikely  to  lead  to  a  gap  at  the  Fermi  level:  either  there  will  be  no 
excitonic  pairing  or  a  gap  may  appear,  but  not  at  sF,  so  that  the 
system  will  behave  like  a  heavily  doped  semiconductor  [94].  The 
first  situation  is  present,  apparently,  in  intermetallic  MV  compounds 
(such  as  CePd3  and  YbAls),  while  the  second  might  describe  the  prop¬ 
erties  of  SmB6:  the  low  concentration  of  electrons  (most  probably 
due  to  the  nonstoichiometry  of  the  samples)  may  explain  the  fact 
that  at  low  temperatures  the  resistivity  has  a  plateau  [80]  (see 
Sec.  2.6.1).  However,  there  remains  the  question  of  why  below  1  K 
the  carriers  are  not  frozen  out  and  are  not  bound  by  the  correspond¬ 
ing  defects  or  impurities. 

Incidentally,  the  fact  that  the  majority  of  compounds  with  MV 
are  nevertheless  metals  (see  [7])  can  serve  as  additional  proof  that 
the  gap,  which,  apparently,  exists  in  SmB0  or  SmS,  has  a  collective 
nature,  since  the  usual  hybridization  gap  would  always  lead  to 
a  dielectric  state  when  the  f  level  lies  near  the  Fermi  level,  irrespec¬ 
tive  of  the  concentration  of  conduction  electrons  and  f-holes.  The 
strong  Coulomb  correlations  between  f-electrons  and,  possibly,  be¬ 
tween  f-  and  s-electrons,  apparently,  extinguish  the  common  hybridi¬ 
zation  gap  near  Ef  but  in  certain  conditions  produce  a  gap  directly 
at  eF.  Indeed,  a  summing  of  the  diagrams  [37]  or  a  specific  decoupling 
of  the  equations  of  motion  [38]  leads  to  the  following  result:  if 
we  allow  for  multiple  scattering  of  s-electrons  on  one  f  center,  instead 
of  a  gap  at  Ef  there  appears  a  pseudogap 
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*  There  is  also  the  opposite  statement  that  sufficiently  strong 

Coulomb  f-f  and  f-s  interactions  destroy  the  coherence  and  eliminate  the  gap 
in  the  spectrum,  so  that  we  can  apply  the  idea  of  local  virtual  f  states  [39]. 
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i.e.  near  Et  the  levels  appear  to  be  pushed  apart  [the  second  term 
on  the  right-hand  side  of  (2.6.10)];  they  also  decay.  At  the  same  time, 
as  we  have  just  seen,  collective  effects  may  produce  a  gap  at  sF 
even  when  the  f  level  does  not  coincide  with  the  Fermi  level. 

On  the  basis  of  the  excitonic-correlation  model  we  may  give  an 
alternative  description  of  the  insulator-metal  transition,  which  we 
mentioned  in  Sec.  2.6.3.  Namely,  we  can  imagine  that  as  the  f  level 
enters  the  conduction  band  (starting  at  the  semiconductor  phase), 
s-electrons  and  f-holes  gradually  appear,  but  at  the  beginning  (at 
low  concentrations)  they  are  bound  into  excitons.  As  their  concentra¬ 
tions  grow,  their  wave  functions  overlap  more  and  more,  and  in  the 
exciton  system  (just  as  in  the  impurity  system  in  a  heavily  doped 
semiconductor)  there  will  occur  a  Mott  transition  with  an  excitonic 
band  created  as  a  result.  This  transition  is  not  the  Mott  transition 
discussed  in  Sec.  2.6.3  and  connected  with  the  delocalization  of  the 
f-electrons.  Here  the  f-electrons  and  f-holes  may  remain  in  the  strong- 
correlation  regime.  It  remains  unknown  what  picture  of  the  transi¬ 
tion  is  closer  to  reality. 

In  contrast  to  the  problem  of  a  doped  semiconductor  the  concentra¬ 
tions  of  s-electrons  and  f-holes  are  not  fixed  and  can  change  during 
the  transition.  This  can  make  the  transition  a  first-order  one.  Druzhi- 
nin  [56]  pointed  to  the  important  role  of  spins  and  exchange  inter¬ 
action  for  these  transitions. 

Another  aspect  in  which  this  problem  differs  from  the  impurity 
case  is  that  even  if  initially  the  f-electrons  were  infinitely  heavy 
(the  bare  width  of  the  f  band  is  zero),  due  to  f-s  transitions  they 
acquire  an  effective  kinetic  energy  proportional  to  T.  For  this  reason 
the  corresponding  “excitons”  must  be  mobile.  Such  motion,  apparent¬ 
ly,  will  facilitate  the  transition  into  the  metallic  state  and  effectively 
increase  the  overlap.  Besides,  this  factor  is  impoitant  by  itself,  for 
one,  in  many  respects  it  determines  the  character  of  spatial  correla¬ 
tions  in  a  phase  with  MV. 

2.6.5  Spatial  Correlations  in  MV  Systems 

In  any  system  consisting  of  heavy  f-holes  (or  f-electrons) 
there  is  the  possibility  that  a  spatial  structure  will  form.  This  was 
demonstrated  in  Sec.  2.5.4,  where  we  showed  that  a  periodic  structure 
may  form  as  a  result  of  the  electron-lattice  interaction.  A  similar 
effect  can  be  achieved  by  introducing  the  direct  Coulomb  interaction 
of  f-electrons  at  different  centers,  an  interaction  we  did  not  include 
in  the  Hamiltonians  (2.3.4)-(2.3.6),  or  the  interaction  of  f-electrons 
via  conduction  electrons,  an  interaction  of  the  Ruderman-Kittel 
type  [34]. 

The  appearance  of  such  a  spatial  superstructure  of  heavy  f-holes 
on  the  neutralizing  background  of  s-electrons  is,  in  fact,  similar  to 
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Wigner  crystallization  or  formation  of  charge  density  waves.  For 
systems  considered  here  this  would  mean  the  creation  of  an  inhomo¬ 
geneous  MY  system;  the  various  centers  would  cease  to  be  equivalent, 
and  the  valency  (the  number  of  f-electrons)  on  these  centers  would 
differ.  A  theoretical  possibility  for  such  ordering  has  been  discussed 
in  [5,  7,  34];  in  relation  to  SmB6  a  similar  hypothesis  was  put  forward 
in  [80].  We  must  note,  however,  that  as  yet  there  is  no  reliable  ex¬ 
perimental  data  on  such  superstructures  in  MV  systems  (we  do  not 
mention  the  compounds  of  the  Sm3S4  type,  where  the  valence  of  the 
rare-earth  ion  is  mixed  due  to  the  chemical  composition  of  the  com¬ 
pound).  The  arguments  given  in  [80]  are  highly  indirect,  and  a  differ¬ 
ent  interpretation  of  the  properties  of  SmB6  is  more  probable  (see  [77] 
and  the  text  above). 

If  there  really  was  a  superstructure  of  the  Wigner-crystal  type, 
the  properties  of  the  corresponding  phase  would,  apparently,  follow 
the  tendency  we  have  mentioned  many  times,  i.e.  if  the  number  of 
s-electrons  is  equal  to  the  number  of  f-holes,.  such  a  crystal  is  most 
likely  an  insulator,  if  the  opposite  is  true,  then  a  metal.  However, 
if  there  is  a  gap  in  the  spectrum,  long-range  order  is  not  necessarily 
the  case;  short-range  order  would  be  sufficient  for  such  a  gap  to  ap¬ 
pear.  In  other  words,  even  a  dielectric  system  may  be  more  like  a  li¬ 
quid  than  a  crystal  consisting  of  heavy  f-holes  or  excitons.  Here  is 
a  simple  estimate  showing  whether  the  ground  state  of  an  MV  system 
possesses  long-range  order  (at  reasonable  values  of  parameters)  or  is 
characterized  only  by  short-range  spatial  correlations.  We  estimate 
the  amplitude  of  zero-point  vibrations  of  the  f-holes,  5.  If  the  inter¬ 
action  potential  between  the  holes  is  Uint  and  their  mass  is  mhr 
the  characteristic  frequency  of  their  vibrations 

l  mh  )  mha*  ) 

(a  being  the  average  distance  between  the  f-holes,  i.e.  the  period 
of  the  “crystal”),  while  the  amplitude  of  zero-point  vibrations 


Then 
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where  T  ^  H2lmha2  ~  h2kF/mh  is  the  effective  width  of  the  f  band 
corresponding  to  a  particle  of  mass  mh,  and  k¥  is  the  Fermi  momen¬ 
tum.  Using  the  Lindemann  criterion  of  melting,  6/a  ~  0.1,  we  see 
that  there  may  be  a  crystalline  phase  only  if  T/Uint  ^  10“4,  or, 
put  differently,  since  the  characteristic  interaction  energy  Uint 
is  no  more  than  1-10  eV,  for  long-range  order  to  occur  T  must  be  less 
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or  of  the  order  of  10"4-10~3  eV.  But  in  real  MV  compounds  T  is  about 
10~3-10~2  eV,  which  means  that  the  corresponding  phases  resemble 
liquids  rather  than  crystals. 

We  can  arrive  at  the  same  conclusion  from  the  usual  reasoning 
involving  a  Wigner  crystal;  according  to  recent  results,  crystalliza¬ 
tion  sets  in  not  at  rs  ^  U mt/Enn  —  1  but  at  rs  >  102,  which  once 
more  makes  us  to  conclude  that  MV  compounds  must  resemble  liq¬ 
uids.  Presumably,  it  is  due  to  this  that  superstructures  in  phases  with 
MV  have  not  yet  been  observed.  Nevertheless,  since  the  criterion 
for  melting  is  met  at  the  limit,  it  is  possible  that  at  low  temper¬ 
atures  some  compounds  with  MV  will  indeed  display  spatial  order¬ 
ing.  Besides,  even  in  common  compounds  it  would  be  interesting 
to  experimentally  study  short-range  ordering  (correlations  of  va¬ 
lence  fluctuations  between  different  centers),  which  obviously  must 
be  present  to  a  certain  extent. 

2.6.6  Systems  with  MV  as  a  Model  of  Condensed  Matter 


In  discussing  the  various  aspects  and  properties  of  MV  com¬ 
pounds  we  have  repeatedly  used  such  terms  as  “metal”,  “insulator”, 
“binding  of  an  s-electron  and  an  f-hole”,  and  “crystal”  or  “liquid” 
consisting  of  heavy  f-holes.  We  could  do  so  because  the  states  with 
MV  in  rare-earth  compounds  largely  resemble  the  general  condensed 
state  of  matter.  Indeed,  if  we  can  speak  of  the  usual  condensed  matter 
as  made  of  heavy  positively  charged  ions  and  light  electrons,  then 
the  situation  remains  similar  if  we  substitute  heavy  and  positively 
charged  f-holes  for  the  ions.  Hence,  in  this  sense  we  can  speak  of 
MV  compounds  and  all  phenomena  in  them,  including  EPT’s,  as 
modelling  the  general  case  of  condensed  matter.  This  analogy  may 
help  us  understand  and  systematize  the  possible  types  of  behavior 
of  such  compounds. 

The  initial  phase  with  integer  valence  and  nf  1  resembles  a  gas 
or  plasma  (a  low-density  phase  consisting  of  electrons  and  ions). 
This  system  is  not  bound  and  tends  to  expand  (ne  ==  nion  ->  0y 
or  in  our  case  ns  =  nt  hole  ^  0  and  nt  — >-  1).  When  compressed,  the 
gas  condenses,  i.e.  there  forms  a  condensed  phase  characterized  by 
an  equilibrium  density  n0.  An  EPT  into  a  state  with  MV  is  an  analogy 
of  this  phenomenon.  In  Sec.  2.5.4  we  saw  that  the  interaction  of 
f-electrons  via  the  lattice  greatly  resembles  interatomic  interaction 
(see  Fig.  2.10).  An  electron  system  acts  in  a  similar  way  if  we  include 
exchange  and  correlation  effects  (see  [55]).  Here  the  equilibrium 
concentration  of  f-electrons  may  well  correspond  to  an  intermediate 
value  0  <  nt  <  1. 

When  the  gas  (or  plasma)  condenses,  the  substance  that  forms 
may,  depending  on  the  conditions,  he  either  a  liquid  or  a  solid 
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This  is  similar  to  the  structure  of  the  Wigner-crystal  type  discussed 
in  Sec.  2.6.5  or  the  valence  density  waves.  Theoretically,  if  we  use 
this  analogy,  in  MV  systems  both  “liquid”  and  “crystalline”  phases 
are  possible  (including,  perhaps,  transitions  between  these  phases 
within  the  substance).  At  the  same  time,  judging  by  the  estimates 
of  the  previous  section,  it  is  more  probable  that,  just  as  in  He,  MV 
systems  remain  “liquid”  under  all  conditions.  In  this  case,  according 
to  the  Nernst  heat  theorem,  additional  ordering  must  appear  in 
the  system  as  the  temperature  drops.  In  liquid  He  this  is  the  Bose- 
Einstein  condensation,  while  in  a  MV  system  its  place  is  taken  either 
by  a  Fermi  liquid  at  low  temperatures  (apparently,  a  single  Fermi 
liquid  consisting  of  f-  and  s-electrons)  or  by  a  gap  in  the  spect¬ 
rum. 

In  turn,  these  two  last  situations  also  have  analogies  in  usual 
condensed  matter:  when  the  condensed  phase  is  formed  of  ions  and 
electrons,  it  is  either  a  metal  or  an  insulator.  Apparently,  the  divi¬ 
sion  of  substances  with  MV  into  two  classes,  which  we  have  mentioned 
before,  is  similar  to  the  same  division  for  common  substances. 

We  note  that  apart  from  similarity  between  MV  systems  and  con¬ 
densed  matter,  there  is  an  important  difference  between  the  two. 
In  contrast  to  ions,  the  f-  and  s-electrons  are  identical  particles. 
This  means  that  transitions  are  possible  between  them.  In  view 
of  this,  in  compounds  with  MV  there  may  appear  a  state  resembling 
a  single  Fermi  liquid.  We  must  bear  this  in  mind  when  comparing 
the  properties  of  the  two  types  of  systems.  Nevertheless,  however, 
the  analogy  is  justified  and  may  be  fruitful.  For  instance,  it  enables 
us  to  study  in  general  form  some  of  the  features  of  EPT’s  and  para¬ 
meters  of  systems  with  MV. 

Without  restricting  ourselves  to  a  definite  type  of  interaction, 
we  can  write  the  energy  of  a  system  in  terms  of  the  number  of  f- 
or  s-electrons  for  the  general  case  (see  [15,  55])  in  the  form  (cf.  (2.4.2)) 

%  -  Egns  -  Eexn^  +  -  Elntnl  (2.6.12) 

Here  the  second  term  on  the  right-hand  side  constitutes  the  exchange 
energy,  the  third  term  the  kinetic  energy  of  the  electrons  in  the  con¬ 
duction  band  with  a  density  of  states  p  (e)  ~  s1/2,  and  the  last  term 
the  interaction  or  correlation  energy.  The  signs  in  (2.6.12)  are  chosen 
so  that  all  constants  Et  are  positive.  It  is  important  that  (2.6.12) 
is  valid  in  the  excitonic  (i.e.  dielectric)  phase  as  well.  Here  the  last 
term  in  (2.6.12)  represents  the  exciton-exciton  interaction;  because 
of  excitonic  correlations  it  is  numerically  much  smaller  than  the 
corresponding  term  in  (2.4.2). 

Even  without  a  detailed  calculation  of  the  E\ s  we  can  conclude 
from  (2.6.12)  that 

(1)  At  low  temperatures  the  EPT  from  state  ns  =  0,  nf  =  1, 
a  transition  that  occurs  as  Et  grows,  must  be  a  first-order  transi- 
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tion  [the  function  %{nB)  given  by  (2.6.12)  has  a  negative  cur¬ 
vature  as  fts-^0]. 

(2)  Depending  on  the  interplay  between  the  E\ s  in  (2.6.12), 
there  are  three  possibilities:  (a)  a  direct  transition  from  the 
phase  with  nt  =  1  to  that  with  nt  =  0;  (b)  a  first-order  transi¬ 
tion  from  =  1  to  the  phase  with  MY,  0  <  nf  <  1,  after  which 
there  is  one  more  jumplike  transition  to  the  phase  with  nf  =  0; 
or  (c)  a  first-order  transition  from  nf  =  1  to  an  MV  state  followed 
by  a  smooth  transition  with  nt  diminishing.  It  is  rather  difficult 
to  find  the  value  of  the  various  factors  in  (2.6.12)  especially 
in  the  low-concentration  limit.  It  is  especially  difficult  to 
obtain  the  contribution  provided  by  the  “heavy”  f  component 
and  the  f-s  hybridization  (i.e.  f-s  exchange  and  correlation 
effects,  together  with  contributions  provided  by  f-f  and  f-s 
interactions).  But  this  approach  seems  to  be  very  promising 
both  for  the  study  of  EPT’s  and  for  investigating  the  nature 
of  the  ground  state  and  properties  of  MV  phases. 

2.7  CONCLUSION 

In  summarizing  the  results  of  our  investigation,  let  us 
try  to  sum  up  the  situation  that  has  emerged  at  present  in  the  theory 
of  electronic  phase  transitions  and  mixed-valence  states.  The  problem 
itself  is  quite  clear.  We  know  fairly  well  what  factors  must  be  taken 
into  account  and  what  consequences,  qualitatively,  they  may  lead 
to.  In  the  EPT  problem  the  research  has  moved  quite  far  ahead. 
We  know  the  mechanisms  that  accelerate  a  transition  and  make  it 
jumplike  and  other  mechanisms  that  hinder  and  blur  it.  The  ten¬ 
dency  toward  a  first-order  transition  is  caused  by  the  Coulomb  f-s 
interaction  and  the  interaction  with  a  homogeneous  strain  of  the  lat¬ 
tice.  The  local  effects  (excitonic  and  polaron)  act  contrary  to  the 
jump  and  weaken  the  effective  attraction  of  the  f-electrons  at  different 
centers,  and  so  does  the  interaction  with  short-wavelength  phonons, 
for  one. 

An  important  question,  in  addition  to  the  character  of  an  EPT, 
is  the  reasons  for  the  stabilization  of  an  MV  phase.  Here  are  some 
factors  that  facilitate  stabilization: 

(1)  The  f  level  is  pinned  at  sF  if  the  kinetic  energy  needed  for 
arranging  the  electrons  in  the  conduction  band  is  greater  than  the 
gain  in  energy.  In  other  words,  the  large  additional  density  of  states 
introduced  by  the  f  levels  and  concentrated  at  Et  pins  the  Fermi 
level  (a  similar  situation  is  encountered  in  a  number  of  other  systems, 
say,  compounds  with  the  A15  structure,  such  as  Nb3Sn  and  V3Si). 

(2)  A  phase  with  MV  may  be  stabilized  due  to  the  increase  in  the 
width  of  the  f  level,  T  —  npV2,  in  the  course  of  a  transition  (see 
Sec.  2.5.2);  this  leads  to  an  asymmetry  in  the  EPT,  with  the  valency 
after  transition  differing  greatly  from  an  integer. 
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(3)  Similarly,  an  MV  phase  and  an  f  level  pinned  at  eF  is  sta¬ 
bilized  by  local  (excitonic  and  polaron)  correlations* 

(4)  A  certain  role  is  played  by  the  direct  interaction  of  the  f-elec- 
trons  at  different  centers  and  the  interaction  via  short-wavelength 
phonons.  The  result  is  repulsion  between  the  f-electrons  that  opposes  a 
complete  valence  transition  and  prohibits  two  f-holes  to  be  close; 
the  resulting  energy  may  have  a  minimum  at  an  intermediate  value 
of  the  valence,  0  <  nt  <  1.  Simultaneously,  spatial  correlations  may 
appear  in  the  system,  preferably  of  the  liquid  type. 

(5)  Among  the  factors  that  stabilize  MV  phases  and  that  we  have 
not  discussed  we  note  the  possible  important  role  of  nonlinear  effects. 
For  instance,  the  growth  of  the  compression  bulk  modulus  B  with 
pressure  may  check  the  transition  half-way,  so  to  say,  in  a  phase 
with  MV  [57,  58].  As  a  whole  we  may  say  that  a  certain  clarity 
has  been  achieved  in  the  question  of  the  causes  and  nature  of  EPT’s. 
The  situation  is  much  worse  when  it  comes  to  understanding  the  pro¬ 
perties  of  MV  phases. 

In  the  first  stage  the  properties  of  MV  states  were  studied  primarily 
using  the  model  of  an  isolated  impurity.  This  approach  was  often 
used  in  our  review,  and  at  present  the  situation  is  sufficiently  clear 
on  this  level.  At  least  qualitatively  we  can  say  that  even  a  single 
impurity  can  have  properties  typical  of  compounds  with  MV:  when 
the  f  level  Ef  is  close  to  the  Fermi  level,  the  occupation  of  the  f  level 
is  nonintegral,  there  arises  a  high  density  of  states  at  the  Fermi 
surface,  at  low  temperatures  the  system  goes  over  to  a  nonmagnetic 
state,  a  narrow  resonance  at  the  Fermi  surface  may  give  rise  to  a 
strong  scattering  mechanism,  etc.  This  situation  is  described  by  the 
asymmetric  Anderson  model  (where,  possibly,  other  interactions 
may  have  to  be  included)  and  possesses  many  properties  typical  of 
the  Kondo  effect  (slow  spin  fluctuations  and  strong  coupling).  In 
addition  to  spin  fluctuation,  slow  charge  fluctuations  occur  in  this 
case,  too,  with  respect  to  which  the  system  also  behaves  as  a  Kondo 
system. 

Thus,  the  fundamental  properties  of  a  single  impurity  are  now 
known.  The  center  of  the  stage  in  the  MV  problem  has  now  been 
occupied  by  studies  of  the  interaction  of  sites  in  MV  system.  All 
of  the  collective  effects,  the  properties  of  the  ground  state  and  the 
conditions  for  a  phase  with  MV  to  emerge  rest  on  this  problem.  The 
main  problem  here  is  the  type  of  ground  state  realized  in  MV  system, 
the  uniqueness  of  this  state,  the  possibility  of  describing  it  by 
a  Fermi  liquid,  and  the  possibility  of  a  gap  in  the  spectrum  and  the 
origin  of  this  gap.  There  is  no  theory  answering  all  these  questions, 
and  the  discussion  in  Chap.  2.6  necessarily  had  a  qualitative  nature. 
Nevertheless,  general  considerations  and  the  existing  results  in  this 
field  enable  us  to  arrive  at  certain  conclusions.  For  one,  we  can  say 
that  MV  substances  are  divided  by  the  type  of  ground  state  into  two 
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categories.  To  one  belong  compounds  that  are  metals  in  both  phases, 
with  integral  and  mixed  valencies;  the  Fermi-liquid  picture  can  be 
used  here  with  success.  The  other  category  includes  compounds  that 
are  semiconductors  in  the  initial  phase  with  integral  valence. 
Apparently,  the  gap  in  the  spectrum  of  these  substances  is  preserved 
in  a  significant  part  of  the  range  where  an  MV  phase  exists,  if  not  in 
the  entire  range.  The  gap  here  has  most  likely  a  collective  nature 
and  is  caused  by  effects  of  the  excitonic  type  and,  to  some  extent,  by 
spatial  ordering.  These  conclusions,  however,  require  both  theoret¬ 
ical  and  experimental  verification. 

In  this  review  we  have  concentrated  on  description  of  the  transi¬ 
tion  in  the  course  of  which  valence  changes  and  on  the  major  ques¬ 
tions  concerning  the  nature  of  a  MV  state.  We  did  not  touch  upon 
many  interesting  aspects,  important  from  the  standpoint  of  practice 
and  widely  discussed  in  the  literature,  such  as  the  magnetic  prop¬ 
erties  of  MV  substances,  their  response  to  various  external  probes, 
and  a  detailed  analysis  of  the  anomalies  in  phonon  spectra.  The  dis¬ 
cussion  of  these  and  other  related  aspects  can  be  found  in  the  above- 
cited  reviews  [4-8]. 

Two  more  remarks  are  in  order.  First,  we  note  the  analogy  of  the 
properties  of  MV  states  and  the  states  “inside”  a  phase  transition  [7]; 
namely,  MV  states  can  be  considered  a  result  of  an  electronic  phase 
transition  that  has  not  finished  and  is  spread  over  a  finite  range  of 
pressures,  temperatures,  etc.  Many  peculiar  features  of  MV  states 
(anomalously  high  compressibility  and  specific  heat,  the  important 
role  of  slow  valence  fluctuations,  and  strong  scattering  on  these 
fluctuations)  can  be  interpreted  in  this  manner.  It  is  not  clear  how 
far  this  analogy  can  be  extended  nor  whether  it  can  be  realized  in 
a  more  specific  way. 

Second,  it  is  interesting  that  in  rare-earth  compounds  with  MV 
the  characteristic  times  %  of  valence  fluctuations  are  usually  h/T  cz. 
~  lfHMO"13  sec,  which  is  of  the  order  of  characteristic  phonon 
times.  Apparently  there  is  a  reason  for  this  [7].  If  the  t’s  were  much 
longer  than  the  phonon  times,  t  »  Tph  —  10“l2-10~13  sec,  the  lattice 
would  be  able  to  relax  differently  at  centers  with  different  valencies. 
This,  in  turn,  would  still  further  suppress  transition  between  the 
configurations.  As  a  result  a  static  distribution  of  ions  of  different 
valencies  is  more  likely  to  be  realized,  i.e.  the  case  of  inhomogeneous 
MV  will  occur.  On  the  other  hand,  the  case  %  <C  10"13-10"14  sec 
would  correspond  to  an  ordinary  metal  with  a  broad  band  and  rapid 
charge  fluctuations.  It  is  when  the  fluctuation  times  are  of  the  order 
of  the  phonon  times  that  all  the  features  of  MV  states  we  have  men¬ 
tioned  above  manifest  themselves. 

Usually  in  treating  the  MV  problem  it  is  stressed  that  mixed- 
valence  states  are  observed  when  |  Et  —  |  <  T,  i.e.  in  the  inter¬ 

mediate  case  between  the  situation  with  a  deep-lying  level,  Et  <<  eF, 
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and  that  with  an  empty  level,  Ef  >>  eF.  It  appears,  however,  that 
as  regards  the  electron-phonon  interaction  MV  compounds  also  lie 
at  the  boundary  between  phases  with  averaged  and  with  local  defor¬ 
mations,  and  that  the  very  existence  of  MV  states  is  closely  related 
to  this  circumstance. 

In  conclusion  we  can  say  that  as  yet  it  is  not  always  clear  in  what 
cases  in  the  transition  to  a  concentrated  system  the  properties  of 
an  isolated  impurity  “survive”  or  how  they  change;  what  type  of 
a  coherent  ground  state  is  realized  and  whether  it  is  the  same  for 
different  compounds;  whether  the  ground  state  will  be  spatially 
homogeneous  or  whether  a  periodic  structure  will  arise  in  it  of  the 
Wigner-crystal  type  or  a  valency  density  wave;  whether  the  energy 
spectrum  will  contain  a  gap  (or  pseudogap);  when  the  magnetic  be¬ 
havior  will  be  similar  to  the  Kondo  behavior  and  when  magnetic 
ordering  will  arise;  and,  finally,  what  role  excitonic  and  lattice 
effects  will  play  in  MV  states.  Theoretically,  the  problems  that 
emerge  in  this  respect  are  extremely  complicated  (Anderson  [761 
even  compares  them  to  the  confinement  problem);  here  we  are  con¬ 
fronted  by  the  case  of  strong  coupling,  where  even  for  a  single  center 
the  problem  is  quite  nontrivial.  But  it  is  this  difficulty  together 
with  the  richness  of  physical  effects  and  phenomena  and  the  relation¬ 
ship  of  the  MV  problem  to  other  important  questions  in  solid  state 
physics  that  make  this  problem  extremely  attractive  for  further 
studies. 
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3.1  INTRODUCTION 


The  usual  theory  of  transport  phenomena  in  conductors 
is  based  upon  the  classical  kinetic  equation  for  conduction 
electrons.  It  is  assumed  that  in  the  time  interval  between  two  col¬ 
lisions  an  electron  moves  along  classical  trajectories.  This  approach 
is  valid,  when  the  interference  of  two  waves  scattered  by  different 

H 

centres  is  negligible,  i.e.  when  the  electron  wavelength  X=  — 

is  much  smaller  than  the  mean  free  path  Z  (the  Yoffe-Regel-Mott 
principle  [1,  2]).  If  this  condition  is  not  satisfied,  then,  as  has  been 
shown  by  Anderson  [3],  electron  states  become  localized  and  conduc¬ 
tivity  vanishes  at  zero  temperatures. 

In  conductors  with  strong  disorder  electron  momentum  relaxation 
is  determined  by  elastic  collisions.  In  this  case,  even  if  X/l  <C  1  r 
quantum  corrections  to  conductivity  a  are  of  great  interest,  since 
they  lead  to  nontrivial  dependence  of  a  on  temperature,  sample  di¬ 
mensions  and  external  fields.  This  is  true  even  for  free  electrons  inter¬ 
acting  only  with  impurities.  Electron-electron  interaction  also  in¬ 
volves  quantum  corrections  of  order  VZ,  these  corrections  appearing 
not  only  in  kinetic,  but  also  in  thermodynamic  quantities.  The 
situation  is  quite  different  for  ordered  systems,,  where  electron- 
electron  interaction  at  low  temperature  manifests  itself  only  in 
the  Fermi-liquid  renormalization  of  electron  spectrum  parameters. 

We  shall  consider  the  properties  of  conductors  with  a  small  mean 
free  path  Z,  i.e.  impure  metals  and  semiconductors.  Quantum  effects 
are  the  strongest  in  one-  and  two-dimensional  systems,  e.g.  MOS- 
structures  and  relatively  thick  films  and  wires.  We  shall  dwell 
upon  effects  leading  to  anomalous  temperature  and  frequency  de¬ 
pendence  of  conductivity  and  Hall  effect,  to  anomalous  magnetore¬ 
sistance  and  to  energy  dependence  of  the  density  of  states,  showing 
itself  in  zero-bias  anomalies  of  tunnelling  junctions. 
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3.2  QUANTUM  CORRECTIONS  TO  CONDUCTIVITY 

OF  NONINTERACTING  ELECTRONS 


3.2.1  Conductivity  and  Impurity  Diagrammatic  Technique 


Residual  resistance  in  conductors  is  determined  by  the 
electron-impurity  interaction.  In  good  conductors  the  mean  free 
path  is  much  greater  than  the  electron  wavelength,  l^>  k  =  h/p, 
where  p  is  the  electron  momentum.  Between  two  collisions  an 
electron  may  be  described  quasi-classically  to  yield  the  well-known 
Drude  formula 


o  = 


ne%x 

m 


(3.2.1) 


where  n  is  the  carrier  concentration,  m  is  the  carrier  mass,  and  t  the 
time  between  collisions.  In  this  section  we  shall  find  quantum  cor¬ 
rections  to  a,  given  by  (3.2.1). 

A  general  expression  for  conductivity  at  frequency  co  is  obtained 
by  calculating  the  energy  absorption  of  an  AG  electric  field 

Re  a0-  (o>)  =  2n©  2  -J-  l<k I  A«, •  v 1 1> | ^ 
k,  1 

x8(«i-Sk-ffl){n(eir)  [1  — ra(e,)]  — n(ej)  [1  — n(ek)]},  (3.2.2) 


where  n  (ek)  are  the  occupation  numbers  of  exact  electron  states 
with  energy  ek  and  the  matrix  element  of  the  velocity  operator 

v  is  taken  between  such  states.  Substituting  A=  in  (3.2.2) 

and  using  analytical  properties  of  a  (co),  we  obtain* 


aij(co)  =  -^(KiJ(ci>)-KtJ  (0)), 

„  ,  ,  ,  [n  (8k)  — n  (8i)l  (k|»t|l)  <l|a/|k> 

Ku  (“)  =  +  2je2  2 - - • 


k.  1 


(3.2.3) 

(3.2.3a) 


It  is  convenient  to  express  matrix  elements  in  (3.2.3a)  in  terms 
of  the  one-particle  Green  functions 


(r)  %  (r') 


Gf(A)  (r,  r')-2-T=S 
Then 


e— e  i  ±  i8 


(3.2.4) 


Kti  (©)  =  -gp  j  dr  j  -0-  [n  (s')  -  n  (e)]  pt  [GeR  (0,  r)  G$  (0,  r)] 

X  pj  [GR  (r,  0)  -  G$  (r,  0)]  e— ,  (3.2.5) 


* 


In  what  follows  we  assume  %  =  1.  We  restore  %  in  final  formulae. 
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where  p  =  m\  =  — iV  is  the  electron  momentum  operator.  Since 
GR  (e)  and  G^  (e)  are  analytical  in  the  upper  and  lower  half-planes 
of  the  complex  variable  e  respectively,  we  can  integrate  over  e 
or  e'  and  reduce  (3.2.5)  to 

KU  (®)  =  j  dx\~W  (e  +  ©)  —  n  (e)]  ptGf+<S)  (0,  r)  pjG£  (r ,  0) 

+  n(E)[piG£( 0,  r)  pjGt-a  (r,  0)-^Ge%(0,  r)pyGeR(r,  0)]}.  (3.2.6) 

Equations  (3.2*3)  through  (3.2.6)  are  exact  relations  defining 
conductivity  at  arbitrary  pFl.  As  shown  below,  at  p?l  ;>  1  they 
reduce  to  the  Drude  formula  with  small  corrections  of  order  (/?FZ)_1. 
We  are  specially  interested  in  those  corrections,  which  have  non- 
analytical  dependence  on  co.  Omitting  regular  corrections,  we  may 
rewrite  (3.2.6)  as 

Ktj  (©)  =  j  dz  [w  (s  +  ©)  —  n  (e)]  ST*,*  (e,  co),  (3.2.7) 

where 

SP»(8,  ^=-2^  j  drp;GeR+w  (0,  r)  ^,GeA  (r,  0). 

Equations  (3.2.3)  and  (3.2.6)  show  that  in  the  absence  of  inelastic 
scattering  the  total  conductivity  a  is  the  sum  of  contributions  from 
different  energy  levels  taken  with  the  weight  depending  on  the 
distribution  function.  In  the  case  of  a  degenerate  gas  a  is  defined 
by  the  conductivity  of  the  electrons  on  the  Fermi  surface.  In  what 
follows  we  shall  consider  only  this  case.  , 

For  samples  with  a  sufficient  amount  of  impurities,  Gij  and  oK a 
coincide  with  their  averages  over  impurity  configurations.  The 
equation  for  G&  (r,  r')  may  be  written  as 

(e  -  U  (r)  -  H)  Gs  (r,  r')  =  6  (r  -  r').  (3.2.8) 

If  we  solve  this"  equation  using  the  perturbation  theory  for  the 
impurity  potential  U  (r)  and  average  the  solution,  then  the  average 
product  of  two  Green  functions  can  be  represented  as  a  series,  each 
term  of  which  is  associated  with  a  graph  drawn  according  to  the 
rules  of  the  impurity  diagrammatic  technique  [4]  (see  Fig.  3.1). 
In  this  technique  solid  lines  correspond  to  bare  .  Green  functions 
and  dashed  lines,  to  random  potential  correlators.  We  assume  that 
the  random  potential  is  distributed  according  to  the  Gauss  5-cor- 
related  law.  Then  all  the  correlators  can  be  represented  as  the  prod¬ 
ucts  of  pair  correlators 

<U  (r)>  =  0,  (U  (r)  U  (r')>  =  <t/2>  8  (r  -  r'),  (3.2.9) 

where  the  angle  brackets  denote  averaging  over  the  impurity  con¬ 
figuration.  Equation  (3.2.9)  corresponds  to  the  Born  approxima- 
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tion  for  the  interaction  with  short  range  impurities,  and  (  U2)= 
2=55  ^im  (J  V  (r)  dr )2,  where  cim  is  the  impurity  concentration  and 

V  (r)  is  the  potential  of  a  single  impurity.  The  sum  of  diagrams 
with  non-intersecting  dashed  lines  defines  the  Green  function  and 


Fig.  3.1. 


conductivity  to  the  leading  approximation  in  (p^l)*1.  In  this  ap¬ 
proximation  the  averaged  Green  function  is  given  by  the  formula  [4] 

(Gz  (r,  r')>=  j  (dp)  exp  {ip  -  (r  —  r')}  G&  (p), 

where  (dp)  =  rfp/(2jt)d,  d  is  the  space  dimensionality  and 

Gr,(p)  =  (!-^-  +  l*±i)-'.  (3.2.10) 


Here  energy  e  is  counted  from  the  chemical  potential  p,  1/t  — 
=  jxv  (U2)  is  the  frequency  of  elastic  collisions  and  v  is  the  elec¬ 
tronic  density  of  states.  If  scattering  is  isotropic,  then  in  calculat¬ 
ing  the  conductivity  to  the  leading  approximation  in  1/px  we  can 
ignore  the  graphs  with  vertical  dashed  lines.  These  graphs  give  zero 
contribution  after  integration  over  angles  of  p  due  to  the  vectorial 
character  of  the  current  vertex.  The  first  term  in  (3.2.6)  gives 


Ku(e, 


+r  _ _ 

-*»  (-?+i  +  8)  (-?+“+8~^r) 


i7j.ve2T  \ 

d  l  +  icox  ’ 


(3.2.11) 


p2 

where  an  energy  variable  Z  =  4^  —  p  is  introduced.  It  is  seen 

from  (3.2.11)  that  K  (e,  co)  does  not  depend  on  e,  so  we  can  set  e 
to  zero.  In  the  integral  over  Z  the  main  contribution  comes  from 
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a  narrow  range  1/t.  Therefore  we  can  integrate  between  infinite 
limits. 

In  each  of  the  last  two  terms  in  Eq.  (3.2.6)  the  poles  of  the  Green 
functions  lie  in  the  same  half-plane  of  the  complex  variable  |, 
hence  the  integrals  over  £  between  infinite  limits  are  equal  to  zero, 
and  the  contribution  of  these  terms  is  small  in  the  parameter  (p'r)*’1 
and  independent  of  co.  Neglecting  this  contribution,  we  obtain 
Eq.  (3.2.7).  Substituting  (3.2.11)  into  (3.2.7)  and  (3.2.4),  we  obtain 
the  Drude  formula  (3.2.1). 

The  density  correlator 

&C  (co,  q)  =  j  de  [n  (e  +  co)  —  n  (e)]  (co,  q) 

can  also  be  calculated  by  means  of  the  impurity  technique: 

w*  (a,  q)  =  ( j  Ge+»  (p+q)  g$  (P)  (dp)') .  '  (3.2.12) 

In  the  leading  approximation  &C  6  is  given  by  the  sum  of  ladder- 
type  diagrams  (Fig.  3.1): 

&C  *  (w,  q)  =  nvt  l  (q,  co)  D  (q,  co),  (3.2.13) 

where  _ 

C(q.  “)  =  “F  j  (^p)Gp(e  +  co,  p  +  q)  GA  (e,  p).  (3.2.14) 

In  the  limit  ql  <C  1,  cot  <C  1,  we  have 

t>  (q,  co)  =  1  +  icox  —  Dq2 r.  (3.2.14a) 

Here  D  =  %ld  is  the  diffusion  coefficient,  related  to  a  by  the 
Einstein  relation 

a  =  e2/vD. 

Solving  the  equation  for  D  (q,  co)  shown  in  Fig.  3.1,  we  find 

1— £(q,  co)  =  x(— to+Z)qa)  *  (3.2.15) 

Substituting  (3.2.14a)  and  (3.2.15)  into  (3.2.13),  we  obtain 

*.<*  “>-  •  <3-2',6> 


3.2.2  Cooperon  and  Quantum  Correction  to  Conductivity 

The  Drude  formula  corresponds  to  the  classical  motion 
of  an  electron  scattered  by  impurities.  However,  travelling  along 
classical  trajectories,  an  electron  is,  at  the  same  time,  a  wave  packet 
of  dimensions  of  order  X  =  hlrrw  and  in  transverse  and  longitu- 
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dinal  directions,  respectively.  Here  is  the  electron  phase  break¬ 
ing  time..  Different  sequences  of  the  scattering  acts  give  different 
classical  trajectories.  Quantum  corrections  arise  due  to  the  interfer¬ 
ence  of  wave  packets  moving  along,  different  trajectories.  However, 
phase  difference  for  these  trajectories  is  random  and  the  interference 
of  the  wave  packets  moving  along  two  arbitrary  paths  gives,  on 
the  average,  zero  contribution  to  the  conductivity.  The  only  excep¬ 
tion  is  the  case  of  a  self-intersecting  trajectory.  A  wave  packet  can 
traverse  such  loop  in  two  opposite  directions,  the  phase  acquired 
in  each  direction  being  the  same.  Thus,  the  interference  is.  strong 
for  self-intersecting  trajectories,  i.e.  the  trajectories,  the  distance 
between  which  is  of  order  X.  The  density  of  probability  that  a  trajec¬ 
tory,  beginning  at  a  point  r,,  passes  through  a  point  r',  is 
determined  Via  the  diffusion  eqjuation  and  equals 


^(|r-r'|, 


t'-t)  = 


1 

[2kD  (/'—  *)]d/2 


(r'-r)* 
2D  (t'  —  t) 


].  (3.2.17) 


The  magnitude  of  the  expected  effect,  ficx/o,  is  determined  by  the 
probability  that  the  trajectory  returns  to  the  region  of  dimensions 
X  about  r  in  a  time  which  does  not  exceed  the  phase  breaking  time 

V  ,  . 


■to  ____  f  v  dt 

a  J  {Dt)d/* 


(3.2.18) 


The  tipae  is  temperature-dependent  and  can  be  very  large. 
If  cdt<p  1,  where  o  is  the  frequency  of  an  external  field,  then 
in  (3.2.18)  we  must  replace  by  1/co. 

Separating  the  contribution  of  large  .£,  we  obtain 


{  -iSr/-j£r  at  d“1’ 

-ArlQ7^  at  d=2’  (3-2-19) 

const  +  ^| at  d  =  3>. 

In  three  dimensions  the  integral  in  (3.2.18)  is  determined  by  small 
time  intervals  t  ~  t;  the  contribution  of  large  t  gives  non-analytical 
dependence  of  the  conductivity  on  frequency  or  temperature.  In 
one  and  two  dimensions  quantum  corrections  can  be  large  even  if 

the  quasi-classical  parameter  UimD  ~  ^  is  small.  This  is  due 

to  the  fact  that  in  one  and  two  dimensions  a  diffusing  particle  will, 
in  a  sufficiently  large  time  interval,  pass  as  near  the  initial  point 
as  desired. 
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For  a  trajectory  beginning  and  ending  at  the  same  point  the  ampli¬ 
tudes  of  the  probability  of  traversing  it  in  opposite  directions  obey 
the  relation  A1  =  A*.  The  interference  term  is  proportional  to 
Ai-A*  =  A[.  Since  A  is  bilinear  in  the  Heisenberg  electronic  oper¬ 
ators  (r,  t ),  to  describe  the  interference  it  is  natural  to  examine 
the  correlator 

(Q)  ~  ~jxvt~  ^6+(B  0)  'ifg  (0,  0)lfj+to(r,  t)  (r>  t))q  (3.2.20) 

Diagrams  for  C ^  (Q)  are  shown  in  Fig.  3.2. 


-p 


Fig.  3.2. 

These  diagrams  are  similar  to  diagrams  for  (co,  q);  the  fac¬ 
tor  (jxvt)"1  cancels  the  empty  loop  contribution.  Therefore 

c»«>°T(-sW)  ■  (3-2'21) 

By  contrast  with  the  density  correlator,  C w  (Q)  is  described  by  a  two- 
particle  Green  function  in  the  particle-particle  channel  (the  Cooper 
channel)  and  has  a  singularity  at  a  small  total  momentum  Q.  In 
what  follows  we  shall  call  C<&  (Q)  the  “cooperon”. 

Similarity  between  Eqs.  (3.2.15)  and  (3.2.21)  is  not  accidental. 
The  fact  is  that  we  can  obtain  C&  (Q)  from  &C  (co,  q)  by  the  substi¬ 
tution  aj)p  Tj^p,  corresponding  to  the  change  in  direction  of  one 
of  the  solid  lines  in  the  Feynman  graphs. 

Thus,  to  calculate  quantum  corrections  having  singularities  at 
small  co’s,  it  is  necessary  to  find  the  Feynman  diagrams  for  the  con¬ 
ductivity,  containing  as  an  internal  block  the  graphs,  the  sum  of 

which  is  equal  to  j  (Q)  ( dQ ).  Such  diagrams  [5]  are  shown  in 
Fig.  3.3. 

To  evaluate  the  total  contribution  of  these  diagrams,  we  should 
find  the  integrals 

j  (dp)  |G,(p)|*  IGe-co ( — P  +  Q)|2P*(  —  P  +  Q) 
and 

j  CU(Q)  (dQ). 
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In  the  first  integral  we  can  set  Q  to  zero ,  as  characteristic  p  ~  i/l 
and  characteristic  Q  ~  (co/D)1/2  ~  (cot/12)1/2  <Cy-  As  a  result  we 

obtain  the  following  expression  for  the  quantum  correction  to  the 
conductivity: 

=  (3.2.22) 

Here  cr<d>  is  the  conductivity  at  d  =  3,  conductance  per  unit  area? 
at  d  s=  2,  and  conductance  per  unit  wire  length  at  d  =  1.  As  has- 
been  noted  above,  the  external  frequency  determines  quantum- 


corrections,  if  ooTq,  »  1.  If  (OTq)<cl>  instead  of  co  in  (3.2.22)  we 
should  write  l/x<p.  Therefore  quantum  corrections  to  the  DC  con¬ 
ductivity  have  the  form 

(  — 4*^  «  i- 1 


-  i  -iSr1"-?-  «  d  =  2  (3.2.23) 

e2  1 

const  +  - 7==-  at  d  =  3. 

2^  y"DT(p 

In  the  absence  of  spin  relaxation  the  electron  phase  breaking  occurs 
as  a  result  of  inelastic  processes.  We  shall  consider  this  phenomenon 
in  detail  in  Secs.  3.3  and  3.4.  Now  we  only  note  that  all  character¬ 
istic  times  of  inelastic  processes  increase  with  decreasing  temper¬ 
ature,  and  we  can  adopt  the  following  expression  for  I/t^  = 
=  ATP.  Thus,  (3.2.23)  gives  the  temperature  dependence  of  the' 
anomalous  negative  correction  to  the  conductivity  [7]. 


3.2.3  Effects  of  Spin  Scattering 

Up  to  now  we  have  not  considered  effects  connected  with 
electron  spin-flop.  Spin-flop  occurs  due  to  the  exchange  interaction 
with  magnetic  impurities  or  spin-orbit  coupling.  The  electron-impu- 


138 


B.  L.  Altshuler  et  al. 


rity  interaction  can  be  written  in  the  form 
5  ^>S  (p)  Uap  (p,  p')  (p')  (dp)  (dp'), 

where 


(P ,  P')  =  +  ^sS-Oap  +  Gso  [p  X  p']  Oap.  (3.2.24) 


The  Green  function  has  the  form  G„«  =  G8a  (j,  where  G  is  given 
by  (3.2.10)  and 

1/t  =  1/tp  +  1/ts  +  1/tso,  (3.2.25a) 


1/tp  — -  nvU2, 

4-=* (S  +\)Ul 

Ts 

—  nvUfo  [p  X  p']2. 


(3.2.25b) 


Here  the  bar  means  averaging  over  directions  of  p  and  p\  For  the 
two-particle  Green  function  in  the  particle-particle  channel  we 


Fig.  3.4.  ,,  *■ 

have  in  the  ladder  approximation  the  equation  shown  in  Fig.  3.4. 
At  an  arbitrary  relation  between  tp  and  tso  this  equation  is  a  com¬ 
plicated  integral  equation  with  a  kernel  Ua 4  (p,  p')*U6V  (— p,  ■— p'). 
If  xso  tp  ™  t,  then  the  electron  momentum  changes  many  times 
during  the  time  of  spin-flop.  Hence  the  solutions  are  determined  by 
the  kernel  averaged  over  the  directions  of  momenta.  In  this  case 
the  equation  for  the  cooperon  acquires  the  form 

CaflYfl  ^  “b  (P?  P)^6v(  P>  P  )  £1?ij,3yv>  (3.2.26) 

where  £  is  given  by  (3.2.14). 

It  is  convenient  to  look  for  the  solution  of  (3.2.26)  in  the  form 
+  #aaiT  avd-  (3.2.27) 

Substituting  (3.2.27)  into  (3.2.26),  we  obtain 

2t  12  —  kd-|-.DQ2  +  2/ts  ^  2  ~ico  +  i)Q2  +  2/3TSo  +  l/Ts  /  ’ 

(3.2.28) 

p^  l  I _ 1 _ 1 _ \ 

2/3t  l  —  i(o  +  DQ2  +  2/3ts  +  4/3tso  —  ia>  +  DQ*  +  2/ts  /  * 


3.  Coherent  Effects  in  Disordered  Conductors 


139 


Equation  (3.2.22)  for  the  conductivity  contains 
CaWcc  (©,  Q)  =  2(4+35)  =  |— -y  _i(B  +  ^Q2qL2/Ti 
_i_  JL _ i _ 

'  2  —  ia)  +  DQa+2/3Ts+4/3rso 

It  is  easily  seen  that  the  frequency  enters  (3.2.29)  in  the  com¬ 
bination  0  +  it ts.  This  means  that  at  (oxs  <C  1  the  quantum  correc¬ 
tion  has  a  weak  dependence  on  the  frequency  and  is  determined  by 
the  time  ts  of  spin-flop  dne  to  the  exchange  scattering  [8].  This  is 
because  in  the  time  interval  ts  a  random  change  of  the  spin  state 
Occurs  and  the  wave  function  ceases  to  be  coherent  with  the  wave 
function  of  the  initial  state.  If  1/ts  =£  0,  the  cooperon  C w  (Q)  does 
not  coincide  with  the  density  correlator,  which  has  a  pole  according 
to  the  particle  conservation  law.  We  must  account  for  the  spin-flop 
scattering,  calculating  the  phase  breaking  time 

—  =  ATp-\ — —  ,  (3.2.30) 

H  Ta 

where  the  first  term  on  the  right-hand  side  corresponds  to  various 
inelastic  processes  and  vanishes  at  T  0,  and  the  second  term 
is  connected  with  the  spin-flop  elastic  scattering. 

The  spin-orbit  coupling  has  somewhat  different  effects.  As  is 
seen  from  (3.2.29),  if  1/t8  =  0,  tso  then  at  1/tso  C  co  +  1/t^  < 
<  1/t  the  conductivity  decreases  with  decreasing  frequency  or  tem¬ 
perature  and  at  e<  1/tso  it  increases  [9].  This  is  due  to  the  fact 
CIO]  that  the  correlator  Ca$v 6  can  be  represented  as  a  sum  of  correla¬ 
tors  with  angular  momenta  /  equal  to  zero  and  unity: 

C  =  -i-CW-f  (3.2.31) 


K- 


(3.2.29) 


The  contribution  of  each  correlator  is  proportional  to  the  angular 
momentum  degeneracy,  and  the  signs  are  chosen  in  such  a  way 
that  in  the  absence  of  the  spin-orbit  coupling,  when  C(0)  =  C(1), 
the  total  factor  should  equal  unity.  The  spin-orbit  coupling  leads 
to  the  spin  relaxation  in  the  time  interval  tsq,  therefore  can¬ 
not  become  larger  than  tso.  Thus,  at  low  frequencies  C  is  deter¬ 
mined  by  C(0),  which  enters  (3.2.31)  with  a  negative  factor. 

Note  that  the  spin-orbit  coupling  does  not  suppress  the  growth 
of  the  quantum  corrections  with  decreasing  frequency  or  temper¬ 
ature,  but  changes  their  sign  and  magnitude.  Note  also  that  the 
factors  3  and  — 1  are  connected  with  the  properties  of  the  group 
of  three-dimensional  rotations.  Therefore  in  two  dimensions,  when 
the  momenta  p  and  p'  can  lie  only  in  the  zy-plane,  the  situation 
changes.  To  make  sure  of  that,  let  us  write  (3.2.25a)  in  the  form  [9] 


1  1 


T 


(3.2.32a) 
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] 


where 


-i-  =  jtvE/f  (S%)  =  nvUl  (S2y), 

^a 


nv?7i<<Sl), 

— i—  =  nvC/!o<tp  X  p']l)  =  n\Ulo <[p  X  p']2y), 

Tso 

~-  =  nvff2o<[pxp']».  (3.2.32b) 

Tso 

The  transition  to  two  dimensions  corresponds  to  l/xj>  0.  We 
should  look  for  the  solution  of  Eq.  (3.2.26)  in  the  form 


+  Bx  +  Ga$Qyb)  +  B zOa^y6  • 

Substituting  (3.2.33)  into  (3.2.26),  we  obtain 


(3.2.33) 


(3.2.34) 


where 

*i = ( -  «<> + £Q2 + -4-+ -|-+ -!• ) _1 . 

V  <0  <0  Ts  ' 

i2=  (  —  ico  +  Z)Q2  +  --^-  f 

TS  TS 

Ts  xso 


The  expression  for  the  correlator  which  determines  the 

quantum  correction,  acquires  the  form 


'af*«-2(A  +  Bz  +  2Bx) 


-  i(0  -{-  DQ2  - 


T2' 

lso 


2  -t(D+zxp'+-4“4-T 


_1 

2 


_ 1 

-i»+DQ2+-| 


(3.2.35) 


It  is  seen  that  at  1/ts  =  0  and  1/ts0  =  0,  the  second  and4hird  terms 
cancel  and  l/xf0  enters  the  first  term  in  the  same  way  as  1/ts,  restrict- 


3.  Coherent  Effects  in  Disordered  Conductors 


141 


ing  thus  the  growth  of  the  quantum  corrections  to  conductivity 
with  decreasing  temperature.  This  is  what  we  have  in  two  dimensions. 

The  spin-orbit  coupling  can  also  lead  to  splitting  of  the  electron 
spectrum  into  two  branches,  corresponding  to  two  spin  directions. 
In  combination  with  the  potential  scattering,  this  brings  about 
effects  analogous  to  the  spin-orbit  scattering  [10,  13].  For  example, 
in  cubic  crystals  without  the  inversion  centre  (GaAs,  InSb,  etc.) 
the  electronic  Hamiltonian  has  the  form  [12] 

tap  (p)  =  Sap  +  Mi  (p)  •  oaB,  (3.2.36) 

where 

GK  =  6px(pS-p!).  (3.2.37) 

If  the  momentum  relaxation  is  sufficiently  fast  (Qt  <C  1),  then 
during  the  time 

3 

(3.2.38) 

2=1 

spin  relaxes  [11]  and  If  Qt^I,  tso~t.  Thus,  in  semiconductors 

of  GaAs  type  tso  decreases  drastically  with  increasing  chemical  poten¬ 
tial  until  it  becomes  of  the  order  of  the  momentum  relaxation  time. 
If  ^so  ~  ^  then  da/dT  <0  at  all  temperatures,  provided  that 
Tq,  >>  t.  Therefore,  if  in  a  doped  semiconductor  doldT  >  0  at  tso 
>>  Tqj,  then  daldT  changes  its  sign  with  increasing  concentration. 
In  two  dimensions  in  crystals  of  GaAs  type  1/tbo  =  0  and  1/Tg0  0. 

Consequently  [see  (3.2.35)],  the  conductivity  increases  logarith¬ 
mically  as  T  0. 

We  can  verify  our  theory,  investigating  the  hole  conductivity 
in  semiconductors  with  the  cubic  lattice  (Ge,  Si,  etc.)  [13].  Near 
the  top  of  the  valence  band,  anisotropy  being  ignored,  the  hole 
Hamiltonian  may  be  written  as  [12] 

H  =  - — )  +  (P-J)2  (— - — )  ,  (3.2.39) 

where  mi  and  are  the  masses  of  light  and  heavy  holes  respec¬ 
tively  and  J  is  the  matrix  of  the  angular  momentum  of  3/2.  As  has 
been  already  done  [see  (3.2.29)1,  the  cooperon  can  be  represented 
as  a  sum  of  cooperons  corresponding  to  angular  momenta  of  0,  1,  2 
and  3: 

C  =  — j  —  (3.2.40) 

If  the  masses  of  light  and  heavy  holes  coincided,  we  would  have 
(7(0)  =  C(i)  =  C(2)  =  C(3).  The  spectrum  splitting  at  mi  =^=  mh 
leads  to  the  relaxation  of  higher  multipoles  in  any  elastic  scattering. 
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Hence  C  =  —  ^  C(0)  and  d8a/dT  <  0.  It  is  important  to  note  that 

the  correlator  C<°>  corresponds  to  the  scalar  part  of  the  wave  func¬ 
tion.  Therefore  the  obtained  result  will  be  left  unchanged,  even  if 
we  account  for  anisotropy. 

If  a  cubic  crystal  is  deformed  along  one  axis,  the  hole  spectrum 
degeneracy  at  p  =  0  is  removed  and  in  a  highly  deformed  sample  we 
can  consider  only  one  energy  spectrum  branch.  In  this  case  the 
momentum  relaxation  does  not  lead  to  the  spin  relaxation  and 
<58 o/dT  >  0.  Thus,  investigating  piezoresistance  of  £>-type  semicon¬ 
ductors,  we  can  verify  the  validity  of  our  qualitative  predictions. 

In  a  ferromagnet,  even  in  the  absence  of  an  external  field,  there 
is  induction  B  —  4jxM.  The  suppression  of  the  quantum  corrections 
in  a  magnetic  field  is  considered  in  detail  in  Chap.  3.7.  If  the  field 
of  spontaneous  magnetization  is  not  strong  enough  to  suppress  the 
interference,  we  should  bear  in  mind  that  due  to  the  exchange  inter¬ 
action  the  Fermi  momenta  pf  and  p±  for  opposite  spin  directions  do 
not  coincide.  Therefore,  spin-flop  processes  being  ignored,  only  those 
components  of  Capv$  have  poles,  for  which  a  =  (3  =  y  =  8.  These 
components  correspond  to  the  states  with  nonzero  angular  momen¬ 
tum.  Hence  the  spin  relaxation  due  to  the  spin-orbit  coupling  in 
ferromagnetic  metals  leads  to  the  suppression  of  interference.  A  sim¬ 
ilar  argument  gives  an  analogous  result  for  antiferromagnetic  metals. 


3.2.4  Properties  of  Samples  of  Finite  Dimensions. 

Effective  Space  Dimensionality 

The  aim  of  this  section  is  to  explain  in  what  cases,  as 
far  as  the  quantum  corrections  to  the  conductivity  are  concerned, 
a  sample  may  be  considered  one-,  two-  or  three-dimensional.  Con¬ 
sider,  for  example,  a  rectangular  sample  of  dimensions  Lx^  Ly^  Lz . 
Let  the  faces  perpendicular  to  the  x  axis  be  connected  to  massive 
conductors,  the  dimensions  of  which  may  be  considered  infinite. 
The  cooperon  C w  (r,  r')  which  enters  the  expression  for  the  quan¬ 
tum  correction  to  the  conductivity  obeys  the  diffusion  equation. 
The  boundary  conditions  at  the  sample-vacuum  boundary  consist 
in  the  flux  being  equal  to  zero.  At  the  boundary  with  massive  conduc¬ 
tors  Ca  =  0  just  as  in  the  case  of  diffusion  an  excessive  part  of  density 
vanishes  at  the  boundary  with  a  massive  body.  The  solution  of  the 
diffusion  equation  with  such  boundary  conditions  may  be  expanded 
in  eigenfunctions  of  the  form  sin  (( Qxx )  sin  (< Qyy )  sin  (Qzz),  where 

Qx  ==— r — n, 


Qy 

<h 


2nm 


2nk 


(3.2.41) 
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and  n,  m,  k  are  -integers.  For  a  sample  of  finite  dimensions  the 
integral  j  (dQ)  C w  (Q)  should  be  replaced  by  the  sum  over  eigen¬ 
states: 


LxLyLz  2  [  — i©  +  n(^  +  ^J  +  ^)  +  -^]  , 


(3.2.42) 

where  QXiV%z  ^re  defined  by  (3.2.41).  In  the  case  when  Lz  <C  Lyr 
we  should  separate  the  term  with  Qz  —  0 

[~i<»  +  D(Ql  +  Ql)  +  -^}  1 

+  -1^-2'  2  [  — +  ^  (<?l  +  <?!  +  <?!)  (3.2.43) 

U  Z  %  QxQy  9 


The  first  term  on  the  right-hand  side  of  Eq.  (3.2.43)  corresponds  to 
Cb j  (r,  r'),  which  is  independent  of  z  (two-dimensional  fluctuations) , 
and  the  second  term  describes  three-dimensional  fluctuations.  If 


Lz  <C  min  {V  V'^}  (3.2.44) 

then  the  first  term  in  (3.2.43)  is  larger  than  the  second  one. 

Thus,  a  film  can  be  considered  two-dimensional  if  its  thickness 
is  so  small  that  during  the  phase  breaking  time  an  electron  diffuses 
from  one  boundary  to  another,  the  anomalous  correction  to  resistance 
being  dependent  only  on  the  resistance  itself  [5,  7J: 

4-= COMt  +  W *6  ■ -T ■  <3'2'45> 


Here  we  have  accounted  for  T<p  =  T~p. 

Similar  arguments  show  that  if  Lz  and  Ly  satisfy  the  condition 
(3.2.44),  a  wire  can  be  considered  one-dimensional.  As  a  result* 
the  anomalous  correction  to  the  resistance  is  defined  by  [5] 


i?2 


/  D%y 


(3.2.46) 


If  the  sample  length  Lx  also  satisfies  the  condition  (3.2.44), 
disappears  from  the  formulae  for  the  quantum  corrections: 


AR=ikR2- 


(3.2.47) 


We  see  that  for  a  sufficiently  long  wire,  when  R  ~  nft/e2  ~  10  kohm,. 
Ai?/i?  ~  1.  This  means  that  in  long  wires  we  observe  localization* 
their  resistance  increasing  exponentially  with  increasing  length  [6]. 
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The  characteristic  localization  length  may  be  estimated  from  the 
fact  that  the  resistance  of  a  wire  of  length  L  is  of  order  hie 2,  i.e. 

(3.2.48) 

In  one  dimension,  when  Sp%/h2  ~  1,  the  localization  length  is  of 
the  order  of  a  mean  free  path.  Therefore  the  theory  valid  in  the  case 
when  l  Lx  <C  Lc,  applies  only  to  the  wires  of  cross  section  S 

:>X3  ~  h2lpF.  _ 

In  films  of  finite  dimensions  Lx  ~  Ly  ~  L  V p,  we  have 

(3.2.49) 

3.3  QUANTUM  EFFECTS  IN  HIGH-FREQUENCY 

ELECTROMAGNETIC  FIELD 

3.3.1  Effects  of  High-Frequency  Field  on  Quantum 
Corrections  to  Conductivity 

The  effects  considered  in  Sec.  3.2  are  due  to  the  inter¬ 
ference  of  probability  amplitudes,  corresponding  to  two  electron 
paths.  Moving  along  these  paths,  differing  only  in  direction,  an 
electron  returns  to  the  starting  point.  For  purely  elastic  collisions 
the  electron  wave  functions  corresponding  to  both  paths  are  in  phase. 

It  has  been  found  out  that  an  alternating  electromagnetic  field 
destroys  this  phase  coherence  [14,  151.  If  both  paths  begin  at  a  given 
point  at  a  time  —  t  and  end  at  the  same  point  at  time  t ,  then  the 
phase  difference  for  these  two  paths  is 

t 

Acp  —  I*  [Sei  (l{)  —  d&2  (£i)]  dti 

-t 

t  h 

=  e  (  dtt  (  dt'  {E  (t')  •  Vi  (f ')  —  E  (f ')  •  v2  (<')}  (3.3.1) 

-f  "t 

where  8eli2  (£x)  is  the  energy  gained  by  the  electron  in  an  external 
field  by  the  time  ti  and  vx,2  (£x)  is  its  velocity  at  that  time  [vx  (£x)  = 
=  v2  ( — £x)].  Due  to  scattering  by  impurities  this  phase  difference 
is  random.  Averaging  (3.3.1)  over  different  paths  and  taking  into 
account  that  at  Qt  <C  1  (£2  is  the  external  field  frequency),  E  ( t )  — 

—  E  (0)  ^  tE  and  (r2>  ^  Dt ,  we  obtain 

((Acp)2)  -  e2E2Z^5.  (3.3.2) 

It  is  evident  that  in  a  constant  field  {(Acp)2)  =  0,  and  the  phase 
coherence  is  not  destroyed. 
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In  an  alternating  field  the  characteristic  time  t0 ,  during  which 
the  phase  breaking  becomes  essential,  is  defined  by  the  condition 
((A<p)2>  ~  1  or 

to  -  (e*E*Q*D)~V*.  (3.3.3) 

Therefore  if  £0  <C  quantum  corrections  to  static  conductivity 
in  an  external  alternating  field  are  determined  by  the  amplitude 
of  this  field. 

The  Fourier  transform  of  the  current  jto  in  a  constant  measuring 
field  E0  and  a  high-frequency  field  EQ  is  expressed  through  the  coop- 
eron  by  means  of  Eq.  (3. A.  10).  Taking  an  integral  over  e,  this 
equation  acquires  the  form 

+oo  +oo 

L  =  ^eWE0x  j  dt  J  e-W-^Ci  (r,  r)  dr,,  '  (3.3.4) 

—  oo  —  oo 

and  the  cooperon  is  defined  by  Eq.  (3. A.  18): 

-iA(r,  t  +  +  r’)-- — t|')6(r-r'). 

The  solution  of  this  equation  in  a  uniform  high-frequency  field 
has  the  form 

C\m’  (r,  r)=  j  (dQ)  § 2  exp  (  —  D  j  -dx\i 

xfQ-^AWcos^]2-^!}.1’  (3.3.5) 

Substituting  this  expression  into  Eq.  (3.3.4),  integrating  over  Q 
and  t  and  subtracting  from  (3.3.4)  the  value  of  the  current  in  the 
''absence  of  a  high-frequency  field,  we  find  that  the  static  conductivity 
in  a  high-frequency  field  changes  by  the  magnitude 

oo  •  4ac  • 

^  =  -  -wbw  j  Sfc'  (e'MW/" {at  <*»-  ‘J- 

(3.3.6) 

where 


f(x)  =  x 

[1+ 

sin  2#  ^sin2#-] 

2x  “  **  J  ’ 

f 

for  x  <c  1 

/(*)  =  { 

45 

(3.3.7) 

l 

X 

for  x^>  1, 

4  e*DEh  , 

a= — ^ — ,  and  70  (y)  is  the  imaginary-argument  Bessel  function. 


10—0251 
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We  see  from  the  expression  in  braces  in  Eq.  (3.3.6)  that  it  changes 
over  the  scale 


X0  =  Qt0  = 


,  45  \  1/5  ^  ^  . 

(isr)  ata>1 

4-  at  a<  1. 


(3.3.8) 


Therefore  the  conductivity  variation  in  a  high-frequency  field  is 
defined  by  the  relation  between  tQ  and  T<p.  In  a  weak  high-frequency 
field,  when  tQ  it  is  possible  to  expand  the  expression  in  braces 

in  (3.3.6)  into  a  power  series  in  a.  As  a  result  we  obtain 


*2  (eFL*) 

(2 n)d/*  hLd~2 


j  r(6  2) 

J  180  l  h  I 

I  2r(2-#) 

l  m* 


at  QT(p  < ^  1 


at  QTqp  ^  1  • 


(3.3.9) 


In  a  strong  high-frequency  field,  when  t0  <C  we  have  in  two  di¬ 
mensions 


Acr(2)  —  — 


<>2 

2n2h 


(3.3.10) 


and  in  quasi-one  dimension 

hQ 


A  <T<i>= 


eELy 

in  - 


V'neELy 


2.65 


Y  & 


,65  / 

QrZ  l 


e*E2D  ) 


\  1/10 


In  three  dimensions 


2n*/*h  Y  Dt0 


X 


2.27  at  a<  1 
1.93  at  a>l. 


at  a<l, 
at  a  »  1 . 


(3.3.11) 


(3.3.12) 


Usually  nonlinear  effects  are  due  to  electron  heating.  It  is  impor¬ 
tant  to  note  that  the  effect  of  a  high-frequency  field  we  are  consider¬ 
ing  is  not  connected  with  heating  and  manifests  itself  when  t0  <C 
<  T  <p  [7eff  (-£■)]• 


3.3.2  Suppression  of  Coherent  Effects 
by  Electromagnetic  Fluctuations 

It  has  been  shown  in  Sec.  3.3.1  that  an  external  electro¬ 
magnetic  field  leads  to  the  electron  phase  breaking,  while  the  distri¬ 
bution  function  does?  not  change.  In  any  sample  of  finite  resistance 
there  are  fluctuating  thermal  electric  fields  which  also  lead  to  the 
electron  phase  breaking  [14,  151. 
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Let  us  estimate  this  effect.  The  phase  variation  during  time  t 
is  determined  by  the  total  effect  of  fields  with  different  frequencies 
(3.3.6): 

<(A<p  (*)*>  ~  (  j  oaf  (Qt))  .  (3.3.13) 

The  fluctuation  spectrum  does  not  depend  on  frequency.  Therefore 
the  characteristic  frequencies,  typical  of  the  phase  breaking,  are 
of  order  Q  ~  1  /£,  as  is  seen  from  (3.3.13).  Fluctuating  fields  are 
nonuniform,  but  to  suppress  the  coherence  we  need  only  the  fields, 
uniform  over  the  length  L  (t)  ^  Y Dt.  For  such  fields 

{Eh>~  G  [L(t))d  • 

Hence  the  phase  breaking  time  Tn  is  defined  by  the  relation 


(an)  Q/  (1) 


TV 

a 


l- 

D 


4 -d 

^N2 

7)d/2<va3-d 


l. 


(3.3.14) 


In  a  sample  of  transverse  dimensions  a  <c  LN  the  conductivity 
is  equal  to  a'd)  =  VOva3-1*.  It  follows  from  (3.3.14)  that 
2 

/  Dd/2va*-d  \4-d 

~  - f - )  i  (3.3.15) 

and  the  characteristic  length  is 

£n~(^ f (3.3.16) 

If  the  time  tn  is  shorter  than  the  phase  breaking  time  due  to  other 
mechanisms  of  inelastic  scattering,  then  the  temperature  dependence 
of  the  conductivity  is  determined  precisely  by  tn-  Thus,  in  two  di- 


mensions  tn  ~  1/T,  and  therefore 

o(T)  o  (T.)  =  ^  to  l  . 

(3.3.17) 

In  quasi-one  dimension 

n  [  \l/3 

tn  ~  v  Hg(x)v1)  * 

(3.3.18) 

a  e2  T  fe«  a(1)2  “|l/3 

A° 1  ~  [s  V^J  • 

(3.3.19) 

Here  vx  =  va2.  The  transition  from  one  eSective  dimensionality 
to  the  other  occurs  when  L n  ~  The  characteristic  scale  of  this 
transition  is 


h2D*v 

ac  ~  ^ — 

10* 


(3.3.20) 
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'»  ;.'Let  ujSiDomipaxe.tlie  time  tn,  say,,  with,  the  time  .of  . electron-electron 
collisions :  in,  the  case  of  a  strong  impurity  scattering  (3.4.6): 


d- 2 
4  — d 


(3.3.21) 


‘Evidently,  if  quasiparticle  description  of  a  metal. is  valid  (T 1), 
then  for  d  ^  2  the  phase  relaxation  is  determined  by  electromagnetic 
:  fluctuations,  ;and;  for  d  =  3  the  main  role  is  played  by  strongly  in¬ 
elastic1  Coulomb,  collisions. . 

If  the  investigated  sample  has  a.  resistance  R  and  is  connected  into 
an  external  circuit  of  a  resistance  i?0,  having  a  temperature  TV 
then  a  fluctuating  voltage  UQ  appears  in  the  sample,  this  voltage 
being  defined  by  the  relation 


<\Uq |2>  = 


2t0K*R0 
(i?  +  i?0)a  • 


•Therefore  the  phase  breaking  time  due  to  the  external  circuit  noise  is 


Ttt  • 


\2.  WR* 


(3.3.22) 


where  V  is  the  sample  volume* 

•Now  we  shall  derive  relations  (3.3.15)-(3.3.22).  First  we  have  to 
solve  Eq.  (3. A.  18)  in  an  arbitrary  nonuniform  randoin  field  A  (r,  i). 
The  solution  can  be  written  as  a  path  integral 


r(Tl2)=r2  ^2 

fri’  ra)  =  1  Dr  fa)  exP  { -  j  dti  [4^  i  .  . 

r(Tix)=ri  Hi 

At  (r  (^i)^i)  j|*  .  (3.3.23) 

The  conductivity  is  related  to  the  cooperon  averaged  over  random 
electromagnetic  fields  by  Eq.  (3.A.10).  Averaging  (3.3.23),  we  obtain 
rOn)=r  ti  •  '  ‘  ^ 

C-t|.u( r.  r)=  j  Dv  (t 4)  exp  {  —  j  dtt 

r(-n)=r  -r) 

;  :  ’  Tl  1}  • 

— .-gj?  j  dti  ]  dtzTi  (*,)  Tj  (t2)  (At  ( r  (tl),  tl)  A}  (r  (t2),  t2))}  .  (3.3.24) 
'j-u  -n  .  •  • 

The  potential  correlator  {A\  (ra,  fx)  A{  (r2,  f2))  isj 

,  .  :  :  1  .‘  ■  ‘  -  ,  i  i  .  )  ’ 

(At  (ri,  ti)  A{  (t^  t?)>  =  2]  j  (dk)j  |2.  {cos  -j  (ti+ t2)  . 

,rh  cos-ip  (ft  —  f2)}exp[jk-(r1  —  ^(^(k,  <a)4i(  — k,  — ©)>,  , 

(3.3.25) 
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where  the  correlator  {A1  (k,  co.)  A3 (— k,  —  co)>  is  .defined ,  in  the 
classical  limit  by  the  fluctuation-dissipation  theorem  [16]: 


(Al(k,  cd)Aj'(  — k,  —  co))  = — 8jxc2  — Im 


{(8« 


ktkj 


kjkj  \ _ 1 _ , 

k2  /  co2e| (k,  co)— k2c2  ^k2co2ei(k,  co) 


}• 


(3.3.26) 


At  small  ©  and  k  it  is  possible  to  use  the  following  expressions  for 
et  (0,  k)  and  ej  (0,  k): 

/  1  \  A  i 

et(o,  k)  =  l 


co 


®i  (o»  k)  =  1 


Dx2 


W*  ...  .  . 

where  %  is  the  inverse  length  of  the  Debye  screening.  Two  different 
limiting  cases  are  possible:  if  c2 k2  <C  4jtoco,  i.e.  if  the  characteristic 
length  Lw  is  greater  than  the  skin  length,  6^  =  ]Ac2/2jta6,  we  can 
omit  the  term  c2k2  in  the  denominator.  If,  on  the  contrary,  Lc d  <  6 
we  can  neglect  the  transverse  field  fluctuations  in  comparison  with 
longitudinal  field  fluctuations.  Using  the  relation  Dk2  =  4 no,  we 
obtain 

2T  c2  f  8i]’  *8<b  ^  1’  * 

<^(k,  ®)^(-k,  k8  >4.  :  (3.3.28) 


As  L%  =  D/ co,  the  condition  8^  can  be  written  as 

—  <Zx. 

I?F  - 

Consider  first  the  case  <C  1.  Substituting  (3.3.28)  into  (3.3.25) 
and  (3.3.24),  the  cooperon  can  be  written  in  the  form 


r(ri)— r 


Cl<n,  n  (r>  r)  =  j  Dr  (Zj)  exp  {  —  j  < 

r(-n)=r  -n 

n 


dt< 


r2(*i) 

4  D 


e2T 

2o 


j  dt‘  i 


al)}  ■ 


dt2&  [r  (t±)  r  (Z2)]  T  (t^-r  (t2)  (|£i  +  £2|  •+*  l^i  — 1%\ 

-n 

(3.3.29) 

Thus,  the  cooperon  averaged  over  thermal  fluctuation  of  the  electro¬ 
magnetic  field  describes  diffusion  of  a  particle  interacting  with 
itself  at  the  points  of  trajectory  self-intersection.  Here  the  character¬ 
istic  length  is  L  ( t )  ~  ]/  Dt.  Therefore,  if  the  sample  transverse  di¬ 
mensions  a  <C  L  (t)  for  essential  t's  then  6-function  can  be  estimated 
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as  8<8>  (rx  —  ra)  =  ^  8(d)  (rx  —  r2>2  (here  Vd  ~  a3~d,  i.e.  F0  is 

the  sample  volume,  Fx  the  wire  cross-section  area,  F2  the  film  thick¬ 
ness,  and  F3  =  1). 

Let  us  introduce  now  dimensionless  variables  x  and  y  such  that 
t  =  VnP,  r  =  Ljsix,  where 


J„=V2PtN=.  ]*"*.  (3.3.30) 

N.B.:  the  scales  of  Tn  and  Ls  differ  from  the  estimates  (3.3.15) 
and  (3.3.16)  only  in  numerical  factors. 

Using  these  variables,  it  is  possible  to  express  the  conductivity 
correction  through  a  dimensionless  path  integral: 

°°  x(y)~  o 

~~r(2DTN)i~d/2  J  dy  j  Dx(yi) 

t/tn  x(-y)=0 

v  y  v 

X  exp{  — —  j  dyix2  (i/0  —  j  dyi  j  dy2x  (yt)  x  (y2)  8  [x  (yt)  —  x  (y2) ] 

- v  - v  - V 

X  (fyi+.ifel  4-  Ij/i  1/2!)}  .  (3.3.31) 


In  quasi-two  dimensions  the  integral  diverges  logarithmically  at 
the  lower  limit  which  is  equal  to  t/tn  .  Integrating  to  a  logarithmic 
accuracy,  we  obtain  (3.3.17).  In  one  dimension  the  path  integral 
can  be  calculated  exactly,  yielding  a  numerical  factor  in  (3.3.19): 


AoW  = 


„  re!  0(1)2  11/3 


Ci  = 


2V2 


36/62V6r2 


£-0.55. 


(3.3.32) 


In  quasi-one  dimension  Eq.  (3.3.32)  holds  for  any  relation  between 
Ln  and  8a,  because  kikj/k2~  8tj  —  1.  In  quasi-two  dimensions, 
accounting  for  the  difference  in  the  tensor  structure  of  the  fluctuation 
correlator  from  the  case  <  1  considered  above,  we  obtain  only 
a  new  numerical  factor  in  the  argument  of  the  logarithm. 

In  the  case  of  a  spatially  uniform  noise  caused  by  voltage  fluctua¬ 
tions  in  the  external  circuit,  the  path  integral  can  also  he  calculated 
exactly.  If  the  phase  relaxation  is  determined  by  this  very  noise, 


3.  Coherent  Effects  in  Disordered  Conductors 


151 


then 

Ao(d>  =  -  -g-  [-4rty—  ( 1  +^-)2  4  (3.3.33) 

C'1’  =  6.57;  Ci2)  =  1;  C(3,=  — 0.7. 

Note  that  the  considered  mechanism  of  the  phase  relaxation  due 
to  the  electron  interaction  with  electromagnetic  field  fluctuations 
is  quite  general  and  can  be  taken  into  account,  for  instance,  in  the 
theory  of  superconductivity.  The  effect  of  electromagnetic  fluctua¬ 
tions  on  the  critical  temperature  Tc  has  been  considered  in  [17,  18]. 
The  Tg  shift  is  small  and  can  be  calculated  by  the  perturbation  theory. 
On  the  contrary,  the  noise  effects  on  superconducting  fluctuations 
at  T  >  Tc  and  the  Maki-Thompson  correction  to  the  conductivity 
are  not  small  and  must  be  calculated  by  the  method  considered  above. 

3.4  ELECTRON-ELECTRON  INTERACTION 

IN  DISORDERED  METALLIC  SYSTEMS 

3.4.1  Electron-Electron  Collision  Time 

The  quasiparticle  description  of  electrons  in  metals  and 
semiconductors  is  based  on  the  decay  of  electronic  excitations  being 
small  compared  with  their  energy .  For  degenerate  Fermi-systems 
the  inverse  decay  time  connected  with  electron-electron  collisions 
is  of  order  e2/[x  and  evidently  small  compared  with  the  excitation 
energy  e  above  the  Fermi  level.  As  a  consequence  the  electronic  distri¬ 
bution  function  in  pure  metals  always  has  a  sharp  discontinuity 
at  the  Fermi  level.  These  assertions  do  not  depend  on  the  details  of 
electron-electron  interactions  and  are  based  on  the  fact  that  in  quasi¬ 
particle  scattering  only  large  and,  what  is  more  important,  energy- 
independent  momentum  transfers  are  essential.  Therefore  the  decay 
is  determined  only  by  the  phase  volume  of  finite  states.  By  analogy 
with  the  Fermi-liquid  description  of  ordered  systems,  it  has  been 
assumed  that  in  the  case  of  weak  disorder,  p?l  1,  the  excitation 
decay  is  also  proportional  to  c2.  It  appears,  however,  that  in  a  dis¬ 
ordered  system  excitations  decay  more  rapidly,  and  even  the  valid¬ 
ity  of  the  quasiparticle  description  of  low-dimensional  disordered 
systems  becomes  questionable.  The  decay  time  of  one-electron  excita¬ 
tions  is  important  not  only  for  the  construction  of  the  theory,  but 
it  also  determines  the  magnitude  and  temperature  dependence  of 
the  quantum  corrections  to  the  conductivity.  In  this  section  we  ex¬ 
amine  the  time  of  electron-electron  collisions  in  disordered  conduc¬ 
tors  [18,  20,  21]. Before  giving  a  rigorous  derivation  of  basic  relations, 
we  shall  consider  qualitatively  what  changes  occur  in  disordered 
Fermi-systems  in  comparison  with  pure  metals. 
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The  inverse  electron-electron  collision  time  1/Tee  (e)  for  an  elec^ 
tron  of  energy  e  (the  Fermi  level  set  to  zero)  can  be  represented  as 

e  co  co  1  1 

-^ee  (s)  ~  j  dco  I*  def  j  q2dqWq  j  dx 6  (eo  —  qvpx)  j  dx'S  (a>  —  qvFx')r 

0  0  Q  - 1  -1 

(3.4.1) 


where  co  is  the  energy  transfer  in  a  single  collision  event,  &'  the 
energy  of  the  second  quasip article,  taking  part  in  collision  with 
an  electron  of  energy  e,  Wq  the  square  of  the  matrix  element  of  inter¬ 
action,  q  the  momentum  transfer,  x  =  cos  (p,  q),  x  =  cos  (P%  <l) 
(p  and  p'  are  the  quasiparticle  momenta  before  collision. 

Integrating  over  x  and  x '  and  taking  into  account  that  the  integral 
over  q  converges  at  large  and  e-independent  q ’  s  so  that  qvF  et 
we  obtain 


1 

Tee  (e) 


£  CO  oo 

j  dco  j  de'  j  qzdqWq-^. 
0  0  0 


(3.4.2) 


It  follows  immediately  from  (3.4.2)  that  l/ree  (e)  ~  e2.  Note  that 
each  integration  over  x  in  (3.4.1)  yields  a  factor  ( qv >f)“\  having 
a  meaning  of  interaction  time  tint.  In  fact,  particles  traverse  the 
interaction  region  of  dimensions  II q  with  velocity  uF ,  hence  their 
interaction  time  is  (g^F)"1*  In  a  disordered  system  particles  diffuse 
through  this  region,  so  that  the  interaction  time  is  determined  either 
by  the  inverse  transferred  energy,  or  by  the  diffusion  time  1/Z)q2. 
This  means  that  we  should  replace  (g^)-1  in  (3.4.2)  by  the  diffusion 
pole  (— ico  +  Dq2)"1  [as  will  be  shown  later,  the  correct  expression 
is  Re  (ico  +  Dq2)"1].  Thus,  we  have 

-5T5T  ~  J  *>  J  *'  J  <3«> 

0  0  0 

In  this  formula  essential  g’s  are  of  order  ]/ oo/D  ~  1 Z~  e/D  —  Lt~l. 
If  g  <c  n  is  the  inverse  Debye  screening  length,  x2  =  4jte2v), 
then  Wq  can  be  considered  constant.  Equation  (3.4.3)  yields 

-~iTT  ~  S*».  (3.4.4) 


The  value  of  1/Tee  (e)  decreases  with  energy  slower  than  in  a  pure 
case.  The  exact  expression,  found  below,  has  the  form  [19] 


1  _  1  e3/2 

Tee  (e)  ~~  6  Y2  jt2  vI)3/2  ’ 


(3.4.5) 


where  v  is  the  density  of  states  at  the  Fermi  level.  The  effective 
dimensionality  of  a  sample  changes  with  its  transverse  dimensions. 


3.  Coherent  Effects  in  Disordered  Conductors 


153 


Tfie  transition  from  one  dimensionality  to  another  occurs,  when 
one  of  the  sample  dimensions  becomes  smaller  than  Lz.  The  situa¬ 
tion  reminds  of  that  considered  in  Section  3.2  where  the  transition 
occurs,  when  sample  dimensions  become  of  order  At  ^$>  lr 
p.  In  general, 

1  ^  1 


Tee  (e) 


=  C- 


P  d/2 


vLea' 


3-d 


(3.4.6) 


where  C  is  of  order  unity.  It  is  readily  seen  that  in  two  dimensions 
1/Tee£  ~  Up\la  <C  1,  and  in  one  dimension  l/sTee  ~  1  fV  Te(pFa)2; 
at  sufficiently  small  e  this  value  may  exceed  unity.  This  means  that 
at  8  <  1/t(/?f<z)4  the  quasiparticle  description  breaks  down. 

Now  we  shall  derive  the  expressions  describing  electron-electron 
collisions.  The  decay  time  of  excitations  of  energy  s  due  to  electron- 
electron  interactions  at  T  =  0  has  the  following  form  in  three  dimen¬ 
sions: 


1 

Tee  (s) 


e  0 

(2ji)3  f*  dw  C  d&' 

vv  J  2n  J  2n 

0  -0  aflvG 


]F?S|a6  (s^eot)  6  (e  — o  —  ep)  6  (e' 


—  e7)  6  (e'  +  co  —  Eg). 


(3.4.7) 


This  expression  is  written  in  the  representation  of  exact  electron  wave 
functions  in  random  potential.  Indices  a,  p,  y,  8  label  these  exact 
one-particle  states,  Vya  is  the  matrix  element  of  the  electron-electron 
interaction,  v  is  the  volume  of  the  system.  Equation  (3.4.7)  can 
be  rewritten  in  terms  of  imaginary  parts  of  the  exact  Green  functions: 


e  0 

'Tee(s)  =~ lifer  i  J  dB'  5  dridr2dricZr2F“(ri-r2)F®(r2-rx) 

0  —0 

XlmGeK,  r1)ImGs_<a'(r1,  r')ImG^(r',  r2)  Im  G8'+t0  (r2,  r'). 

(3.4.8) 


Let  us  rewrite  (3.4.8)  once  more: 

e  0 


*“  IM 

0  -co 


X  V  (©,  q)  V*  (to,  qj  ne,  e-co  (q,  ?i)  IL',  8'+0  (qi,  q)-  (3.4.9) 


Here 


n?,e_ffl(q,  qt) 

=  J  dr[  Im  Ge  (r(,  r4)  Im  G8_ffl  (t15  r')  exp  [i  (q-rt  — q^r')] 

and  V  (co,  q)  is  the  retarded  electron-electron  interaction  potential. 
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Averaging  over  impurity  configuration,  it  is  necessary  to  separate 
the  contribution  to  Tee1,  which  includes  diffusion  poles,  corresponding 
to  the  changes  in  the  interaction  time  due  to  diffusion.  To  perform 
this,  we  should  average  over  the  impurity  potential  as  shown  in 

Fig.  3.5.  After  that  the  expression  for  II 8t  (q,  q^  acquires  the 

form 

He,  e-co  (q,  qj) 

=  -^(2it)38(q— q^Ret^q,  co)De(q,  to)—  £s(q,  co)  D'e  (q,  to)], 

(3.4.10) 

where 

£e  (q.  to)  =  ~  j  (dp)  Gs  (p)  Ge_ o,  (p  -  q), 

Vz  (q,  CO)  =  ~  j  (dp)  Ge  (p)  Gt-a  (p  -  q)  • 

Here  Ge  (p)  is  the  electron  Green  function  averaged  over  impur¬ 
ity  configuration,  D  e  (q,  co)  is  the  sum  of  ladder  diagrams,  the  equa¬ 
tion  for  which  is  shown  in  Fig.  3.1.  The  quantity  D’e  (q,  co)  differs 


Fig.  3.5. 


from  De  (q,  co)  in  complex  conjugation  of  all  the  Green  functions 
with  energy  s  —  co.  Solving  the  equation  depicted  in  Fig.  3.1  we 
obtain 


A(q,  ©)-  j^fq,  w)  - 
De  (q’  ®)==  1-S'  (q,  w)  • 


(3.4.11) 


Due  to  analytical  properties  of  Ge  (p),  £e  is  small  in  the  parameter 
(pr)-1,  if  e  and  e  —  co  have  the  same  signs.  Therefore 

£e(q,  co)  =  £(q,  co)  [0  (e)  0  (co  — e) +0  (  — e)  0  (e  — co)], 

Zz  (q,  to)  =  S  (q,  w)  [0  (s)  0  (e  — co)  +  0  (— e)  0  (co  — s)]. 

Thus,  at  co  <  e,  11,^.,,  (q,  qx)  can  be  written  as 

He,  e-a>  (q>  q1)  =  ^(2n)38(q-q1)ReI^[^ 


(3.4.12) 
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As  a  result  we  obtain 


8  (0 

:W=4  JM4-J  <3A13> 


To  generalize  Eq.  (3.4.13)  to  the  case  of  an  arbitrary  dimensionality, 
it  is  sufficient  to  replace  v  by  vd ,  where  vd  is  the  density  of  states 
in  a  sample,  effective  dimensionality  of  which  equals  d : 

^3  =*  v,  vd  =  va?~d. 

In  two  dimensions  v2  =  min. 

The  quantity  £  (q,  co)  also  depends  on  dimensionality.  In  quasi- 
one,  quasi-two  and  three  dimensions 


1  —  i(\®\r+ql) 

£  ln  ■f-T(\^\^qi)  ■ 

and  in  two  dimensions 

?(q’  /(T^T|(o|T)2  +  (g02  ’ 

At  cot  <C  1  and  ql  < C  1,  £  (q,  a)  has  the  form 
l  (q,  co)  =  1  +  i  |  a  I  t  —  Z)q2T, 
where 

■°(q.  t0)==[_j|(0|+£)q2]T- 

In  quasi-one,  quasi-two  and  three  dimensions  the  diffusion  coeffi- 
cient  D  =  ~^v\%  and  in  two  dimensions  D  =  z;|t/2. 

.  The  potential  V  (q,  a)  can  be  represented  as 


(3.4.11a) 


V(q,  a)  = 


lojq) 

l  +  y0(q)n(q,  (0)  ’ 


(3.4.14) 


where  II  (q,  a)  is  the  polarization  operator.  In  the  limit  of  small  a 
and  q  it  has  a  usual  form 


n(q,  «)  =  vd-i^.  (3.4.15) 

In  three  dimensions  F0  (q)  =  4jte2/q2.  In  low  dimensions  V0  (q) 
is  the  Fourier  transform  of  the  Coulomb  potential  e2/r,  corresponding 
to  the  interaction  of  particles  either  in  a  plane  (two-dimensional 
case),  or  on  a  line  (one-dimensional  case).  Therefore  at  d  —  2 


4jt£2  _  2ne 2 

—  I  ?  I  ’ 


(3.4.16) 
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and  at  d  =  1 


<»)=j 


dqx  dqy  -  4tte2 


(2it)2  9*+ ?£+«£■' 


■  e2  In- 


(3.4.17) 


Equations  (3.4.16)  and  (3.4.17)  are  also  valid  in  quasi-two  and 
quasi-one  dimensions,  as  we  are  interested  in  interactions  at  distances 
of  order  L&  much  larger  than  a,  where  a  is  the  sample  transverse 
dimension.  Therefore  the  logarithmically  divergent  integral  in 

(3.4.17)  can  be  cut  off  at  the  upper  limit  at  q  ~  1  la.  Using  (3.4.14)- 

(3.4.17) ,  we  obtain  the  following  expressions  for  the  potential: 


d  =  3, 
d  =  2, 
d=t. 


V(q,  ©)==- 


Afte2 


Dq2 


V(q,  ©)  =  ■ 


—  to+Z>q2  3 
2:xe2 


q  |+5<2  — 


Dq2 


E(q,  ©): 


103+  Dq2 
e 2 


vi - n~ 2 — in-1  92o2 

*  —  ico  +  Z/q2 


(3.4.18) 

(3.4.19) 

(3.4.20) 


where  x3  =  x2  =  4ite2v3  and  x2  =  2jte2v2. 

In  three  dimensions,  substituting  (3.4.12)  and  (3.4.18)  into  (3.4.13), 
we  find 


1  _  x4  f  ,  7  q2  dq  D2 

t(3)(s,  —  2rt2v  J  0)010  J  |  — ico+D  (g2+x2)  l2  w2  +  D2g4  V.. 
ee  v  ’  0  0 


(3.4.21) 


In  (3.4.21)  essential  q’s  are  of  order  V  o)/D ,  hence  at  ©  = 

=  ©pT  we  can  ignore  Dq2  and  ©  in  comparison  with  By?.  Finally 


1 _ 1  3/2 

Tee  ~  6  / 2  Ji2vLs  ~  * 

In  quasi-two  dimensions 


f  (3.4.22) 


1  _  1  s 

t^>  _8n2vaL|~  ®  ’ 


(3.4.23) 


and  in  quasi-one  dimension 

1 _ 1  l/e 

tO)  4  ~  a2 


(3.4.24) 


Note  that  in  the  expression  (3.4.13)  for  Tee  (e),  besides  the  con¬ 
sidered  contribution  from  the  range  of  small  transferred  momenta, 
there  is  a  contribution  from  large  transferred  momenta.  This  contribu- 
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tion  has  a  usual  form  [4] 


1  n 2  x  s2 

T-ee  64  pp  p 


(3.4.25) 


Comparing  (3.4.22)  and  (3.4.25),  we  see  that  in  three  dimensions 
the  relation  Tee  ~  e“3/2  is  valid  at 


1  PF  1 
T  X  (pp/)2  * 


As  seen  from  the  expressions  for  1/Tee,in  different  dimensions, 
they  do  not  contain  the  Debye  screening  length  and,  consequently, 
the  electron  charge,  since  Ane2v/x2  ==  1.  This  follows  from  the  ap¬ 
proximation  of  weakly  non-ideal  gas  with  the  Coulomb  interaction, 


Fig.  3.6. 


wheii  'X  <C  Pf  •  If  this  approximation  is  not  valid,  then  the  higher- 
order  perturbation  theory  in  electron-electron  interaction  gives  only 
renormalization  of  the  effective  dimensionless  scattering  ampli¬ 
tude  X.  As  a  result,  the  right-hand  sides  of  Eqs.  (3.4.22)-(3.4.24)  will 
contain  X2  (Fig..  3.6).  The  fact  is  that  the  scattering  amplitude  renor¬ 
malization,  which  is  necessary  to  perform  when  the  weakly  non¬ 
ideal  gas  approximation  does  not  work,  is  determined  by  large  trans¬ 
ferred  momenta,  while  diffusion  poles  and,  consequently*  the  energy 
dependence  of  1/Tee  are  connected  with  small  transferred  momenta. 
Taking  this  into  account,  Eqs.  (3.4.22)-(3.4.24)  hold  also  in  the  case, 
typical  pf  real  metals,  when  x  and  pp  are  of  the  same  order. 

However,  besides  the  singularity  in  the  particle-hole  channel, 
leading  to  diffusion  poles  in  the  expression  for  the  energy  relaxation 
time,  There  i$  a  singularity  in  the  particle-particle  channel,  leading 
to  the'  cooperon. 

By  the  method  [201  analogous  to  that  used  above  to  separate  the 
contributions  connected  with  diffusion  poles,  it  is  possible,  to  obtain 
the  following  expression  for  the  electron-electron  relaxation  rate  con¬ 
nected  with  the  Cooper  poles  (Fig.  3.7): 
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where  A,q(2&  —  co)  is  the  electron-electron  scattering  constant  at 
a  small  total  momentum.  The  quantity  Xq  (2e  —  co)  is  defined  by 
the  equation  shown  in  Fig.  3.8,  the  solution  of  which  at  T  =  0 
has  the  form 

\q  (2e  —  ©)  =  ,  -i  ~  £>Q*~ l  I  2e— a  f  ’  (3.4.27> 

g0 

where  e0  is  a  cut-off  parameter.  If  the  interaction  between  electrons- 
is  the  Coulomb  repulsion,  then  e0  ^  p  and  >  0.  If,  however,  the 
interaction  at  a  small  total  momentum  is  determined  by  the  phonon 
exchange,  then  e0  =  2©d  (see,  for  example,  [4]),  and  the  bare  dimen- 


Fig.  3.8. 


sionless  interaction  constant  X0  <C  0.  In  this  case  Eq.  (3.4.27)  has 
a  pole  corresponding  to  instability  towards  the  transition  into  super¬ 
conducting  state.  We  restrict  ourselves  to  the  case  T  Tc.  It  is 
seen  from  Eq.  (3.4.27)  that  at  X0  >  0,  Q  =  0,  and  ( 2s  —  ©)  -*»  0> 
Xc  0  [22] 

c<o  (Q)  =  ( — ico-h^DQ2)  v  ‘  (3.4.28> 

Substituting  the  expression  for  C0  (Q)  and  the  interaction  constants 
into  (3.4.26),  and  integrating  over  ©  and  ©',  we  find  that  at  s  T 
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to  a  logarithmic  accuracy.  The  total  decay  time  of  one-particle 
states  is  the  sum  of  two  contributions,  related  to  the  interaction 
in  the  diffusion  and  Cooper  channels.  If  we  take  into  account  only 
the  Coulomb  interaction,  then  is  small  in  the  non-ideality  para¬ 
meter  of  the  electron  gas.  Therefore  1/Tee  is  much  smaller  than  1/Tee. 


Fig.  3.9.  l/fT^  versus  T.  Solid  line  shows  the  validity  of 
Eq.  (3.4.30)  [23]. 

In  real  metals,  however,  they  are  of  the  same  order.  Moreover,  the 
contribution  connected  with  the  cooperon  strongly  depends  on  mag¬ 
netic  held  (see  Sec. 3. 7).  The  electron-electron  collision  time  in  strongly 
inelastic  scattering  coincides  with  the  phase  relaxation  time  T<p, 
which  determines  the  temperature  dependence  of  the  quantum  local¬ 
ization  corrections  to  the  conductivity  considered  in  Sec.  3.2.  This 
very  time  determines  also  the  magnitude  and  temperature  dependence 
of  anomalous  negative  magnetoresistance  (Sec.  3.7).  Hence,  investigat¬ 
ing  the  temperature  dependence  of  negative  magnetoresistance, 
we  can  obtain  the  temperature  dependence  of  the  phase  breaking 
time  T<p.  Such  an  investigation  has  been  carried  out  in  the  temperature 


range  from  0.1  to  3  K  [23]  arid  it  has  been  shown  that  at  d  =  2, 
T(p  is  described  by  the  expression  (Fig.  3,9) 

-L^AJ'  +  A.T*,  (3.4.30) 

where  Ax  =  (3.6  ±  0.6)  X  1010  K'1  sec'1  and  A2  =  (8.6  ±  1.3)  X 
X  1010  K~2  sec'1.  The  second  term  in  (3.4.30)  is  the  usual  electron- 
electron  relaxation  time,  and  the  first  term  is  evidently  connected 
with  the  mechanism  of  the  electron-electron  relaxation  in  strongly 
inelastic  electron  scattering  by  impurities,  described  above.  How¬ 
ever,  comparing  the  theory  with  experiment,  we  must  remember  that 
the  time  of  phase  breaking  due  to  the  Nyquist  noise  has  the  same 
temperature  dependence  and  even  the  same  (to  an  accuracy  of  a  factor) 
magnitude  [see  Eq.  (3.3.30)].  Therefore  the  first  term  in  (3.4.30) 
seems  to  be  the  total  phase  breaking  time  ihee  +  1/tn.  Accord¬ 
ing  to  Uren  et  al.  [23],  in  these  experiments  p?l  4,  which  gives 
together  with  (3.4.23)  and  (3.3.30)  At  ~  1G10  K”1  sec'1.  This  value 
is  in  good  agreement  with  experiment. 

3.4.2  l  Effects  of  Electron-Electron  Correlations 
on  the  Density  of  One-Particle  States 

The  account  for  electron-electron  correlations  in  the 
Fermi-liquid  theory,  although  leading  to  strong  renormalization 
of  the  density  of  states,  leaves  it  a  smooth  function  of  energy  at  the 
Fermi  level. 

As  noted  above,  in  disordered  metallic  systems  the  properties  of 
excitations  with  energies  small  in  comparison  with  the  inverse  mean 
free  time  differ  from  those  predicted  by  the  Fermi-liquid  theory, 
the  validity  of  which  is  based  upon  the  spatial  homogeneity  of 
a  system.  If  a  system  is  not  homogeneous,  the  energy  dependence 
of  the  density  of  states  near  the  Fermi  level  also  changes. 

It  has  been  shown  by  Shklovskii  and  Efros  [24]  that  the 
account  for  the  long  range  Coulomb  repulsion,  when  all  electrons 
are  localized,  leads  to  the  density  of  excitation  states  vanishing 
at  the  Fermi  level,  i.e.  to  a  so-called  Coulomb  gap.  We  shall 
show  that  the  density  of  delocalized  electron  states  also  has 
a  singularity  at  the.  Fermi  level,  electron-electron  interactions 
taken  into  account. 

One-electron  density  of  states  may  be  written  as 

(e)  =  —  •—  j  (dp)  Im  G(R)  (p,  s) 

=  ~"T  J  (dp)lmG(p,  ien->e),  (3.4.31) 

where  G(R)  and  G  are  retarded  and  the  Matsubara  electron  Green 
functions  respectively  [4]  averaged  over  the  impurity  potential;  a 
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wavy  line  means  that  electron-electron  correlations  are  accounted 
for. 


G(p,  ie„)  =  [  —  izn  —  |p — ^-sgn  sn  — 2ee  (p,  izn)  J  1 

=  [(?_1(p,  i&n)  —  2ee  (p,  iej]'1.  (3.4.32) 

Here  2ee  (p>  i^n)  is  the  proper  energy  part  associated  with  the  elec¬ 
tron-electron  interaction.  The  energy  dependence  of  the  density  of 
states  arises  due  to  the  interference  of  the  electron-electron  interac¬ 
tion  and  multiple  impurity  scattering.  It  means  that  even  if  the 


Fig*  3.10. 


electron-electron  interaction  is  considered  to  a  first  order  of  perturba¬ 
tion  theory,  it  is  necessary  to  account  for  all  singularities  in  two- 
particle  Green  functions  (diffusion  and  Cooper  poles). 

The  diagrams  for  the  calculation  of  2ee  by  the  lowest  order  per¬ 
turbation  theory  in  the  electron-electron  interaction  are  shown  in 
Fig.  3.10.  If  the  non-ideality  parameter  of  the  electron  gas  is  small, 
x2/p|  <C  1,  the  contribution  of  the  graph  shown  in  Fig.  3.10a  is 
much  larger  than  the  contribution  of  the  graphs  &,e,  and  d,  since 
only  in  this  graph  the  electron  interaction  at  distances  up  to  the 
Debye  radius  is  essential.  In  other  graphs  essential  distances  are 
much  smaller,  being  of  the  order  of  the  electron  wavelength. 

The  expression  for  2ee  (p,  ien)  shown  in  Fig.  3.10a  at  ql  1  and 
comT  <C  1  has  the  form 

2ee(p,  isn)  =  T  2  J  (dg)G( p, 

00  m 

X  [9  (en)  0  (®m  — en)  +0  (— sn)  0  (sn  —  coj],  (3.4.33) 

where  o)m  =  2 nmT,  en  =  n T  (2 n  +  1)  are  the  Matsubara  energies. 
The  first-order  perturbation  theory  in  the  electron-electron  interact 
tion  gives  the  following  expression  for  the  density  of  states: 

vd(e)  =  vd — j  (dp)Im[G2(p,  ien~^s)  2ee(p,  i8„->-e)],  (3.4.34) 
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where 

v---4J  (dp) - l~—r  (3.4.35) 

is  the  density  of  states  of  noninteraction  electrons. 

Substituting  (3.4.34)  into  (3.4.35),  we  continue  analytically  the 
obtained  expression  to  real  values  of  e.  Integration  over  p  yields 

oc 

6v(e,  r)-v(e,  T)-v( 0,  0)  =  Im  j  -g-  j  F (q,  ©)v 

0 

2 — tanh  —  tanh  8  (3.4.36) 

X  (— ico-J-Dq2)2  * 

For  d  =  1,  2 

co 

=  vd  (e,  T)—vd  =  —  Im  J  -g-  j  (dq)  V  (q,  o> ) 


X  vd 


tanh  -~l  +  tanh 


(o — e 
~2T~ 


(— ico+.Dqa)a 


(3.4.36a) 


Here  v  (0,  0)  is  the  density  of  states  at  the  Fermi  level  at  T  —  0, 
the  interactions  taken  into  account.  We  have  performed  subtraction 
in  (3.4.36),  as  the  correction  to  the  density  of  states  related  to  the 
interaction  diverges  at  the  upper  limit  of  the  integral  over  ©.  If 
d  =  1,  2,  this  subtraction  is  superfluous. 

In  Eqs.  (3.4.36)  and  (3.4.36a)  essential  co's  and  q's  are  of  order 
max  (e,  T)  <C  t_1  and  V  co/Z>  <C  I"1,  respectively.  Therefore  for 
£  (q,  co)  we  have  used  the  expression  (3.4.12)  in  the  limit  of  small  © 
and  q.  For  the  screened  Coulomb  potential  V  (q,  ©)  we  must  use 
Eqs.  (3.4.18)-(3.4.20)  valid  in  this  limit. 

In  three  dimensions  integration  over  q  in  (3.4.36)  gives 


f\v  Ip  T)  =  ^ne2vo  _ _ 1_  _ 

’  Ka  8  V^2  It aD3/2  J  ■/© 
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8  +  C0 
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(0  —  8 
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2  T  IT 

Since  4 Jie2v/x2  =  1,  we  obtain  from  (3.4.37)  at  T 

/HT  1 


(3.4.37) 


=  0 


8v  (e)  • 


2/2itaZ>3/2  2  /2n2|8  |  L%' 


(3.4.38) 
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At  finite  temperatures  the  singularity  at  e  ->■  0  is  smoothed  out: 

6v(8’  T)=2 
oo 

At  |  x  |  ;g>  1  the  function  /  (x)  equals  V  \  x  |,  and  at  x 
/  (a?)  =  c  +  0  (*«), 

c  =  -|/^  (1_-|/2)S  (-|-)  =  1*07’ 

where  £  (z/)  is  the  Rieman  £  function. 

Note  that  the  law  5v  (e)  ~  Y SID*/2  does  not  depend  on  the 
details  of  the  interaction.  The  same  relation  between  the  correction 
to  the  density  of  states  and  energy  is  obtained  also  in  the  case  when 
the  electron-electron  interaction  is  short-range.  Moreover,  the  rela¬ 
tion  6v  (e)  ~  Y e/©3/2  always  holds  in  three  dimensions,  if  elec¬ 
trons  are  localized  (D  =£  0). 

As  seen  from  (3.4.38),  in  the  weakly  non-ideal  electron  gas  approxi¬ 
mation  this  correction  does  not  even  depend  on  the  electron  charge. 
Thus,  in  disordered  metallic  systems  the  density  of  states  has  a 
minimum  at  the  Fermi  level. 

In  two  dimensions  the  density  of  states  also  has  a  minimum,  but  of 
a  logarithmic  character.  Inserting  the  expression  (3.4.19)  for  V  (q,  co) 
into  Eq.  (3.4.36)  and  taking  into  account  that  q  <C  x2,  we  obtain  at 
T  =  0 

8v2  (e)  =  Im  j  —  j  ( dq )  |  q  ,  (_to+Z)  iq  |  k2)  (_;<B+Z)q*) •  (3.4.41) 

8 

Integration  over  q  yields 

00 

<3-4-42> 

8 

The  upper  limit  in  (3.4.42)  is  1/t,  as  the  diffusion  approximation  used 
in  (3.4.41)  is  valid  only  at  cot  <c  1.  Finally  [27], 

6v2(e)  =  Wln^lFlneT-  (3-4-43> 

The  first  logarithm  in  (3.4.43)  is  connected  with  the  long  range  charac¬ 
ter  of  the  Coulomb  interaction.  The  fact  is  that,  screening  taken 
into  account,  at  fixed  co  and  q  — 0,  V  (q,  co)  — oo  [see  Eq.  (3.4.19)]. 
At  q  -C  ®/Z?x2'  F  (q,  a)  ~  q'1  and  at  q/Dk2  <g<]/r  a  ID,  V  ~ 
~  1  Iq2,  therefore  integration  over  this  region  in  (3.4.41)  gives  the 


(3.4.39) 

0 

(3.4.40) 
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first  logarithm.  By  analogy  with  three-dimensional  case,  the  second 
logarithm  in  (3.4.43)  does  not  depend  on  the  character  of  the  electron- 
electron  interaction  and  is  again  connected  only  with  the  fact  that 
electrons  are  delocalized. 

If  the  interaction  potential  %  has  short  range, 


6vd  = 


Ce~K,  d=  1,3, 

e£“ 

-—-Ihet,  d~  2, 
4jt2  D 


(3.4.44) 


where  Cs  =  1/4V” 2n2  and  C,  =  — l/jx|/2. 

The  fact  that  nonvanishing  corrections  to  the  density  of  states 
exist  even  for  a  short-range  interaction  potential  means  that  corres¬ 
ponding  corrections  should  also  arise  from  the  Hartree  term  shown 
in  Fig.  3.106.  In  the  absence  of  impurities  the  Hartree  term  is  can¬ 
celled  with  the  positive  background.  However,  in  the  presence  of 
impurities  the  electronic  density  n  (r)  is  inhomogeneous,  so  that  an 
additional  particle  with  a  wave  function  (r)  leads  to  the  interac¬ 
tion  of  the  density-density  type,  ijjJ  (r)  o|ja  (r)  [n  (r)  —  n  (r) ] ,  where 
n  (r)  is  the  mean  electronic  density.  In  averaging  over  random  impu¬ 
rity  configuration  this  quantity  does  not  factorize.  As  a  result,  the 
graph  in  Fig.  3.106  for  the  proper  energy  appears.  In  contrast  with 
the  exchange  graph  (Fig.  3.10a),  the  Hartree  term  contains  the  inter¬ 
action  potential  with  the  momentum  transfer  of  order  p$.  Hence, 
as  shown  above,  this  term  is  small  in  the  parameter  v?lp\ ?.  Indeed, 
the  Hartree  term  contains  the  potential  F  (k,  0).  Due  to  the  fact 
that  k  ~  pi',  the  interaction  potential  is  effectively  short-range,  but 
depends  on  the  angle  between  the  incident  and  scattered  particle 
momenta  p  and  p'.  Therefore  the  Hartree  term  contribution  to  the 
density  of  states  is  described  by  the  expression  (3.4.44)  with  X  =  — 2 F, 
where 


p  _  F(P-P'.  0) 
""  F  (0,  0) 


(3.4.45) 


Here  the  bar  means  averaging  over  the  Fermi  surface  add  a  factor  2 
arises  due  to  electrons  with  both  spin  directions,  contributing  to  the 
Hartree  energy.  As  usual,  the  Hartree  and  exchange  terms  have 
opposite  signs  (Fig.  3.10a).  In  two  dimensions  [27] 


2jt 


(3.4.46) 
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and  in  three  dimensions  [28] 


(3.4.47) 


Note  that  in  quasi-one  and  quasi-two  dimensions,  when  the  film 
thickness  is  large  in  comparison  with  the  Debye  length,  F  is  given 
by  (3.4.47). 

When  x/2pp  is  of  order  unity,  we  must  allow  for  next  orders  of  the 
perturbation  theory  in  the  Coulomb  interaction.  Then,  for  example, 
the  contribution  of  the  graph  shown  in  Fig.  3.11  is  small  in  com¬ 
parison  with  the  Hartree  term  only  in  the  parameter  x/p-p.  For  the 


Fig.  3.11. 


majority  of  metals  this  condition  is  not  satisfied.  Moreover,  the 
matrix  element  of  the  interaction  potential  at  small  distances  can 
strongly  differ  from  that  calculated  between  the  states  described  by 
plane  waves.  As  a  result,  the  state  density  corrections  are  given  by 
(3.4.44)  with  the  effective  electron-electron  coupling  constant  X. 
The  expressions  obtained  for  F  have  sense  only  for  degenerate  semi¬ 
conductors  and  good  metals. 

In  the  case  of  a  short-range  potential  (when  the  potential  radius 
is  shorter  than  the  wavelength),  the  Hartree  corrections  to  the  density 
of  states  are  two  times  larger  than  the  exchange  corrections,  arising 
due  to  spin  degeneracy,  and  have  opposite  sign.  Therefore  the  total 
correction  to  the  density  of  states  in  this  case  differs  from  (3.4.44) 
in  sign. 

The  changes  brought  about  by  high  orders  of  the  perturbation 
theory  in  the  electron-electron  interaction  are  small  not  in  the 
electron-electron  coupling  constant  X,  but  in  the  parameter 


X _ 1  /  s  \«*-2)/2 

(. PFDd/ 2  (PF<03-d  '  V-  ' 


ppla 


■in  — 

8T 


at  c?^=2, 
at  d  =  2. 


(3.4.48) 


Note  that  in  three  dimensions  the  theory  is  valid  even  when  ppl  ^  1 
(at  sufficiently  small  8,  if  electrons  are  delocalized). 
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As  in  quasi-one  dimension  the  localization  length  ~  l  (pp^)2, 
the  perturbation  theory  parameter  has  the  form 

=  (3,4.49) 


In  quasi-two  dimensions 

Li2)  ~  lex p  (p!<zZ), 


and 

“*=4 <3A50> 


As  seen  from  (3.4.49)  and  (3.4.50),  at  X  ~  1  the  perturbation 
theory  is  valid  when  an  electron  in  the  time  1/e  covers  a  distance 
less  than  the  localization  length  (L&  ^loc)« 

The  contribution  of  interactions  in  the  Cooper  channel  (Fig.  3.10c,d) 
to  the  density  of  states  needs  a  special  consideration.  In  the  Cooper 
channel  the  lowest-order  perturbation  theory  does  not  work,  and  we 
have  to  sum  up  ladder  graphs  (Fig.  3.8),  As  a  result,  instead  of 
V  (q,  co)  in  the  expression  (3.4.36)  for  the  density  of  states,  we  obtain 
Kc  (2e  —  ca),  given  at  T  =  0  by  (3.4.27).  Integrating  over  co  and  Q 
in  (3.4.36)  (d  =  3)  and  in  (3.4.36a)  (d  =  1)  to  a  logarithmic  accuracy, 
we  can  factor  out  A,c,  assuming  that 


?tc- - 

1  -j-  In 


eo 

max  (e,  T) 


(3.4.51) 


Therefore  the  corrections  to  the  density  of  states  in  three  and  one 
dimensions,  arising  from  the  interaction  in  the  Cooper  channel,  are 
given  by  Eq.  (3.4.44),  where  X  is  replaced  by  Xc, 

In  two  dimensions  we  should  not  ignore  the  co  and  Q  dependence 
of  A,c,  since  at  d  =  2  the  integral  over  co  in  (3.4.36a)  is  logarithmic 
and  the  main  contribution  comes  from  the  region  co  e,  T.  As  a 
result,  the  correction  to  the  density  of  states,  arising  due  to  the 
interaction  in  the  Cooper  channel,  is 


8vi- 


SnD 


In 


1  -f  %o  In  €0t 


1  +  ^0  ln 


max(e,  T) 


It  is  well  known  that  current-voltage  characteristics  of  tunnelling 
junctions  have  so-called  zero-bias  anomalies  [29].  These  anomalies 
exist  as  minima  and  maxima  of  the  tunnelling  conductivity.  The 
conductivity  maximum  can  be  explained  by  tunnelling  followed  by 
the  electron  scattering  by  magnetic  impurities  [30],  but  this  mecha¬ 
nism  cannot  account  for  the  conductivity  minimum.  The  theory 
exposed  above  gives  a  general  explanation  of  the  tunnelling  anom- 
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alies  arising  due  to  singularities  in  the  density  of  states  at  the 
Fermi  surface  associated  with  interactions  in  impure  metals  [25]. 

Consider  for  simplicity  a  symmetric  tunnelling  junction,  compris¬ 
ing  two  similar  metals  or  degenerate  semiconductors  with  a  poten¬ 
tial  barrier  U  between  them.  If  a  voltage  V  is  applied  to  the  junction, 
the  tunnelling  current  has  the  form 

/=— n2ejtr(s)vfe  — -Y-jv(e  +  -Y-)[np(e  +  -^-) 

(3.4.52) 

where  W  (e)  is  the  probability  of  tunnelling  of  an  electron  of  energy  e. 
If  v  (e)  and  W  (e)  are  smooth  functions  at  e  =  0,  the  tunnelling 
junction  conductivity  takes  on  the  form 

a  =  — =  a0(1  +  aF2),  (3.4.53) 


where 

o-0  =  J|itf/(0)  v2  (0),  a  ~  max  {U~2,  p-2}. 


The  correction  to  the  tunnelling  current,  arising  due  to  the  changes 
in  the  density  of  states,  is  given  by 


81  =  —  enzW  (0)  v  T)  [  tanh  —  4y —  —  tanh  • 

(3.4.54) 

Substituting  the  expression  (3.4.44)  for  8v  (e,  T)  in  three  dimensions 
into  (3.4.54),  we  obtain 


8a  _  %  Y  T  x  /  eV  \ 

o0  2/2n2vZ)3^2  h  l  )  ’ 


(3.4.55) 


where 


<x> 

fi  (*)  =  j  dyf  (y)  [cosh-2  +  cosh-2^^  ]  ,  (3.4.56) 

0 

and  /  (i y )  is  defined  by  (3.4.39).  In  the  limit  as  x  oo,  fx  (x)  =  Y % 
and  at  x  <<  1 

fi  (*)  =  +  0  (x2),  Cl  =  -  4  y  nl  ( ■ \ )  »  10.35. 


As  has  already  been  mentioned,  there  is  a  large  amount  of  ex¬ 
perimental  data  on  the  tunnelling  anomalies. 

The  theory  set  forth  in  this  review  has  been  used  by  Altshuler  and 
Aronov  [25]  to  explain  voltage  dependence  of  tunnelling  resistance, 
observed  in  the  junctions  Al-I-Au  [31].  In  [32,  33]  the  tunnelling 
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anomalies  versus  resistivity  of  the  film  forming  the  junction  have 
been  investigated.  Dynes  and  Garno  [32]  have  examined  the  tunnel¬ 
ling  anomalies  in  the  Al-I-granular  A1  film  junctions  versus  the 
resistance  of  A1  films.  The  Y V  dependence  of  the  tunnelling  con¬ 
ductivity  is  plotted  in  Fig.  3.12.  It  is  seen  that  at  large  voltages  the 
tunnelling  conductivity  versus  applied  voltage  relation  fits  the  Y  V 


0  1.0  2.0  3.0  4.0  5.0  6.0  7.0  8.0  9.0  10.0  UO  12.0 


Y V  •  1 02  (V)  1/2 

Fig.  3.i 2.  Normalized  tunnelling  conductivity  versus  Y  V  f°r 
granular  aluminium  films.  At  low  voltages  there  is  a  singularity  connected 
with  the  superconducting  gap  [32]. 

dependence  in  accordance  with  (3.4.55),  (At  small  voltages  there  is 
a  singularity  related  to  the  superconducting  gap;  this  singularity  is 
not  connected  with  the  problem  in  question.)  The  slope  of  these 
curves  increases  with  resistance,  which  corresponds  to  deepening  of 
the  minimum  in  the  density  of  states.  As  seen  from  Fig.  3.12,  the 
root  singularity  in  the  density  of  states  exists  also  at  ppl  <  1  (the 


3.  Coherent  Effects  in  Disordered  Conductors 


169'- 


point  pfI  ~  1  corresponds  to  the  A147,  A18  samples).  If  the  expres- 
sion  (3.4.55)  is  represented  in  the  form 


do 


at  T  —  0,  then,  according  to  (3.4.55),  A  ~  Z>3  ~  p3.  The  A  versus; 
film  resistivity  p  relation  is  plotted  in  Fig.  3.13.  According  to  [32],. 


Resistivity  at  4.2  K  (ft -cm) 

Fig.  3.13.  A  versus  resistivity  for  A1  turns.  The  slope  of  a  straight 
line  equals  —2  [32]. 

experimental  data  fit  rather  the  curve  A  ~  p-2,  than  the  curve 
A  ~  p~3. 

McMillan  and  Mochel  [33]  have  examined  the  tunnelling  anomalies 
in  the  Al-I-amorphous  Gei-^Au^  junctions.  They  have  observed  the 
anomalies  of  the  tunnelling  conductivity  in  samples  with  different 
Au  concentration  ( x  =  0.08  to  0.2).  At  x  0.12  the  metal-insulator 
transition  has  been  found.  Figure  3.14  shows  the  relation  between 
the  tunnelling  conductivity  and  the  junction  voltage  at  different  x. 
In  the  metallic  region  the  minimum  in  the  density  of  states  deepens 
in  the  vicinity  of  the  transition  point,  and  at  the  transition  point 
the  density  of  states  at  the  Fermi  level  vanishes,  having  a  linear- 
dependence  on  energy  above  the  Fermi  level.  The  authors  suppose- 
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lihis  to  be  a  critical  behavior  of  the  density  of  states  at  the  transition 
point.  In  the  insulator  phase  an  energy  gap  (or  pseudo-gap)  appears. 


100  0  100 
V  (mV) 

Fig.  3.14.  Conductivity  of  a  tunnelling  junction  with  a  Ge^Au^. 
electrode  as  a  function  of  voltage  for  different  Au  concentrations  [33]. 


In  the  metallic  phase  at  x  —  0.2  experimental  data  fit  the  relation 
Sv/v  ~  e0*6.  We  see  that  the  exponent  value  is  close  to  0.5— the 
value  predicted  by  the  theory  [see  (3.4.44)]  [25]. 


3.4.3  Conductivity  of  Interacting  Electrons 

It  has  been  shown  in  Sec.  3.4.2  that  the  electron-electron 
correlations  lead  to  energy  and  temperature  dependence  of  the 
•density  of  one-particle  states  near  the  Fermi  level.  The  conductivity 
is  related  to  the  density  of  states  by  the  Einstein  relation  a  =  e2vD . 
We  therefore  may  expect  that  these  correlations  lead  also  to  non¬ 
trivial  conductivity  versus  temperature  and  frequency  relations 
[25,  26]. 

At  a  small  ratio  x/pF  the  main  contribution  to  the  state  density 
correction  comes,  as  shown  above,  from  the  exchange  interaction 
between  electrons  (see  Fig.  3.15).  Consider  first  the  temperature 
■dependence  of  the  conductivity,  arising  due  to  the  exchange  inter¬ 
action  given  by  Eq.  (3. A.  36): 

=  .(  d(s>-£r{acothw)  J 

—  oo 

'The  integral  over  q  in  this  expression  differs  from  the  corresponding 
integral,  which  enters  Eq.  (3.4.36)  in  a  factor  Dq2/( — ico  +  Dq2). 


3.  Coherent  Effects  in  Disordered  Conductors 


171 


According  to  Eqs.  (3.4.18)-(3.4.20),  at  q  <C  x  and  q  ~  j/" 

(3A57) 

and  at  q  <C  V" co/2)  this  product  vanishes  as  q  — >■  0.  Hence  the  con¬ 
ductivity  correction  in  one  and  two  dimensions  does  not  contain 
additional  logarithm  arising  due  to  the  singularity  in  the  screened 


Fig.  3.15. 


Coulomb  potential  V  (q,  co)  at  finite  co  and  q  0  [see  Eqs.  (3.4.18)- 
(3.4.20)].  As  a  result,  the  electron  charge  does  not  enter  the  expres¬ 
sion  for  V  (0,  co)  in  the  leading  approximation  in  the  parameter 
yt/pF  at  any  space  dimensionality. 

Substituting  (3.4.57)  into  (3.A.36),  we  find  that,  given  the  Coulomb 
interaction  between  electrons,  the  conductivity  correction  takes  on 
the  form 

8a  (T)  =  —  4  ^  Im  j  d®  ^  [®  coth  -^]  j  •  (3-4.58) 

0 

Integration  over  q  gives 

8a  (T)  =  -  Im  j  do  co~  ~  [co  coth  ,  (3.4.59) 
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where 

C(i  — 


1-H 
y 2n 
2L 

n 

(i-i)V2 


at  d~  3, 
at  d==  2, 
at  d—  1. 


(3.4.60) 


In  three  dimensions  the  integral  (3.4.59)  diverges  at  the  upper  limit. 
This  divergency,  however,  can  be  removed  by  subtraction  of  a  tem¬ 
perature-independent  constant.  As  a  result,  at  d  =  3  [25] 


6a  ^  =  10-  e2  0 -F  ^3,  (3-4-6i> 

where 

CO 


In  two  dimensions  the  integral  (3.4.59)  diverges  logarithmically. 
As  an  upper  limit  one  should  take  t-1— the  maximum  value  of  co 
up  to  which  the  diffusion  approximation  is  valid.  Therefore  at 
d  =  2  [27] 

*>(?) —ski*  Tt.  (3.4.62) 

At  d  =  1  the  conductivity  correction  has  the  form  [27] 

s°(n=2 y$y  ~Bi' 

oo 

(3'4'63> 

0 

It  is  seen  from  Eqs,  (3.4.61)  and  (3.4.62)  that  the  conductivity  cor¬ 
rection  increases  with  temperature,  i.e.  resistance  declines.  This 
means  that  the  considered  effect  leads  to  a  minimum  in  the  tem¬ 
perature  dependence  of  the  resistance. 

Consider  now  the  conductivity  versus  frequency  relation  at  Q  T. 
At 

co  coth  —co  —  2co9  (  —  co) . 

Substituting  this  expression  into  (3. A. 34),  we  see  that  the  integral 
over  co  of  the  first  term  vanishes  due  to  analytical  proper¬ 
ties  of  F :  all  singularities  of  F  (co)  lie  in  the  lower  half-plane.  There- 
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fore 

o 

6<j  (Q)  = — 2^iQ  )  co  ^co  [F  ( ”  ~  ico  —  i£2)  —  F(  —  —  ico)]. 

—  oo 

(3.4.64) 


Integrating  over  q  in  (3,  A.30)  and  substituting  the  obtained  expres¬ 
sions  into  (3.4.64),  we  obtain 

6o(Q)  = - -  j  ^  {2(W  +  £2)~-co“r-(co  +  2Q)~}, 

D  2  it ida3~d  _0° 


(3.4.65) 


where  Cd  is  given  by  (3.4.60).  In  two  dimensions  corresponding 
frequency  powers  are  replaced  by  In  to.  Integration  over  to  in  (3.4.65) 
yields  [25-27] 


5o  (Q)  =■• 


d- 2 

4 e*Ct,  2d<2  —  1  /  Q  \  2 

nda^-d  d(d-{-  2)  [  D  ) 


at 


d=  1,  3, 


at  d  =  2.  (3.4.66) 


These  formulae  describe  complex  high-frequency  conductivity  at 
Q  ;>  T.  Note  that  in  two  dimensions,  at  Q  >>  T7,  Im  6cr  does  not 
.contain  a  large  logarithmic  factor  and  does  not  depend  on  Q. 

JJp  to  now  we  have  taken  into  account  only  effects  of  the  electron 
exchange  interaction.  However,  to  each  graph  with  the  exchange 
interaction  shown  in  Fig.  3.15,  there  corresponds  a  graph  with  direct 
interaction,  a  Ilartree-type  graph.  The  graph  in  Fig.  3.16c  corres¬ 
ponds  to  the  graph  in  Fig.  3.15c  and  the  graphs  in  Fig.  3A6d,e  to  the 
graphs  in  Fig.  3.15d,c. 

As  in  the  case  of  the  density  of  states,  the  Hartree-type  graphs 
differ  from  the  “exchange”  graphs  in  that  the  former  contain  the 
potential  with  momentum  of  order  p p.  Therefore  the  sum  of  all 
Hartree-type  graphs  is  given  by  (3.4.59),  where  Cd  is  replaced  by 
—2 FCd.  Here 


C,  =  3(Vt‘)  .  (3.4.67) 

3  4  Yl  It 

The  difference  between  Cd  and  Cd  is  connected  with  the  fact  that  at 
large  momenta  the  factor  Dq2/(— ico  +  Dq2)  in  (3.4.57)  equals  unity. 
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All  corrections  to  the  DC  conductivity  associated  with  the  Hartree- 
type  graphs  are  in  fact  determined  only  by  the  changes  in  the  density 
of  states  due  to  the  Hartree  interaction: 

CO 

6o(T)^~eW  J  de 6v(e,  T)  — J~,  (3.4.68) 

-  go 

where 

(e)  =  [exp(~)  +  l]_1. 

Given  the  long-range  exchange  interaction,  Eq.  (3.4.68)  is  not 
valid,  so  it  is  possible  to  say  that  the  interaction  alters  the  density 
of  states  as  well  as  the  diffusion  coefficient. 


The  expression  (3.4.68)  can  be  obtained,  allowing  only  for  the 
graphs  in  Fig.  3. 16a, 6.  The  contribution  of  the  graph  in  Fig.  3.16a 
is  two  times  larger  than  that  of  the  graph  in  Fig.  3.166  and  has  a 
reversed  sign.  The  diagrams  in  Fig.  3.16c, d,e  cancel  out.  This  can  be 
shown  by  the  method  used  in  [13]. 

As  in  quasi-one,  quasi-two  and  three  dimensions,  at  x/2pp  1,  the 
value  of  F  can  be  larger  than  unity,  the  sum  of  the  exchange  and 
Hartree  contributions  to  the  conductivity  can  change  its  sign  with 
electron  concentration  [28].  However,  as  discussed  in  Sec.  3.4.2,  the 
expression  (3.4.38)  for  F  is  valid  only  at  x/2p-p  <c  1. 
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Consider  now  the  effect  of  the  interaction  in  the  Cooper  channel 
on  the  conductivity.  To  account  for  this  effect,  it  is  sufficient  to 
consider  only  the  diagrams  in  Fig.  3.17  [13].  The  contributions  of 
other  graphs  cancel  out.  Diagrams  in  Fig.  3.17c,/—  the  so-called 
Maki-Thompson  diagrams  [34]— describe  the  effect  of  superconduct¬ 
ing  fluctuations  on  the  conductivity  near  the  normal  metal-super¬ 
conductor  transition  point.  These  diagrams  will  be  dwelt  upon  in 
the  next  section. 

As  far  as  the  graphs  in  Fig.  3.17a,fe,d,c  are  concerned,  their  con¬ 
tribution  to  the  conductivity  is  related  to  the  state  density  correc- 


Fig.  3.17. 


tion  due  to  the  Cooper  channel  interaction  by  the  relation  (3.4.68). 
As  a  result,  we  have 

A_i 

6tT=d)(7,)==4jImC^0(7’)(^-)2  at  d=  1,  3,  (3.4.69) 

where  Xc  ( T )  is  defined  by  Eq.  (3.4.51)  at  T  ^  e. 

In  two  dimensions,  accounting  for  the  co  and  q  dependence  of  the 
coupling  constant  (3.4.27),  as  in  the  case  of  the  state  density  correc¬ 
tion  we  obtain 

6a<2)(r)=^-lnl±^^.  (3.4.70) 

1+Mn-J- 

The  conductivity  corrections,  arising  due  to  the  Cooper  channel 
interaction,  have  a  temperature  dependence  somewhat  different 
from  that  given  by  Eqs.  (3.4.61)-(3.4.63)  (due  to  the  ^-dependence 
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•of  A,c).  Moreover,  they  strongly  depend  on  magnetic  field  in  the 
range  of  classically  weak  magnetic  fields.  Arising  magnetoresistance 
.will  be  discussed  in  Sec.  3.7. 


3.4.4  Superconducting  Fluctuations  and  Temperature 
Dependence  of  Conductivity 


Superconductivity  is  the  most  strong  quantum  coherent 
effect  in  metals.  At  temperatures  above  the  critical  point  there  are 
superconducting  fluctuations,  the  contribution  of  which  to  the  con¬ 
ductivity  is,  to  a  large  degree,  analogous  to  the  quantum  corrections 
discussed  above.  It  is  possible  either  to  consider  these  corrections  to 
the  conductivity  as  the  contribution  of  superconducting  fluctuations 
in  the  limit  of  weak  electron-electron  interactions,  or  to  consider 
the  contribution  of  superconducting  fluctuations  as  quantum  cor¬ 
rections. 

In  general  superconducting  fluctuations  are  described  by  the 
correlation  function 


.(A  (0,  0)  A*  (r,  t))  =  (oj)2  (0,  0)a|)+2  (r,  *)>. 


In  the  ladder  approximation  the  correlation  function  takes  on 
:the  form 


(AA*)q,  co 


>v20nc 

i  —f—  ^-§nc  ’ 


(3.4.71) 


where  nc  is  the  correlation  function  of  noninteracting  electrons, 
which  is  found  by  summation  of  the  Cooper  propagator  over  Matsu- 
bara  frequencies: 

nc(Q,  0))  =  4jtf  2  tCq[|  CO  |+2jxr(2«  +  l)].  (3.4.72) 

?O>0 


Here  Cq  is  given  by  (3.2.21). 

Superconducting  fluctuations  give  two  contributions  to  the  con¬ 
ductivity,  having  different  physical  origin.  The  first  one  (the  Aslama- 
zov-Larkin  correction  [35])  arises  due  to  the  fact  that  fluctuating 
pairs  have  a  charge  and  can  carry  electric  current.  The  second  one 
(the  Maki-Thompson  correction  [34])  is  connected  with  the  electron 
scattering  by  fluctuations  and  has  a  singularity  at  small  frequencies 
03  ~  t^1.  We  therefore  consider  only  the  second  contribution, 
bearing  in  mind  the  case  x^1  <  f  -  rc.  This  contribution  is  shown 
in  Fig.  3.17c,/.  The  square  in  this  figure  is  associated  with  the  am¬ 
plitude  in  the  Cooper  channel  (with  a  small  total  momentum): 

^(n)=x.+  (AA«>—  1+1^(a) 


(3.4.73) 
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It  is  convenient  to  express  X^  (£2)  in  terms  of  the  temperature- 
dependent  constant  X  (T): 

1  (3.4.74) 


Xq  (Q) 


i|)  ( 


(± 


Q  +  DQ2 


2nT 


where 

X(2’)  =  >.S(0)  =  (V+ln^-)"1 


(3.4.75) 


and  7C  is  the  temperature  of  the  superconducting  transition: 


If  in  the  electron-electron  interaction  repulsion  prevails,  X0  >  0, 
the  superconducting  transition  is  absent  and  the  parameter  Tc  has 
only  a  formal  meaning.  In  this  case  the  interaction  Xc  ( T )  is  positive 
at  all  temperatures  and  vanishes  logarithmically  at  low  temperatures. 
The  constant  X0  is  equal  to  the  effective  interaction  at  T  ~  ©D.  It 
is  expressed  in  terms  of  the  Coulomb  coupling  constant  A,COui  and 
the  phonon  exchange  constant  Xvh  [36]: 


Arn  - z  X 


ph  "T 


A-Coul 


t  +  Acoul  ln 


cod 


(3.4.76) 


The  set  of  ladder  diagrams,  consisting  of  solid  and  dashed  lines, 
vanishes  as  a  result  of  integration  over  (dp),  when  energy  variables  e 
and  el7  corresponding  to  one-particle  Green  functions,  have  the  same 
signs.  For  opposite  signs  this  set  is  equal  to  Cq  (|  8  —  8X  |).  As  a 
result,  the  contribution  to  the  conductivity  given  by  the  diagrams 
in  Fig.  3.17r,/  at  Matsubara  frequencies  co  —  2 nnT  >  0  is  equal  to 

5 =  2  {  ^1G(e)G(si)G(e-a>)G(ei  +  a) 

0<E<  CO 

-CD<8i<lO 

X  (  (d9)CQ(e-e1)CQ(2(D  +  e1-e)^(|e  +  e1  |).  (3.4.77) 


Here  e  =  nT  ( 2n  +  1)-  The  product  of  two  cooperons  is  convenient 
to  represent  as  a  sum 

Cq  (8  —  8,)  Cq  (2(0  —  8  +  8j)  =  -j-  Cq  (co)  [Cq  (e  —  8,) 

+  Cq(2(0-8  +  81)].  (3.4.78) 

The  second  term  is  reduced  to  the  first  by  the  substitution  co  —  e  ->■ 
e,  co  +  s1  — 8i,  because  other  terms  in  Eq.  (3.4.77)  do  not 
change  upon  this  substitution.  Integrating  in  this  formula  over 


12-0251 
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(dp)  and  substituting  Q  —  8  for  ex,  we  obtain 

6oglT  (©)  Dr  j  (d0)  CQ  (co)  p  (T),  (3.4.79) 

£op(r)  =  2nr-|  {-|~^(0)  [Cq  (2b)  —  Cq  (2e  +  2©)] 

4-  2  ^Q(0)[CQ(2s  +  Q)-e’Q  (2e  +  2co-fi)]}  .  (3.4.80) 

fi»Q>0 

e>0 

Near  the  superconducting  transition  point  the  first  term  in  braces 
in  (3,4.80)  is  greater  than  other  terms,  since  (0)  increases  as 
T  T c.  This  term  is  seen  to  be  analytical  in  the  region  Re  co  >  0y 
as  the  function  Cq  (co)  is  analytical  in  this  region.  To  continue 
(3.4.80)  analytically  in  0,  we  rewrite  the  expression  under  ^  a$ 
a  sum  of  terms  analytical  at  Q  >  0  and  Q  <  0: 

1%  (Q)  C  (2e  +  Q)  -  [Xq  (Q)  -  XCQ  (2b  +  2©  +  Z)Q2)] 

X  C  (2s  +  2(0  —  Q)  -  JiQ  (2e  +  2©  +  Z)Q2)  C  (2e  +  2©  -  £2) .  (3.4.81) 

The  function  C  (£2)  has  a  simple  pole  dependence  on  its  argument* 
and  the  function  (Q)  is  analytical  at  Re  £2  >-  0,  therefore  the 
first  two  terms  are  analytical  at  Re  Q  >  0.  To  sum  each  of  these 
terms,  we  replace  V  by  V.  —  V .  The]  last  term  in  (3.4.81) 

0<Q<(0  0<£ 

is  analytical  at  Re  Q  <  0,  hence  the  corresponding  substitution  is 
2  2  ~~  2*  Perf°rmin^  this  shift  in  the  sums  over 

0<Q«o  Q<o)  Q<0 

we  obtain  the  expression  for  (3,  analytical  at  Re  0  >  0: 

pcn=— 2  S^qO^d (c(2b+)qd 

e>o  a 

—  O  (2c  - —  j  ^  j  20)  -f"  2  sgn  QXq  (|  £2  j  -f-  0)  0  (2c  -'-J-  ^  0) 

+  2Xq  (2e  +  2©  +  £Q2)  [C  (2e  — £2  +  2©)  —  C(2e  — £2  +  ©)]}.  (3.4.82) 

In  the  limit  of  small  ©  and  Q  we  find 

M?1) = ~  2 cos  (i  Q  i)  -  2  4  <2e)  (2nT)z  •  (3-4-83> 

Q  e>0 

Substituting  (3.4.74)  into  this  expression,  we  obtain  p  ( T )  as  a 
function  of  the  effective  electron-electron  interaction  constant 

X  (T)  =  —  ^ln^-j  .  This  function  is  tabulated  for  different 
temperatures  in  [37].  In  the  limit  T  -*•  Tc,  —  X  (T)  >  1  and  only  the 
term  with  Q  =  0  in  (3.4.82)  is  important,  p  being  equal  to  —%  (T)  -g. 
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and  the  expression  for  the  conductivity  transforming  into  the  Thomp¬ 
son  result  [34].  In  the  opposite  case  of  high  temperatures,  T  >  TCj 
|  %  ( T )  |  <c  1,  the  parameter  (3  ( T )  is  inversely  proportional  to  the 
square  of  temperature  logarithm.  The  same  dependence,  but  with  a 
different  factor,  has  been  obtained  in  [38], 

Note  that  the  function  |3  ( T )  and,  consequently,  the  conductivity 
correction  connected  with  this  interaction,  are  positive  independently 
of  the  sign  of  the  interaction  X0: 

{2n]/Z>rlp  at  <2  =  1, 

In  Trv  at  d  =  2,  (3.4.84) 

(Dt«p)_1/2  at  d  =  3. 

In  two  dimensions  at  temperatures  near  Tc  it  is  necessary  to  replace 
T  by  T  —  Tc  under  the  sign  of  logarithm. 

Thus,  the  Maki-Thompson  fluctuation  correction  together  with  the 
localization  correction  lead  to  expressions  (3.2.23)  times  1  —  (3  ( T ). 
In  the  case  of  attraction  |3  ( T )  increases  with  decreasing  temperature; 
at  T  <  2.7rc  the  effect  of  the  interaction  exceeds  the  localization 
effect  in  the  ideal  gas,  and  the  total  quantum  correction  to  the  con¬ 
ductivity  becomes  positive.  In  the  case  of  repulsion  X  (T)  and,  con¬ 
sequently,  |3  ( T )  vanish  logarithmically  with  decreasing  temperature* 

3.5  TEMPERATURE  DEPENDENCE  OF  CONDUCTIVITY: 

EXPERIMENT 

At  present  there  is  a  large  amount  of  experimental  data, 
concerning  the  temperature  dependence  of  the  conductivity  in 
various  disordered  conductors:  amorphous  metals,  disordered  alloys, 
metallic  glasses,  degenerate  semiconductors  and  semi-metals  with 
high  defect  concentration. 

As  in  other  sections  of  this  review,  we  do  not  aim  at  discussing 
all  available  data,  but  restrict  ourselves  to  those  experimental  works 
in  which  comparison  with  the  theory  has  been  performed. 

Table  3.5.1  contains  the  quantum  corrections  to  the  conductivity 
due  to  localization  effects  (Chapter  3.2)  and  to  the  electron-electron 
interaction  (Chapter  3.4).  It  is  seen  that  in  three  dimensions  the 
quantum  corrections  due  to  the  interaction  are  larger  than  corres¬ 
ponding  localization  corrections  in  a  parameter  ]/  1.  In  two 

dimensions  both  types  of  corrections  are  practically  the  same 
and  in  quasi-one  dimension  the  localization  corrections  are  larger 
than  the  corrections,  arising  due  to  the  interaction,  just  in  the  same 
parameter.  In  all  metallic  glasses  the  temperature  dependence  of 
resistivity  has  a  minimum,  probably,  of  a  non-Kondo  origin  [39,  40]. 
This  minimum  can  be  naturally  explained  in  terms  of  the  electron- 
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Table  3.5.1.  Temperature  Dependence  of  Resistance  and  the 
Hall  Coefficient 


Interaction 

Localization 

d  =  1,  3 
&RM{T) 

e 2  |  j*  2 

«.  4-  /( T-') 

R 

XeSt  n  vd  o  ~  Fd 

*  Fd(ff)  vd 

03 

« 

8i?c,(D 

*□ 

,  Bln 

Rcln~r 

e  2^p  Ly 

-  W  ln  i 

§/?H 

O  8 R(T) 

R 

0 

Dimensionality 

crossover 

a  <  Lt=  y  -jr- 

a  <C  Lty  =  '[/' 

V2=^A  is  the  cross-sectional  area,  V3  =  1. 

Given  only  the  exchange  and  Hartree  interactions, 


electron  interaction  in  disordered  metals.  Estimations  show  that 
the  temperature-dependent  correction  to  resistivity  has  a  right  order 
of  magnitude  and  changes  with  residual  resistivity  as  predicted  by 
Eq.  (3.4.61). 

The  temperature  and  frequency  dependence  of  the  conductivity 
was  measured  in  phosphorus  doped  silicon  [28L  The  conductivity 
was  found  to  increase  with  decreasing  temperature  according  to  the 
law  (Fig.  3.18) 

a  (T)  -  0O  +  mTfi, 

where  P  ranges  from  0.3  to  0.7.  The  a  versus  T  curves  for  |3  equal  to 
1/3  and  1/2  are  plotted  for  comparison  in  Fig.  3.18.  Note  that  the 
sign  of  the  temperature-dependent  correction  to  the  conductivity  is 
opposite  to  that  given  by  exchange  effects:  the  conductivity  in¬ 
creases  with  decreasing  temperature.  Figure  3.19  shows  the  coeffi¬ 
cient  m  as  a  function  of  electronic  concentration.  In  the  whole  range 
of  investigated  concentrations  0  except  for  the  immediate  vicin¬ 
ity  of  the  metal-insulator  transition  point  nc,  where  m  becomes 
positive. 
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Fig.  3.18.  a  versus  T  for  Si:P;  n  —  4.5  X  1018  cm-3.  Temperature 
dependences  for  various  impurity  concentrations  are  shown  in  another  scale 
in  the  insert  [28]. 

As  shown  in  Sec.  3.4.3,  allowing  both  for  the  exchange  and  Hartree 
terms,  the  conductivity  correction  takes  on  the  form* 

m ~  l ' -  -h 10  <*  ■ +  ■ *>  ]  ■  Y% 

(3.4.61a) 

where 

At  x  1,  /  {x)  -*■  1;  at  x  ~  1.2,  /  (x)  changes  its  sign.  The  negative 
sign  of  the  temperature  correction  to  the  resistivity  was  explained  in 
[28]  by  the  fact  that  in  these  experiments  x  <  1.2. 


*  Note  that  the  numerical  factor  in  (3.4.61a)  is  equal  to  2.16,  i.e. 

it  is  three  times  larger  than  the  factor  A  =  0.72  [28].  Experiment  gives  A  = 
=  1.7  ±  0.5. 


B.  L.  Altshuler  et  aL 


The  theoretical  curve  for  the  coefficient  m  given  by  (3.4.61a)  is 
plotted  in  Fig.  3.19.  The  curve  is  seen  to  fit  well  the  experimental 
data.  In  the  vicinity  of  the  metal-insulator  transition  point  screening 


4  6  8  10  12  14 

n(l0'e-cm'3) 

Fig.  3.19.  in  versus  concentration.  Solid  line  is  calculated  from 
Eq.  (3.4.61).  Dashed  line  shows  qualitatively  the  approach  to  the  metal-insulator 
transition  [28]. 


becomes  less  effective  and  x  -v  0.  Therefore  /  (x)  again  changes  its 
sign. 

As  shown  in  Sec.  3.4.3,  when  the  nonideality  parameter  of  the 
electron  gas,  x/pp,  is  large,  there  are,  besides  Hartree  corrections, 
many  other  contributions,  which,  though  not  altering  completely  the 
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temperature  dependence,  must  change  the  expression  for  /  (x).  Hence 
the  fact  that  the  theory  accounting  only  for  the  exchange  and  Hartree 
corrections  is  in  good  agreement  with  experimental  data  implies 
merely  that  higher-order  corrections  in  x/pp  are  numerically  small. 

In  the  low-frequency  range,  at  Hca  T,  o  (co)  increases  with 


[p(7)-p(0.4K)}l06(Q.cm) 


Fig.  3.20.  Resistivity  versus  temperature  for  plastically  deformed 
bismuth.  Residual  resistivity  increases  with  increasing  number.  The  curve  11 
is  given  in  a  reduced  scale  [41]. 


frequency  when  n  =  3.84  X  1018  cm-3,  i.e.  in  the  vicinity  of  the 
metal-insulator  transition  point  [28].  This  contradicts  the  simple 
Drude  theory,  which  asserts  that  a  (co)  declines  with  increasing 
frequency.  Near  the  transition  point  the  theory  exposed  in  Sec.  3.4.3 
is  not  valid.  However,  it  can  be  used  qualitatively,  since  the  crite- 
rium  of  its  validity  consists  in  smallness  of  the  parameter 


^eff 


V  COT 
(pfD2 


<  1  rather  than  of  the  coupling  constant.  Hence  we  can 


compare  the  scales  of  the  conductivity  variations  with  frequency 


and  temperature.  In  the  temperature  range  from  zero  to  40  K  the 


conductivity  appears  to  change  by  a  factor  of  2,  as  well  as  in  the 
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frequency  range  from  zero  to  40  cm-1  at  T  =  2  K,  and  at  %<$  > 
>f  ^2K  it  is  temperature-independent  [28].  The  resistivity 
versus  temperature  relation  in  a  bismuth  sample  with  plastic  strains 
has  been  obtained  in  [41].  The  sample  resistivity  increased  with 
strain,  its  temperature  dependence  changing  simultaneously.  In 


rV2(Ky2) 


Fig.  3.21.  p  versus  Y  T  [41].  p  (0.4  K)  is  given  in  ohm  *cm:  1 — 
7.36  X  10~6;  2 — 1.13  X  10~4;  3-2.47  X  10~4;  4-6.22  X  10~6;  p  (1.3  K)  = 
=  1.9  X  10“3  ohm -cm  (5). 

strongly  deformed  samples  the  resistivity  as  a  function  of  tempera¬ 
ture  has  a  minimum  (Fig.  3.20).  At  T  <  rmin  the  experimental  curve 
fits  the  Yt  law  (Fig.  3.21),  which  is  an  evidence  of  the  electron- 
electron  interaction  effect.  According  to  the  theory,  Sp  ( T )  should 
be  proportional  to  p5/2  (0).  Experimental  points,  however,  fit  rather 
the  curve  Sp  (T)  ~  p  (0).  Note  that  the  correction  to  the  density  of 
states  in  experiments  with  granular  aluminium  films  [32]  appears 
to  be  proportional  to  p  and  not  to  p3/2,  as  the  theory  predicts. 

Experimental  investigations  of  the  temperature-dependent  cor¬ 
rections  to  the  conductivity  have  been  carried  out  on  a  series  of 
systems,  e.g.  inversion  layers  in  silicon  [42,  431,  thin  Au-Pd  [44,  45] 


3.  Coherent  Effects  in  Disordered  Conductors 


185 


and  Cu  [46]  films.  In  all  these  experiments  the  resistivity  increases- 
logarithmically  with  decreasing  temperature. 

As  we  have  shown,  both  types  of  corrections  (due  to  the  localiz¬ 
ation  and  to  the  interaction)  lead  to  logarithmic  growth  of  the 
resistivity  with  decreasing  temperature,  but  numerical  factors  in 
front  of  logarithm  are  different.  If  ~  T~v ,  the  localization  cor¬ 
rections  take  on  the  form  (see  Table  3.5.1) 

I3'5'1) 


Interaction  effects  give  the  same  expression,  but,  instead  of  p,  in  the 
lowest  order  in  the  nonideality  parameter  of  the  electron  gas  we  have 
in  this  case  a^nt  =  1  —  F ,  or,  in  general,  a =  Xetf.  Therefore, 
to  compare  the  theory  with  experiment,  it  is  necessary  to  obtain 
experimentally  the  temperature  dependence  of  the  conductivity 
and  to  determine  the  prelogarithmie  factor. 

As  shown  in  Chapter  3.3,  a  constant  electric  field  does  not  affect 
the  localization  in  the  absence  of  heating.  If  the  heating  of  the 
electron  gas  is  allowed  for,  then  all  expressions  with  or  without  the 
interaction  should  contain  the  electronic  temperature,  which  depends 
on  electric  field  [7].  The  electronic  temperature  is  defined  by  the 
relation 


eELe_ ph  ~  Te,  (3.5.2) 

where  Le_ ph  =  ]/ D Te_ph,  te_pll  is  the  time  of  the  electron  energy 
relaxation  due  to  the  electron-phonon  scattering.  Therefore,  if 
Telph  ~  Tv',  the  prelogarithmie  factors  in  the  expressions  de¬ 
scribing  the  field  dependence  of  the  conductivity  at  Te  T ,  where  T 
is  the  thermostat  temperature,  are  equal  to 


a 


i 

E 


2  p 

2  +  p' 


(3.5.3)- 


for  the  localization  correction  and  to 


«st  =  p)  (3-5-4)- 

for  the  correction  due  to  the  interaction.  Thus,  the  temperature  de¬ 
pendence  of  the  electron  energy  relaxation  time  can  be  obtained 

from  the  ratio  —  =  0P  .  In  fact,  the  logarithmic  growth  of  the 

C&j1  z 

conductivity  with  the  field  with  p'  =  3  has  been  observed  in  [40,  47]. 

In  many  experiments  on  the  temperature  dependence  of  the  con¬ 
ductivity  it  has  been  found  that  a\  +  a*?*  =  aT  =  1  [42-45,  47,  48]. 
Only  in  pure  copper  films  aT  changes  with  increasing  resistance  from 
3  to  2  [46].  According  to  (3.4.47),  the  corrections  arising  due  to  the 
electron-electron  interaction  are  proportional  to  a  factor  (1  —  F)r 


If  V  (C  14/  {/(£  I*  aL 


which,  in  the  case  of  copper,  equals  0.4  [46];  therefore  the  interaction 
effects  are  numerically  small  and  the  observed  growth  of  resistance 
may  be  accounted  for  by  the  localization  corrections.  This  means 
that  in  these  experiments  aT  changes  from  3  to  2  with  increasing 
resistance.  In  the  limit  of  low  impurity  concentration  p  =  3  for 
the  electron-phonon  scattering. 

Given  a  large  film  resistance,  the  value  p  =  2  can  be  accounted 
for  by  two  effects:  (a)  with  decreasing  film  thickness  phonons  become 
two-dimensional  and  the  electron-phonon  scattering  by  these  phonons 
gives  p  =  2  [6];  and  (b)  the  elastic  electron  scattering  taken  into 
consideration,  the  electron-phonon  scattering  also  gives  p  =  2  [49]. 
The  last  explanation  seems  to  be  more  correct.  The  situation  becomes 
much  more  complicated  when  we  try  to  allow  for  the  data  obtained 
in  [42-45,  47].  Perhaps,  the  localization  effects  are  suppressed  by  a 
temperature-independent  phase  breaking  mechanism  (e.g.  by  a 
sufficiently  strong  spin  scattering).  This  is  confirmed  by  the  measure¬ 
ments  of  the  Hall  effect  in  silicon  MOS-structures  [43].  It  has  been 
shown  that  at  a  sufficiently  small  resistance  the  relation 


6i?H  &R(T) 

Rn  R 


(3.5.5) 


where  8R  ( T )  is  the  temperature-dependent  correction  to  resistance, 
is  valid.  According  to  the  theory  [27,  50]  (Sec.  3.6.3),  this  relation 
holds  only  if  the  localization  corrections  to  8R  ( T )  are  small  and 
8R  ( T )  =  Affint-  According  to  [43],  Eq.  (3.5.5)  is  valid  unless  hop¬ 
ping  conductivity  appears,  when  the  ratio  8R^R/8R(T)Ru  changes 
from  2  to  1. 

The  temperature  dependence  of  the  conductivity  has  been  investi¬ 
gated  in  thin  wires  [45,  48,  51].  Careful  experiments  on  AuPd  wires 
with  triangular  cross  section  [45,  48]  have  shown  that  the  resistance 
correction  obeys  the  relation 


6R  (T)  1 

R  ~ aV?  ’ 


(3.5.6) 


wdiere  A  is  the  wire  cross-sectional  area,  and  does  not  depend  on  the 
wire  length.  The  experimental  relation  (3.5.8)  is  in  agreement  with 
the  interaction  theory  (Table  3.5.1).  On  the  other  hand,  according 
to  (3.4.24),  the  electron-electron  relaxation  time  Tee  in  quasi-one 
dimension  is  proportional  to  AlV  h  As  a  result,  8R(T)/R  ~ 
~  T-V*A~V\  which  does  not  agree  with  the  experiment.  Our 
assumption  concerning  a  strong  effect  of  the  Nyquist  noise,  leading 
to  the  relation  6 R(T)JR  ^  T~1/3A  ~2/3,  also  disagrees  with  the 
experiment.  We  therefore  may  think  that  in  the  experiments  [45,  48] 
the  temperature  dependence  of  the  resistance  arises  due  to  the 
electron-electron  interaction.  Analogous  results  have  been  obtained 
with  thin  narrow  amorphous  W-Re  films  [51].  However,  in  these 
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experiments  the  Maki-Thompson  correction,  subtracted  from  experi¬ 
mental  curves,  is  quite  evident. 

Thus,  the  whole  set  of  experimental  data  shows  that  in  the  tem¬ 
perature  dependence  of  the  resistance  the  interaction  effects  prevail, 
except  for  copper  [46],  where  the  interaction  and  localization  effects 
give  the  same  contribution. 

3.6  HALL  EFFECT 

3.6. 1  Introduction 

Here  we  shall  calculate  the  Hall  coefficient  in  impure 
metals,  taking  into  account  both  the  effects  of  quantum  interference 
and  the  electron-electron  interaction*. 

In  the  presence  of  an  external  field  H  and  a  measuring  electric 
field  E  the  electron  kinetic  energy  may  be  written  as 

^  =  l^r[p  (Al  +  Aa)]  +  + 

■+  2m c2  (Al  Aa)2’  (3.6.1; 

where  iQAx/c  =  E  and  i  [k  X  Aa]  =  H.  We  choose  the  following 
gauge:  k-A2  =  0.  The  Hall  current  is  proportional  to 

(E  x  Hj  =  B.  {A2  (k •  A,)  —  k  (Aj •  A2)}.  (3.6.2 

Calculating  the  Hall  conductivity,  we  shall  pay  attention  onk 
to  the  terms  proportional  to  A2  (k*  Ax).  It  is  evident  that  the  thirc 
term  on  the  right-hand  side  of  Eq.  (3.6.1)  does  not  lead  to  such  terms 
Therefore  the  Hall  conductivity  can  be  evaluated  by  inserting  inti 

the  graphs  for  the  conductivity  an  additional  vertex  ~  A2*p 

arising  from  the  second  term  on  the  right-hand  side  of  (3,6.1).  Thus 
the  graph  in  Fig.  3.22a  is  associated  with  the  following  contribution 
to  the  current: 

ia  -  j  (dp)  GR  (p)  Gr  (p  +  k)  G A  (p)  (Aj  •  p)  (A2  •  p)  ( p  +  4 )  • 

(3.6.2 

To  obtain  the  term,  proportional  to  A2  (k-Ax),  we  must  expand  th 
Green  function  GR  (p  +  k)  in  powers  of  k.  As  a  result,  ja  appears  t 


* 


This  chapter  is  close  to  paper  [50]. 
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be  proportional  to  an  integral  over  the  angles  of  p 
J  dOp(Arp)  ( A2 •  p)  (p-k)-p~  -jyrfTf 

X  t(k.  At)  A2  +  k  (At  •  A2)  +  (k .  A2)  At].  (3.6.4) 

The  contribution  to  the  electric  current,  proportional  to  the  combi- 


Fig.  3.22. 


nation  of  vector  potentials  of  interest,  is 

S«^'W-(Al-k>A2-  (3-6.5) 

As  ja  =  the  Hall  conductivity  takes  on  the  usual  Drude  form 


» xy 


m2c 
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(3.6.6) 


3.6*2  Hall  Effect  for  Noninteracting  Electrons 


Feynman  graphs  for  the  quantum  corrections  and  Hall 
conductivity  are  shown  in  Fig,  3.23.  The  correction  to  the  Hall 
current  has  the  form 


h  : 


2e3Q 


2  nm^c 


TC(r,  r)P, 


(3.6.7) 


where  C  (r,  r)  is  the  cooperon  with  coinciding  coordinates  and 

P  =  ~  j  (dp)  [(GR  (p))®  (6a  (p))2  (GR  (p))2  (Ga  (p))3] 

X(A1-p)(A2-p)(k-p)(  — p).  (3.6.8) 

Finally,  the  Hall  conductivity  correction  appears  to  be  twice 
as  large  as  the  conductivity  correction: 

So  xy O 
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As  for  the  experimentally  measured  Hall  coefficient,  we  obtain 
[50,  52] 


di?H  =  0.  (3.6.10) 

This  result  could  be  expected,  since  in  the  absence  of  the  interaction 
the  interference  leads  only  to  renormalization  of  the  scattering 


Fig.  3.23. 


time  t  rather  than  the  density  of  states  v.  As  %  does  not  enter 
Eq.  (3.6.6)  for  the  Hall  coefficient,  in  the  absence  of  the  interaction 
the  correction  to  Z?h  should  also  equal  zero. 


3.6.3  Hall  Effect  for  Interacting  Electrons 

To  evaluate  the  correction  to  the  Hall  conductivity  aris¬ 
ing  due  to  the  electron-electron  interaction,  we  must  insert  the 
magnetic  vertex  eA2--p/mc  into  the  conductivity  graphs  shown  in 
Eig.  3.15. 

As  shown  in  Chapter  3.4,  the  contributions  of  the  graphs  in 
Fig.  3.15a-c  to  the  conductivity  cancel.  The  same  happens  when 
we  calculate  the  Hall  conductivity.  The  contribution  to  the  Hall 
conductivity  of  the  graphs,  obtained  from  the  diagrams  shown  in 
Fig.  3.15d,£  can  be  found,  having  calculated  the  element  M  equal 
to  the  sum  of  the  diagrams  shown  in  Fig.  3.24.  Note  that  M  is  pro¬ 
portional  to  q.  Therefore,  separating  the  terms  linear  in  q  and  k, 
we  obtain  the  following  expression  for  the  contribution  of  the  graph 
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in  Fig.  3.24a: 

M0=  j  (dp)  (As  •  p)  (p  -  q)  GA  (p  -  k)  GA  (p)  [ G R  (p  -  q)]2 
=  {  (<*p)  {(A2  •  p)  q  (  k  •  £)  [GR  (p)]2  [Ga  (p)]» 

+  2  (A2-p)  p  (  k-~)  (q-^)[GR(p)P[£A(p)]2}.  (3.6.11) 

After  integrating  over  the  angles  of  p  the  first  term  on  the  left-hand 


(a)  <t>)  <c> 

Fig.  3.24. 


side  of  (3.6.11)  will  be  proportional  to  (Aa-k)  q  =  0, 

M6  =  j  (dp)  (A2  •  p)  (p  +  k)  Ga  (p  +  q)  Gn  (p)  [Gn  (p  +  k)]2 

=  j  (dp)  (Az •  p)  {k  (q-i)  [<?A  (p)]2  [GR  (p)]3 

+  2P  (q-ir)  (k~)fGA(P)]2[G.2(p)l4},  (3.6.12) 

M0  =  j  (dp)  (A2-  p)  pGA  (p  +  q)  [Gr  (p)]2  Cb  (p  +  k)  ' 

=  j  (^)(A2.p)p-^-i3-FL[GE(p)]MGA(p)l2.  (3.6.13) 

Finally,  allowing  for  div  A2  ==  0,  we  find 

Ma  +  Mb  +  Mc-  J  (dp)  {(A2-p)p-~^--~~2  [GR  (p)]3  [GA(p)]3 

+  3  [Ga  (p)]2  [Gr  (p)]4  +  (A2  -p)  k  [Ga  (P)p  [Gr  (p)]2} .  (3.6.14) 

Integration  over  the  angles  of  p  yields  combinations  A2  (q-k), 
q  (A2*k)  and  k  (q*A2),  which  should  be  multiplied  by  q- Ax  and  in¬ 
tegrated  over  q.  The  expression  (A1*k)  A2  arises  only  from  the  com¬ 
bination  A2  (q-k),  given  by  the  first  term  on  the  right-hand  side  of 
Eq.  (3.6.14).  Note  now  that  the  integral  over  p  of  the  expression  in 
square  brackets  equals  zero.  Thus, 

Scth  =  0. 


(3.6.15) 
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The  Hartree  and  Cooper  terms  taken  into  account,  this  result  does- 
not  change. 

From  (3.6*15)  we  obtain  the  expression  for  the  correction  to  the 
Hall  coefficient  (a  rule  of  two) 


6Bh  _  9  6R 
Rr  ~  R  ' 


(3.6.16); 


3.7  ANOMALOUS  MAGNETORESISTANCE 

3.7.1  Magnetoresistance  of  Noninteracting  Electrons 

The  problem  of  anomalous  magnetoresistance  (AMR)* 

is  one  of  the  still  unsolved  problems  of  the  semiconductor  kinetics.. 
The  AMR  can  be  either  positive  (e.g.  in  p- Ge  [53,  54]),  or  negative 
( n-Ge ,  GaAs,  Te,  etc.).  Peculiar  features  of  the  AMR  consist  in 
that  (a)  the  AMR  does  not  depend  on  the  direction  of  magnetic  field 
with  respect  to  the  current  direction  and  can  be  either  longitudinal 
or  transverse;  (b)  the  AMR  arises  in  magnetic  fields  weak  in  classical 

sense  (i.e.  coct  <<  1,  where  cdc  =  ~  is  the  cyclotron  frequency )  . 

The  latter  fact  is  very  difficult  to  account  for,  because  it  shows  that 
there  is  a  new  characteristic  scale  of  magnetic  fields.  This  scale 
should  be  small  in  comparison  with  the  scales  both  of  a  classical 
field,  defined  by  the  relation  coc'T  ~  1,  and  a  quantum  magnetic 
field  (he oc  —  e,  where  s  is  a  characteristic  electron  energy).  Another 
peculiar  feature  of  the  AMR  phenomenon  is  that  the  scale  in  question 
is  temperature  dependent. 

The  quantum  corrections  connected  with  the  localization  are  very 
sensitive  to  magnetic  fields  [50].  Switching  on  a  weak  magnetic 
field  depresses  localization  effects  and  increases  the  sample  conduc¬ 
tivity,  leading  thus  to  a  negative  magnetoresistance.  This  effect 
could  be  understood  in  the  following  way.  The  localization  takes 
place,  when  the  probability  that  an  electron  returns  to  a  given  point 
increases,  because  the  probability  amplitudes  corresponding  to  two 
trajectories,  which  differ  only  in  the  direction  of  electron  movement 
(clockwise  and  counterclockwise),  interfere.  In  the  absence  of  mag¬ 
netic  field  the  phases  of  these  amplitudes  are  the  same.  In  magnetic 
field  each  amplitude  acquires  a  phase  factor 

=  AW*  =  ~ (3-7-1) 

c 

where  the  integral  is  taken  along  the  electron  trajectory,  A  is  the 
vector  potential  of  the  magnetic  field,  and  ®  is  the  magnetic  flux 
through  the  contour  C.  As  the  two  considered  trajectories  differ  only 
in  direction,  the  corresponding  phases  will  differ  only  in  their  signs.. 


JL  KJt-i 
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Therefore  in  the  magnetic  field  a  phase  difference 

<3-7-2' 

c 

arises.  As  a  result,  the  waves  propagating  along  two  trajectories 
differing  only  in  directions  acquire  a  random  phase  difference, 
depending  on  the  trajectory  form.  Hence,  on  the  average,  the  prob¬ 
ability  of  return  decreases,  leading  to  increasing  conductivity.  The 
characteristic  magnetic  field  scale  can  be  estimated,  taking  into 
account  that  the  interference  breaks  down,  if  the  phase  difference 
becomes  of  order  unity.  As  the  distance  Lv  over  which  coherence  is 
conserved  is  of  order  V  Dxv,  the  flux  through  this  contour  is  of 
order  HL%  —  DHx r  Therefore  characteristic  magnetic  fields  are 
defined  by  the  relation 

eJJ  ta  i 

^T<p  ~  1  > 

whence  it  follows  that  the  quantum  corrections  begin  to  depend 
upon  the  magnetic  field  at 

if  Dv 

% 

This  condition  can  be  written  as 


(3-7.3) 

It  is  seen  that  characteristic  magnetic  fields  are  much  weaker  in  the 
parameter  than  the  fields  strong  in  a  classical  sense,  <C  1. 

As  shown  in  Chapter  3.2,  the  main  quantum  correction  to  the  con¬ 
ductivity  of  noninteracting  particles  arises  when  we  account  for 
the  Cooper  diagrams  describing  the  interference  arising  in  multiple 
backward  scattering.  The  amplitude  of  this  interference,  C  (r,  r), 
precisely  determines  the  AMR. 

The  conductivity  correction  at  frequency  co  is  related  to  C ^  (r,  r) 
by  the  relation  (3.A.1): 

6a(o)=  —  ~£>r(7w  (r,  r).  (3.7.4) 


and  C&  (r,  r)  in  the  magnetic  field  obeys  the  equation 


rn  g(r-r') 

'  T 


(3.7.5) 


Eq.  (3.7.5)  formally  coincides  with  the  Green  function  equation 
for  a  particle  of  the  charge  2e  and  mass  (2 D)"1,  moving  in  the  magne¬ 
tic  field.  It  is  the  small  mass  of  this  imaginary  particle  that  is  the 
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cause  of  a  strong  field  effect,  since  the  corresponding  cyclotron  fre¬ 
quency  obeys  the  inequality  DeH/c  ~  pTcoc  coc. 

If  tyn,Qy  (*)  is  a  normalized  wave  function  of  this  particle  in  the 
magnetic  field,  the  expression  for  C0)  (r,  r')  takes  on  the  form 


Ca(x,  x\  Qz)  =  ±  2 
n'Qv 


^n,QyW^,  Qy(x') 


iDeH_ 

c 


(3.7.6) 


As  mentioned  in  Chapter  3.2,  a  sample  is  two-dimensional  if  its 
thickness  a  <  ]/Z) T<p.  If  the  magnetic  field  is  perpendicular  to  the 
film  surface,  we  should  ignore  the  term  DQ\  in  (3.7.6).  Substituting 
(3.7.6)  into  (3.7.4),  integrating  over  Qy  and  summing  over  n,  we 
obtain  [50] 


a(2)  (H)  —  cr(2>  (0)  =  /2  ( 


where 

fz  (x)  —  In  x  +  i> 


&DeH  'i 

c  T(P/  ’ 

(3.7.7) 

f  . 

\~2A  at 
l  In  x  at 

i, 

X  >  1. 

(3.7.8) 

Here  ty  (y)  is  the  logarithmic  derivative  of  the  T-f unction.  As  seen 
from  Eq.  (3.7.7),  characteristic  magnetic  fields  are  really  defined 
by  the  condition  (3.7.3),  hence  the  classical  positive  magnetoresis¬ 
tance  in  this  range  is  still  very  small. 

In  three  dimensions  [55] 

6tr,3)  (H)  fz  (~~7~  T<f)  >  (3-7.9) 

where 

0° 

/.(*)=  2  {2  (V  n  + 1  ■ +  * -  V -  -7==-}  ,  (3.7.10) 

nt:0  1  y  n  +  x  + 1/2  > 

I  x3>2 

10.605  at  *»1.  (3.7.11) 


We  can  see  from  Eqs.  (3.7.9)  and  (3.7.10)  that  in  a  strong  magnetic 
field  (H  > 

is  universal 
other  sample  parameters. 

Therefore  in  handling  the  experimental  data  it  is  more  natural  to 
study  tfie  magnetic  field  dependence  of  the  conductivity,  6a  (AT),  and 
not  relative  resistivity  6p  {H)lp,  as  is  usually  done. 

The  AMR  arising  from  the  quantum  coherence  being  destroyed 
by  the  magnetic  field  is  evidently  independent  of  the  mutuahorien- 


- )  the  absolute  value  of  the  magnetoconductivity 
and  independent  of  scattering  mechanisms  as  well  as 
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tation  of  the  magnetic  field  and  current.  Therefore  it  can  be  both 
longitudinal  and  transverse,  which  is  precisely  observed  in  experi¬ 
ments. 

3.7.2  Magnetoresistance  of  Thin  Films  and  Wires 
in  Longitudinal  Magnetic  Field 

If  a  thin  wire  is  placed  in  a  magnetic  field,  the  AMR 
builds  up.  However,  the  preceding  argument  is  not  applicable  in  this 
case,  since  the  diffusion  in  the  plane  perpendicular  to  the  wire  axis 
is  limited  by  transverse  dimensions.  This  is  also  true  for  a  thin 

film  in  a  magnetic  field  lying  in  the  film  plane  [56].  _ 

Let  the  sample  transverse  dimensions  a  be  less  than  =  V  Dx r 
This  means  that  during  the  time  x^  an  electron  would  visit  all  the 
points  in  the  transverse  plane  of  the  sample.  To  estimate  the  effect, 
we  use  de  Gennes’s  method  of  calculating  the  phase  relaxation  time 
in  small  superconductor  samples  in  the  presence  of  magnetic  fields 
[57].  The  phase  gain  at  different  sections  of  the  trajectory  is  random , 
therefore 

where 

t 

<p(i)«J-7*(A-v)df'.  (3.7.12) 

0 

In  the  time  intervals  large  in  comparison  with  the  time  between 
collisions,  we  have 
00 

<<p2>  =  2 1  [  — -  Aa  ( r )  Ap  (r')  (va  (0)  v&  ( t '))  di' 
o 

=  2t  if-A2(r)-^  {  dt'e-vi\ 
o 

since  during  the  time  of  order  x  a  particle  covers  a  distance  small 
( ~l)  compared  with  the  characteristic  scale  of  A  (r).  As  a  result, 
we  have 

{ei(P(0)==e^i/x^,  £»t, 
where 

A-  =  J£D<A*(r)>.  (3.7.13) 

In  the  gauge  Ay  —  Az  =  0,  Ax  =  Hy  (H  |]  z)  for  a  film  of  thickness 
a,  <Aa  (r)>  =  tfV/12. 
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The  influence  of  a  longitudinal  magnetic  held  becomes  considerable 
when  th  is  comparable  to  Tfp,  or,  according  to  (3.7.13),  when  the 
relation 


=  (3.7.14) 

holds. 

When  the  him  thickness  a  is  of  the  order  of  the  magnetic  length  or 
L<p  in  the  magnetic  held  the  him  behaves  as  a  three-dimensional 
system.  Note  that  in  the  longitudinal  held  the  magnetoresistance 
effect  is  weaker  than  in  the  transverse  held,  as  characteristic  fields 
in  a  longitudinal  configuration  are  L^la  1  times  larger.  Though 
the  expression  (3.7.13)  is  not  gauge  invariant,  a  consistent  derivation 
excludes,  of  course,  such  an  ambiguity. 

To  calculate  the  magnetoresistance,  we  solve  Eq.  (3.7.5)  for 
(r,  r)  in  the  magnetic  held  in  a  sample  of  bnite  dimensions  with 
the  boundary  condition 


(A-n)  j  Ca  (r, 


(3.7.15) 


The  condition  (3.7.15)  implies  that  the  particle  flux  through  the 
sample  boundary  equals  zero.  Equation  (3.7.5)  with  the  boundary 
condition  (3.7.15)  can  be  solved  by  the  perturbation  theory  in  the 
magnetic  held. 

Consider  hrst  a  thin  him  in  a  longitudinal  magnetic  held.  The 
solution  of  Eq.  (3.7.5)  with  the  gauge  Ay  =  Az  =  0,  Ax  —  Hy 
can  be  represented  as 


<Pn,  qjy)  <Pn.  Qc(y') 

DQ$  +  *n,Qx+A~ 


(3.7.16) 


where  c pn,Qx  (//)  and  £n,Qx  are  eigenfunctions  and  eigenvalues  of  the 
equation 


~D[w"(9x Q.AP".  Qx  (y)  (3-7.17) 


with  a  boundary  condition 

ir^n.  <?*(£/)  I  „=°- 


(3.7.18) 


If  a  <C  L( P,  then  in  (3.7.16)  we  can  keep  only  the  ground  state  with 
n  =  0. 

In  the  second-order  perturbation  theory  in  the  magnetic  held, 
£o  ,Qx  has  the  form 

eo .  =  DQl  =  DQ%  ~\ — .  (3.7.19) 


13* 


Then  the  variation  of  the  film  conductivity  in  the  field  can  be  written 
as 


0(2)tf__a(2>(O) 


2e2  f  dQx  dQz 


1 


(2«)2 


(3.7.20) 


Integrating  over  Q v  and  (?2,  we  obtain 

a(2)  {H)  _  a(2>  (0)  =  -  In  ( 1  +  ) .  (3.7.21) 


As  seen  from  Eqs.  (3.7.19)-(3.7.21),  t h  really  coincides  with  the 
decay  time  of  the  phase  of  the  wave  function  (3.7.13).  Note  that 
the  perturbation  theory  and,  consequently,  Eq.  (3.7.21)  holds  when 
a  <C  Lh.  According  to  (3.7.14),  the  field  becomes  strong  when  LH  cz 
~YclL9  >>  a ,  i.e.  when  the  perturbation  theory  is  valid.  For  a 
thin  wire  the  conductance  per  unit  length  has  the  form 


0(1) 


1 _ 


(3.7.22) 


the  time  th  being  dependent  of  the  orientation  of  the  field  and  the 
form  of  the  wire  cross  section.  For  a  wire  of  a  circular  cross  section 
of  a  radius  R  in  the  longitudinal  magnetic  field  we  have 


__  l*h 
a  DR 2 ' 


(3.7.23) 


For  a  wire  of  a  rectangular  cross  section  in  the  field  parallel  to  one 
of  the  rectangle  sides, 


Th  ~  Z>a2  ’ 


(3.7.24) 


where  a  is  the  wire  transverse  dimension  in  the  direction,  perpendicu¬ 
lar  to  the  field  fcf.  (3.7.19)]. 


3.7.3  Magnetoresistance  and  Scattering 
by  Superconducting  Fluctuations 


The  electron  scattering  by  superconducting  fluctuations 
leads  to  the  temperature-dependent  correction  to  the  conductivity 
even  far  from  the  transition  point  (see  Chapter  3.4).  Furthermore, 
these  fluctuations  exist  even  in  the  case  of  electronic  repulsion, 
when  the  superconducting  transition  is  absent. 

Magnetic  field  depresses  these  fluctuations  and  the  arising  effect 
partially  compensates  the  effect  of  the  AMR  considered  in  Sec.  3.7.1 
[37].  As  shown  in  Chapter  3.4,  the  correction  tp  the  conductivity, 
arising  due  to  the  scattering  by  superconducting  fluctuations,  is 
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related  to  the  cooperon  by  the  relation 

Som-t  =  — (r*  r)P(r).  (3.7.25) 

The  properties  of  (3  (T)  have  already  been  discussed  in  Sec.  3.4.4. 
Here  we  only  note  that  the  sign  of  (1  ( T )  does  not  depend  on  the  sign 
of  the  coupling  constant,  (3  ( T )  being  always  positive.  In  calculating 
(3  (T)1  it  is  possible  to  neglect  the  magnetic  field  influence  on  the 
effective  coupling  constant  %c,  because  %c  changes  essentially  only 
Tc 

in  the  fields  H  ~  which  are  much  larger  than  the  fields 

characteristic  of  the  magnetoresistance,  H  ~  • 

The  magnetic  field  dependence  of  the  Maki-Thompson  correction 
(3.7.25)  is  precisely  the  same  as  for  noninteracting  electrons,  because 
the  Maki-Thompson  term  is  related  to  the  cooperon  by  a  linear 
relation,  just  as  the  correction  to  the  conductivity  of  noninteracting 
electrons.  However,  these  two  effects  have  opposite  signs,  hence  the 
magnetoresistance  partially  decreases  due  to  the  scattering  by  super¬ 
conducting  fluctuations,  and  the  magnetoconductivity  is  described 
by  expressions  (3.7.7)  and  (3.7.9)  with  a  factor  1  —  (3  ( T ). 

As  mentioned  above,  the  asymptotics  of  the  magnetoconductivity 
have  a  universal  form  (3.7.8)  and  (3.7.11),  independent  of  sample 
parameters.  The  scattering  by  superconducting  fluctuations  accounted 
for,  the  slope  of  the  6a  (H)  versus  In  H  curve  in  two  dimensions  and 
the  6a  (. H )  versus  y  H  curve  in  three  dimensions  allows  to  find  the 
value  and  the  temperature  dependence  of  (3  ( T ).  Thus,  we  extract 
information  concerning  the  effective  interaction  between  electrons 
at  large  momentum  and  energy  transfers. 


3.7.4  Magnetoresistance  in  Many-Valley  Semiconductors 

The  theory  exposed  above  is  easily  generalized  to  the 
case  of  anisotropic  diffusion  [13].  The  magnetoconductivity  is  now 
a  tensor  related  to  the  diffusion  coefficient  tensor  by  the  formulae: 


"ET/.( 


4 eDcH 


(3.7.26) 


in  two  dimensions,  the  field  being  perpendicular  to  the  film  plane, 
and 


hk  e 2  x  l 
Da  2k*  j3  { 


eH  D  c 

C  Dr, 


(3.7.27) 


in  three  dimensions.  Here 


Dl  =  D±  (Dx  cos2  9  +  Z?n  sin2  0), 


(3.7.28) 
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0  is  the  angle  between  the  ellipsoid  axis  and  the  magnetic  field 
direction,  Z>a  =  {D^D\  )1/3.  The  Maki-Thompson  correction  leads, 
as  in  the  isotropic  case,  to  a  factor  1  —  (3  ( T )  on  the  right-hand  sides 
of  Eqs.  (3.7.26)  and  (3.7.27). 

In  some  semiconductors,  such  as  Ge,  Si,  and  Te,  the  conduction 
band  consists  of  several  valleys,  the  diffusion  coefficient  being  an¬ 
isotropic  in  each  valley.  If  U-processes  can  be  ignored,  the  contri¬ 
butions  of  different  valleys  are  additive.  The  number  of  particles  in 
each  valley  is  conserved  and  density  fluctuations  for  charge  carriers 
are  described  by  the  diffusion  equation.  If  U-processes  cannot  be 
neglected,  only  the  total  number  of  particles  is  conserved  and  the 
diffusion  equation  describes  only  total  density  fluctuations.  Asym¬ 
metric  fluctuations  of  the  occupation  numbers  in  different  valleys 
relax  during  the  time  of  intervalley  transitions  tv,  which  can  be 
much  longer  than  the  intravalley  energy  relaxation  time  x. 

An  analogous  situation  is  also  realized  for  phase  fluctuations  de¬ 
scribed  by  the  cooperon.  Only  the  cooperon  symmetric  in  valley 
indices  and  off-diagonal  in  each  pair  of  equivalent  (having  the  same 
orientation)  valleys  (if  there  is  any)  conserves  the  pole  (— ia+DQ2)”1] 
all  other  components  decay  during  the  time  xv,  i.e.  at  xv  >  t  they 
have  the  form  (— ico  +  DQ2  +  x^1)"1. 

The  fact  that  the  non-decaying  cooperon  is  off-diagonal  in  the 
indices  of  equivalent  valleys  is  connected  with  the  total  momentum 
Q  —  Pi  +  P2  being  equal  to  zero.  As  a  result,  for  time  intervals 
much  larger  than  the  intervalley  transition  time,  instead  of  n  in¬ 
dependent  cooperons  we  have  only  one.  It  contains  the  diffusion 
coefficient  D  related  to  the  total  sample  conductivity  by  the  Einstein 
relation.  Therefore  at  xv  <C  x<p  and  \\eH%y/c  <C  1  the  magneto- 
conductivity  has  the  form  (3.7.7)  in  two  dimensions  and  the  form 
(3.7.9)  in  three  dimensions  for  crystals  with  cubic  symmetry  [13]. 

If,  however,  iD^.yeHiy/c  >>  1  or  xv  x^,  then 

Soft  (H)  =  y  60^  (H,  a),  (3.7.29) 

where  80$  (. H ,  a)  is  the  magnetoconductivity  of  a  valley  with  in¬ 
dex  a,  defined  by  Eqs.  (3.7.26)  and  (3.7.27).  Note  that  the  angles 
between  the  magnetic  field  and  ellipsoid  axis  are  different  for  differ¬ 
ent  valleys.  As  seen  from  Eqs.  (3.7.26)  and  (3.7.27),  the  magneto¬ 
conductivity  anisotropy  is  related  only  to  the  anisotropy  of  the 
diffusion  coefficient  and  not  to  the  anisotropy  of  the  effective  mass 
tensor  (cf.  [55]). 

Thus,  the  magnetoconductivity  in  the  anisotropic  case  also  does 
not  depend  on  the  mutual  orientation  of  the  field  and  current  flowing 
through  the  sample.  In  weak  fields  (4eZ)1>  u  Hxv/c  <C  1)  the  magneto¬ 
conductivity  is  independent  of  the  magnetic  field  orientation  with 
respect  to  crystal  axes.  In  strong  fields  (or  if  xv  ^x^)  a  noticeable 
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anisotropy  of  the  magnetoconductivity  must  exist.  If  the  anisotropy 
of  the  diffusion  coefficient  in  one  valley  is  large,  there  is  an  interval 
of  intermediate  magnetic  fields, 

in  which  the  magnetoconductivity  is  anisotropic,  but  the  degree  of 
the  anisotropy  depends  on  the  magnetic  field. 

As  in  the  case  of  a  simple  band  structure,  for  many-valley  semi¬ 
conductors  it  is  necessary  to  account  for  the  electron  scattering  by 
superconducting  fluctuations.  In  weak  magnetic  fields  (or  at  small  xv) 
this  leads  to  a  factor  1  —  (3  ( T )  in  Eqs.  (3.7.26),  (3.7.27),  (3.7.7) 
and  (3.7.9),  independent  of  the  number  of  valleys.  In  strong  fields, 
or  at  xv  T<p  the  Maki-Thompson  correction  leads  to  a  factor 
1  —  p  (Z1)  ( 2nx  —  1)  in  Eq.  (3.7.29),  where  nx  is  the  number  of 
equivalent  valleys  [13].  (In  Ge  nx  =  1,  in  Si  nx  =  2.) 


3.7.5  Effect  of  Spin-Orbit  Scattering 
on  Magnetoconductivity 


As  shown  in  Chapter  3.2,  spin-orbit  scattering  influences 
both  the  magnitude  and  the  sign  of  the  localization  corrections  to  the 
conductivity.  This  scattering  accounted  for  in  a  simple  band,  each 
cooperon  is  splitted  into  two  cooperons:  one  of  them  describes  the 
propagation  of  a  singlet  and  the  other,  of  a  triplet  two-particle  wave 
function  [9,  10].  Spin-orbit  scattering  leads  to  decay  of  the  triplet 
part,  leaving  unchanged  the  singlet  part  of  the  cooperon.  Hence  in 
the  fields  satisfying  the  condition 


4  Dell 
c 


^so 


(3.7.30) 


and  at  tso  the  contribution  of  the  triplet  part  to  the  magneto¬ 

conductivity  can  be  neglected.  The  singlet  part,  according  to  (3.2.29), 
is  two  times  smaller  than  the  unsplitted  cooperon  and  has  a  reversed 
sign.  This  means  that  the  spin-orbit  scattering  changes  simultaneous¬ 
ly  the  sign  of  the  temperature-dependent  localization  correction  to 
the  conductivity  and  the  sign  of  the  magnetoconductivity  [9], 
diminishing  their  values  by  a  factor  of  two.  Thus,  the  AMR  becomes 
positive. 

The  magnetic  field  increasing,  the  condition  (3.7.30)  ceases  to  be 
valid  and  the  sign  of  the  magnetoconductivity  changes  (the  magneto- 
resistance  becomes  negative).  The  absolute  value  of  the  magneto¬ 
conductivity  is  the  same  as  without  the  spin-orh't  interaction.  If 
Tq,  tso,  spin-orbit  effects  can  be  ignored. 

Contrary  to  the  localization  corrections  to  the  conductivity, 
the  Maki-Thompson  corrections  contain  two  cooperons.  There  are 
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two  terms:  one  is  of  Hartree  type  (Fig.  3.17c)  and  the  other  is 
of  exchange  type  (Fig.  3.17d)  These  terms  are  proportional  to 

S  =  ^  (A2  +  B\  +  2 B%) 

a3v<5 

and  (3.7.31) 

-  2  C^Cm*=-2{(A  +  2Bx  +  Biy~kBx(Bx  +  2Bz)] 

<x3y6 

respectively.  As  a  a  result,  the  total  Maki-Thompson  correction 
is  proportional  to  [see  (3.2.35)] 

2(A-Bz-2Bx)*=JLt2^(-t<i>  +  DQ2+-2r  +  ±  Y1  (3.7.32) 

and  does  not  depend  on  the  spin-orbit  scattering.  Such  a  result 
is  related  to  the  Pauli  principle  due  to  which  the  contact  inte¬ 
raction  between  electrons  is  possible  only,  if  they  are  in  the 
singlet  state  which  is  not  sensitive  to  the  spin-orbit  interaction. 
Thus,  the  account  for  the  spin-orbit  coupling  leads  to  the  mag¬ 
netoconductivity  given  in  the  case  of  a  simple  anisotropic  band 

by  the  expression  (3.7.27)  with  a  factor^ — j  — 13  (T)  j. 

As  mentioned  in  Chapter  3.2,  two  types  of  spin  relaxation  due  to 
the  spin-orbit  coupling  can  take  place:  (a)  relaxation  arising  due  to 
the  electron  spin  interaction  with  impurity  potential,  the  corre¬ 
sponding  relaxation  time  being  described  by  (3.2.32b),  and  (b) 
relaxation  due  to  the  spin-orbit  splitting  of  the  conduction  band 
in  crystals  without  the  inversion  centre. 

In  two  dimensions,  when  a  film  is  thick,  i.e.  size  quantization  is 
absent  (quasi-two-dimensional  case),  all  effects  of  the  spin-orbit 
coupling  are  analogous  to  three-dimensional  case.  However  in 
truly  two-dimensional  case  (e.g.  in  MOS-structures)  they  manifest 
themselves  in  a  different  way  (Chapter  3.2).  As  shown  in  this  chapter, 
at  T  0  the  quantum  corrections  to  the  conductivity,  the  spin- 
orbit  scattering  by  impurities  accounted  for,  are  limited  [see  Eq. 
(3.2.35)].  This  means  that  if  t|0  and  DeH/c  C  1/t|0,  the  magne¬ 
toresistance  is  small.  At  the  same  time  the  spin-orbit  splitting  of 
the  carrier  spectrum  influences  the  magnetoconductivity  in  two 
dimensions  in  the  same  way  as  in  three  dimensions,  as  in  this  case 
('Wo)-1  =A=  0  (see  Chapter  3.2). 

As  noted  in  Chapter  3.2,  in  cubic  semiconductors  of  £-type  the 
spin  relaxation  is  realized  in  the  elastic  electron  scattering  due  to 
complicated  structure  of  the  valence  band.  The  magnetoresistance 
of  noninteracting  electrons  should  be  positive  and  two  times  smaller 
than  the  magnetoresistance  in  a  simple  band.  If  uniaxial  stresses  are 
applied,  the  four-fold  degenerate  band  splits  up  into  two  two-fold 
degenerate  bands.  When  the  deformational  band  splitting  is  larger 
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than  the  Fermi  energy,  the  magnetoresistance  becomes  negative,, 
its  magnitude  increasing  by  a  factor  of  four.  Accounting  for  a  com¬ 
plicated  structure  of  the  valence  band  results  in  that  6ctm-t  (H} 
becomes  16  times  smaller  than  in  the  case  of  a  simple  band,  without 
changing  its  sign.  Therefore  in  a  deformed  crystal  the  Maki-Thomp- 
son  correction  Sctm-t  (H)  increases  drastically  and  in  the  limit  of 
strong  deformations  it  is  16  times  larger  than  in  an  undeformed 
crystal. 

In  inversion  p- type  layers  the  magnetoresistance  logarithmically 
depends  on  H  [see  Eqs.  (3.7.7)  and  (3.7.8)]  and,  as  far  as  the  preloga- 
rithmic  factor  is  concerned,  two  situations  are  possible.  If  the  band 
splitting  due  to  size- quantization  in  an  inversion  layer  is  larger  than 
the  Fermi  energy,  then  the  magnitude  and  sign  of  the  factor  are  the 
same  as  in  the  case  of  a  simple  band  or  deformed  three-dimensional 
semiconductors  of  p-type.  If,  however,  the  “size  splitting”  is  small, 
the  situation  is  similar  to  that  in  three-dimensional  samples  of 
when  deformation  is  small. 

Theoretical  results  for  different  band  structures  and  mechanisms- 
of  intervalley  and  spin  relaxation  are  listed  in  Table  3.7.1. 


Table  3.7.1 


Semiconductors  . 

Three  dimensions  Twr  dimensions 

k-3  k2 

A  simple  band  without  spin-orbit 
effects 

1 

1 

Spin-orbit  scattering  by  impurities 

1 

2 

Quasi-two-dimensional  case* 
1 

2 

Two-dimensional  case 

0 

i 

1 

rc-GaAs,  rc-InSb 

2 

2 

1 

1 

p-Ge 

4" 

4 

p-Ge  (deformed) 


1 


1 
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3.7„6  Experiment 

The  negative  magnetoresistance  has  been  observed  in 
various  materials  by  many  authors.  However,  only  in  some  cases 
experimental  results  have  been  compared  with  the  theory  exposed 
•above.  Two-dimensional  experiments  were  carried  out  in  (lOO)-plane 
158-601.  In  [58,  59]  transverse  magnetoresistance  was  investigated. 


Fig.  3.25.  A  a  (ff)  versus  H  for  Si-MOS  structure  at  two  tempera¬ 
tures  [58]. 

The  negative  magnetoresistance  was  shown  to  depend  only  on  the 
normal  component  of  magnetic  field  [60],  consequently,  it  cannot  be 
accounted  for  by  field-dependent  spin  effects. 

Figure  3.25  shows  experimental  data  [58]  compared  with  the  theoret¬ 
ical  expression  (3.7.7)  times  2a .  It  is  seen  that  experimental  points 
fit  the  theoretical  curve  at  a  ca  0.3.  In  an  inversion  layer  electrons 
fill  two  equivalent  valleys  in  which  the  motion  in  the  (lOO)-plane 
is  isotropic.  If  intervalley  transitions  are  frequent  enough,  the 
magnetoconductivity  must  be  described  by  the  expression  (3.7.7) 
with  a  factor  [1  —  |3  ( T )]  =  2a  independent  of  the  number  of 
valleys.  In  this  case  (3  ( T )  0.4,  indicating  a  strong  interaction 

between  electrons.  If,  however,  <C  tv,  then  2a  =  2  [1  —  3J3  (T)], 
as  in  Si  nt  =  2,  and  |3  ( T )  ~  0.23*.  Comparing  the  theory  with 

*  Note  that  in  [58]  the  expression  (3.7.7)  times  the  number  of  val¬ 

leys,  nv,  was  used.  As  shown  in  Sec.  3.7.4,  this  expression  is  valid  in  the  absence 
«of  intervalley  transitions. 
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'experimental  results  in  the  temperature  range  from  4  to  20  K,  the 
temperature  dependence  of  has  been  found  to  fit  the  T~ 2  curve 
(Fig.  3.26),  apparently  indicating  that  the  phase  relaxation  is  deter¬ 
mined  mainly  by  the  electron-electron  collisions.  Analogous  results 
have  been  obtained  in  [59],  but  the  estimate  of  xrp  is  in  good  agreement 
with  that  obtained  from  the  expression  (3.4.23)  for  the  electron- 
electron  collisions  in  the  case  of  strong  disorder. 


Fig.  3.26.  tq.,  versus  T  for  Si-MOS  structure  [58J. 

The  magnetoresistance  was  investigated  in  the  low  temperature 
range  0.1-4  K  [23]  and  analogous  result  was  found:  a  ^  0.28.  How¬ 
ever,  the  magnetoresistance  vanished  at  4  K.  Estimations  show 
that  in  these  experiments,  at  T  =  4  K,  t  and  become  equal.  In 
this  temperature  range  the  temperature  dependence  of '  (see 
Sec.  3.4.3)  was  found. 

Kawabata[55]  compared  the  theory  of  the  AMR  with  experimental 
data  for  GaAs  [61]  and  Ge  [62-65], 

Table  3.7.2.  lists  the  data  for  GaAs  [61],  The  theoretical  value  of 
ficr  (H)  has  been  found  by  Kawabata  [55].  The  value  found  by  Eqs. 
(3.7.9)-(3.7.11)  in  the  strong  field  limit  is  seen  to  be  two  times  larger 
than  the  experimental  value.  The  Maki-Thompson  correction  was  not 
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Table  3.7.2 


Sample 

(1018*  cm“3) 

°Q 

6a 

(ohm~i  •  cm~i) 

®atheor 
( ohm~i  ■  cm_i> 

No. 2 

0,5 

156 

—  0.5 

No. 3 

0.75 

298 

—  0.25 

No. 4 

3.1 

690 

—  0.09 

0.62 

Conditions 

4.2  K; 

2.5  kOe 

taken  into  account  in  [55].  This  correction  accounted  for,  (3  (T)  ca 
c ^  0.5.  As  in  Si  inversion  layers,  this  means  that  the  electron- 
electron  interaction  in  GaAs  is  also  sufficiently  strong. 

Let  us  estimate  the  spin  relaxation  time  ts0  due  to  the  spin-orbit 
coupling.  According  to  [66],  the  constant  6  in  Eq.  (3.2.37)  is  ex¬ 
pressed  through  the  material  parameters: 

5  =  7=-  “■  m  ,  (3.7.33) 

2/2m®/2£,‘/2  '  ' 

where  mc  is  the  electronic  mass  in  the  conduction  band,  Eg  is  the 
width  of  the  forbidden  band.  In  GaAs,  a  =  2.2  X  10~2  [66].  From 
Eq.  (3.2.38),  at  mc  =  6  X  10“29  g  and  Eg  =  1.5  eV,  we  obtain 
tso  ~  2  X  10“9-2  X  10 “10  sec.  Note  that  ~  10-11  sec  <C  tso,  and 
therefore  spin-orbit  effects  are  not  observed.  Apparently,  to  observe 
them  in  the  AMR,  narrow-band  semiconductors  of  the  InSb  type  are 
to  be  taken. 

Sasaki  [62]  examined  the  angular  dependence  of.  the  negative 
magnetoresistance  in  n- Ge.  When  the  current  flows  in  the  [110 J 
direction  and  a  field  points  in  the  [111]  direction,  Sp/p  ~  —2.6% 
at  p  =  5.8  X  10-3  ohm -cm  in  the  field  H  =  5  kOe.  This  corresponds 
to  So  4.5  ohm-1 -cm"1.  If  an  anisotropy  parameter  of  the  diffusion 
coefficient  in  one  valley,  k  =  D\\!D is  introduced,  then  for  these 
directions  of  the  current  and  magnetic  field  at  <  tv  the  magneto¬ 
conductivity,  according  to  (3.7.29)  and  (3.7.27),  can  be  written  in 
the  form 

Sa(tf)=-y|^i  -p(r)]  [&1/4  +  - 1?±4^ ■]  1 fH  (kOe). 

(3.7.34) 

If  we  assume,  as  in  [55],  that  the  anisotropy  of  the  diffusion  coeffi¬ 
cient  k  coincides  with  the  anisotropy  of  the  inverse  effective  mass 
tensor  and  equals  0.05,  and  if  we  ignore  the  Maki-Thompson  correc¬ 
tions,  then  the  theoretical  value  of  8a  equals  19.9  ohm-1  •cm”1, 
being  4.4  times  greater  than  the  experimental  value.  In  reality,  the 
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•anisotropy  of  the  diffusion  coefficient  is  less  than  the  anisotropy  of 
the  effective  masses.  According  to  [67],  k  0.1-0.25.  Using  k  =  0.2, 
we  find  that  a  good  fitting  is  obtained  when  (3  ( T )  0.6.  In  fact, 

|3  ( T )  may  be  smaller  if  we  take  into  account  that  the  asymptotics 
(3.7.34)  is  possibly  achieved  in  higher  fields. 

Rotar  et  al.  [65],  examining  the  magnetoresistance  in  Ge,  have 
shown  that  their  data  can  be  well  approximated  by  the  rela¬ 
tion 

= aH'  +  bH*,  (3.7.35) 

where  a,  b  and  c  are  fitting  parameters.  The  second  term  in  this  ex¬ 
pression  gives  the  normal  classical  magnetoresistance.  The  exponent 
c  declines  with  increasing  concentration  and  decreasing  temperature 
and  approaches  1/2  [653.  This  behavior  is  in  qualitative  agreement 
with  the  theory,  if  we  take  into  account  that  the  length  L  v  =  ]/Z) 
increases  with  increasing  concentration  and  decreasing  temperature, 
and  therefore  the  strong  field  condition  holds  for  weaker  magnetic 
fields  [55]. 

A  negative  magnetoresistance  was  observed  in  thin  copper  films 
[46],  Along  with  the  logarithmic  temperature  dependence  of  the 
conductivity,  this  apparently  indicates  that  the  authors  observed 
the  localization  corrections  to  the  conductivity  and  their  suppression 
by  the  magnetic  field. 

In  a  strongly  doped  p- Ge  in  the  range  of  helium  temperatures  an 
“anomalous”  positive  magnetoresistance  is  observed,  which  has  the 
same  concentration  and  temperature  dependence  as  the  negative 
magnetoresistance  in  n- Ge  [65,  68]. 

If  a  uniaxial  stress  is  applied,  the  positive  anomalous  magneto¬ 
resistance  turns  into  negative  [53,  54].  Simultaneously  the  temper¬ 
ature  correction  to  the  conductivity  changes  its  sign  [53]. 

The  theory  exposed  above  correctly  predicts  the  sign  of  the  magne¬ 
toresistance:  positive  in  undeformed  samples  and  negative  in  strongly 
deformed  ones.  The  theory  also  predicts  a  correlation  of  the  signs  oi 
the  magnetoresistance  and  localization  corrections  to  the  conductiv¬ 
ity,  Note  that  the  sign  of  the  temperature  corrections  to  the  con¬ 
ductivity  due  to  localization  effects  is  opposite  to  that  observed  in 
experiment.  However,  as  shown  in  Sec.  3.4.3,  in  three  dimensions  the 
temperature  dependence  of  the  conductivity  is  determined  by  the 
electron  interaction  effects,  the  increase  or  decrease  in  the  conductiv¬ 
ity  being  dependent  of  the  sign  of  the  effective  electron-electron 
interaction  constant.  This  sign,  in  its  turn,  depends  on  the  Fermi 
energy  (or  the  nonideality  parameter  of  the  electron  gas).  As  shown 
in  experiments  on  n-Si  [28],  the  interaction  constant  may  change 
its  sign  with  carrier  concentration.  If  a  uniaxial  stress  is  applied  to 
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p- Ge,  bands  split  and  the  Fermi  energy  of  the  holes  increases,  which 
may  result  in  the  electron-electron  interaction  constant  changing  its 
sign.  However,  this  question  requires  an  additional  detailed  con¬ 
sideration. 


3.7.7  Aharonov-Bohm  Effect  in  Disordered  Metals 

As  has  been  already  shown,  the  quantum  corrections  to* 
the  conductivity  are  related  to  the  electronic  interference.  This- 
follows  directly  from  Eq.  (3.7.4),  relating  the  conductivity  to  the 
cooperon  (r,  r').  However,  the  relation  between  the  conductivity 
and  wave  interference  is  most  striking  in  the  Aharonov-Bohm  effect 
[69]  in  disordered  conductors. 

It  is  well  known  that  the  electronic  wave  functions  and  energy 
spectrum  depend  on  the  vector  potential  A  of  magnetic  field.  This 
effect  (the  Aharonov-Bohm  effect)  manifests  itself,  for  example,  in 
the  quantization  of  magnetic  flux  in  a  superconducting  ring,  in 
oscillations  of  the  superconducting  transition  temperature  with 
the  magnitude  of  magnetic  flux  [70].  These  phenomena  can  also  take 
place  in  normal  metals.  Thus,  Dingle  [71]  has  shown  that  thermo¬ 
dynamic  quantities  should  oscillate  with  the  flux  piercing  a  metallic 
cylinder.  Analogous  oscillations  of  kinetic  quantities  have  been 
considered  by  Bogachek  and  Gogadze  [72].  However,  when  scattering" 
is  switched  on  and  the  mean  free  path  becomes  of  the  order  of  sample 
dimensions,  all  these  effects  disappear,  since  elastic  scattering  broad¬ 
ens  quantum  levels  connected  with  size  quantization.  Interference 
effects  of  the  Aharonov-Bohm  type  occur  also  in  impure  metals,  the 
relative  magnitude  of  the  effect  growing  with  decreasing  mean  free 
path.  The  period  of  oscillations,  O0  =  hci 2e,  appears  to  be 
two  times  shorter  than  in  the  ordinary  Aharonov-Bohm  effect, 
(0>;  -  hde). 

Consider  a  hollow  metallic  cylinder  with  thin  walls,  in  which  a 
long  solenoid  is  placed  so  that  the  magnetic  field  outside  the  solenoid 
equals  zero  (Fig.  3.27).  However,  in  the  sample  itself  the  vector 
potential  A  is  not  zero  and  has  only  a  tangential  component  constant 
over  the  sample  width.  As  the  circumference  of  the  cylinder  is  much 
larger  than  the  mean  free  path,  the  size-quantized  electron  levels 
are  smeared  by  elastic  scattering.  The  equation  for  the  cooperon 
C oj  (r,  r')  in  the  field  of  the  vector  potential  A  has  the  form 

(Z)  (  —  i\  —  A]2  —  Cu  (r,  r')  =  -b~T~  ■■  •  (3.7.35) 

This  equation  must  be  solved  with  periodic  boundary  conditions 
along  the  y- axis  (Fig.  3.27)  (i.e.  along  the  cylinder  circumfer- 
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ence).  As  a  result,  the  solution  of  Eq.  (3.7.5)  has  the  form 


C»<r' 


dQ± 

(2k)2 


giQ  •  (r-  r') 

—  ico  +  Tep1  +  DQj_  +  D  ^  Qly 


(3.7.36) 


where  Qj_  =  ( Qx ,  Qz ),  Qly  =  2 nl/Ly,  and  Ly  =  2n R  is  the  cylinder 
circumference.  Inserting  (3.7.36)  into  (3.7.4),  we  obtain  at  co  =  0 


8o  =  — 


k 


dQj_ 

(2k)2 


oo 


(3.7.37) 


Consider  first  quasi-one-dimensional  case,  when  both  the  width, 
Lx,  and  the  height,  Lz,  of  the  ring  are  much  smaller  than  In  this 


Fig.  3.27. 


case  the  integrals  over  Qx  and  Qz  should  be  replaced  by  the  sum  in 
which  only  the  term  with  Qx  =  Qz  =  0  should  be  retained.  Hence 
the  conductance  per  unit  length,  6cr(1)  =  boLxLz ,  is  given  by  the 
formula 


oo 


=§oLxLz  = 


(3.7.38) 


208 


B.  L.  Altshuler  et  al. 


The  sum  in  (3.7.38)  is  easily  calculated,  and  we  obtain 
2  sinh(-~) 

§0<1>=  —Ly  — cos  (2it0)/<Dc)  •  (3.7.39) 

It  is  seen  that  the  conductance  of  the  ring  oscillates  with  the  flux 
with  a  period  O0  =  hcl 2e,  and  the  modulation  amplitude  declines 
exponentially  with  increasing  length  of  the  ring  at  Ly  Lr  Let 
Lz^>  Ly,  i.e.  the  sample  is  a  film  rolled  up  into  a  cylinder.  If  the 
film  is  square  in  shape,  then  its  conductance,  a(2)  =  oLx,  is 


6o«,  „  ^  (in  iSL +2  2«,  („^.  )  c°s^} . 


(3.7.40) 

Thus,  as  in  the  case  of  a  thin  ring,  the  conductance  oscillates  with 
a  period  <J>0.  The  oscillation  amplitude  equals  K0  (LylL q,),  where 
K0  (x)  is  McDonald’s  function,  and  decreases  exponentially  at 
Lij  ^  L( p.  As  T  ->*  0,  Ly  oo  and  the  oscillation  amplitude  is  seen 
to  tend  to  infinity  and  ceases  to  depend  on  the  degree  of  disorder. 

Let  us  discuss  the  conditions  under  which  this  effect  is  observed. 
In  [46]  the  temperature  dependence  of  conductance  of  thin  copper 
films  was  investigated.  The  electronic  mean  free  path  l  was  deter¬ 
mined  by  the  scattering  at  the  film  boundaries  and  equaled  approxi¬ 
mately  10~6  cm.  The  phase  relaxation  time  was  determined  by 
inelastic  electron-phonon  processes.  If  it  is  assumed  that  t^1  ~  cs. 

di  then  for  0  300  K  and  T  e*  1  K,  T<p  cm  10~6  see,  and  L $  = 

=  l  V  t9/3t~  10~2cm.  Hence  for  a  cylinder  of  diameter  d  10  pm, 
2nR  and  the  Aharonov-Bohm  effect  should  be  observed. 

3.7.8  Effects  of  Electron -Electron  Interaction 
in  Magnetic  Field 

It  has  been  shown  in  Chapter  3.4  that  there  are  two  types 
of  contributions  from  the  electron-electron  interaction: 

1.  Contributions  arising  when  the  interaction  in  the  diffusion 
channel  is  taken  into  account.  Magnetic  field  changes  not  the  diffusion 
character  of  propagation  of  density  fluctuations,  but  only  the  dif¬ 
fusion  coefficient.  As  a  result,  all  expressions  conserve  their  form, 
the  field  dependence  of  the  diffusion  coefficient  and  arising  anisotropy 
accounted  for  [26].  This  field  effect  is  observed  only  in  classically 
strong  fields,  when  coct  >  1. 

2.  Contributions  arising  when  interactions  in'  the  Cooper  channel 
are  considered.  These  contributions  essentially  depend  on  magnetic 
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field  already  in  the  range  of  classically  weak  fields,  i.e.  at 

«cT~  77-  <1-  (3.7.41) 

For  such  fields  the  magnetic  field  dependence  of  all  quantities  is 
determined  entirely  by  the  interactions  in  the  Cooper  channel. 

Consider  first  the  density  of  states.  The  field  dependence  of  the 
state  density  correction  is  connected  with  the  graphs  shown  in 
Fig.  3.10c,cL  Using  Eq.  (3.7.6)  for  the  cooperon  in  a  magnetic  field, 
we  obtain  that  the  correction  we  are  considering  has  the  form 

00  (%/D2 

8v(e,  2  H,  <?,) 

b  n=o 

.  ,  8-fft)  .  ,  co —  8 

tank  — — - htanh  —^r- 

—  too  +  DQ%  -} — "(2/t.  + 1) 


(3.7.42) 


The  interaction  constant  Kc  depends  on  the  field,  n  and  Q .  First  we 
shall  ignore  these  dependences,  as  w^ell  as  the  dependence  on  e  and  co. 
Using  the  relation 


2 

n=  0 


1 

x+ny 


r  e-xt  dt 

J  1  —  e-vt  ’ 
0 


Equation  (3.7.41)  can  be  written  in  the  form 
8vd(e,  T,  H)  =  vd(e,  T,  H)  —  vd  (e,  T,  0) 


oo 


X 


- - — ^75-  f  dco  ["  tann 

2  (4ixZ))d/2  J  L 

00 

j  £i-d/2  dt  sin  (&t  I  1  — 


e  +  co  ,  ,  ,  co — 8  j 

*“2T  b  tanh  J 

_ Qh* _ 

2sinhi^L 


(3.7.43) 


where  Q#  =  4 DeHIc. 

This  expression  is  valid  for  d  =  2,  3.  To  derive  it  in  the  case 
d  =  2,  the  integral  over  Qz  should  be  replaced  by  the  sum  in  which 
only  the  term  with  Qz  =  0  should  be  left.  Asymptotic  behavior 
of  5vd  (e,  7\  H)  for  different  relations  between  e,  T  and  QH  (or  be¬ 
tween  Le,  Lt  and  LH)  is  represented  in  Table  3.7.3. 


14-0251 
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Table  3.7.3 


d=2 


d=3 


e>T 
QH  <  8 

(^H  >  ^e) 


Xc£2 


dv(H)=—  6.63  X  10-3  — dv(E)  = 


=  —  4.69  X  10’3' 


5/2 


8Z4r 


_^L 

e2a 


-kc 


ffa 

83/2  • 


8<r 
<C  T 

(Lh  >  £t) 


X-CZ/2 

(H)—  2.83  X-10~*-y^g- 

H* 


fcc. 


r2a 


8v  (ZT)  =  —  9.86  X  10-4 


Xcl|/2 

TZfe- 


- >,C 


zr2 

7T3/2 


QH>8,  r  8v(£T)  = 
(Ln  ^Le.,  Lt)  z 


%a  1  £e 
2jtfz  QhL^j  L-  jj 

Ifi  In  H 
2n%  Da 


6v  (#)  = 


—  6.S1X10-2 


Xc 

(X)HL3H 


- ?iC  /.# 


Generally  speaking,  the  interaction  constant  depends  on  the 
energy  and  magnetic  field,  so  that  (3.4.27)  takes  on  the  form 


X®(2e  — to,  tf,  <?2) 


C-l* 


-!  I  28-0)  |  +  D<?2  +  Qh  («+-y) 


(3.7.44) 


If  in  the  sum  over  n  in  Eq.  (3.7.41)  only  small  n  are  important,  then, 
to  a  logarithmic  accuracy,  we  can  substitute  into  (3.7.42)  the  follow¬ 
ing  expression  for  Xc  in  three  dimensions: 


Jt° 


1  — X0  In 


_ 

max  {s,  T ,  QH}  * 
_  - 


(3.7.45) 


In  two  dimensions  and  at  QH  3>  e,  T,  the  n  dependence  of  the 
interaction  constant  accounted  for,  we  obtain 


8v2  (H) 


Q 


H 


8nD 


•2 


1 


=o  & 


71=0 


H 


8jt  D 


In- 


("+t) 

1  +  ^q  In  s0x 
1  +  X,0  In  &q(&h 


Qt 


1  —  L)  In  - 


(”+t) 


(3.7.46) 
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In  the  range  of  classically  weak  magnetic  fields  the  electron-electron 
interaction  in  the  Cooper  channel  gives  a  large  contribution  to  the 
decay  of  one-electron  excitations,  leading  to  field  dependence  of  Tee- 
In  the  magnetic  field  Eq.  (3.4.26)  has  the  form 


4ft 

v 


28  28- CO 

/'  d<i)  P  de'  C  dQz  j  -i 
J  ~2n  J  "2JT  J  2ft  Lh 

8  CO  -2s 


( Lh/D 2 

|  (2s  CO, 

?i=0 


Qz,  H)  |2 


X  Re 


-I® +/>?*+oH  (»+-!-)  I 


Re 


_ 1 _ - 

-<o'+2)C>!+Oh(»+4) 

(3.7.47) 


If  Qh  >>  e,  we  can  neglect  co  and  co'  in  denominators  and,  taking 
into  account  that  in  Eq.  (3.7.47)  small  n  are  essential,  find 


(/2Zh)4  d 
nvd  (2 Le)4 


e2ad~3 


2-d 

H  2 


(3.7.48) 


Here  £  (sc,  a)  is  the  generalized  Riemann  ^-function: 

oo 

Z(X,  a)  —  T  ( n  +  a)~x , 

71=0 

E(i-  t)“'4-78-  5(2.  t)^4-94- 

In  weak  fields  QH  <C  e  the  field-dependent  correction  to  the  decay 
is  proportional  to  the  square  of  the  field. 

The  conductivity  corrections,  arising  due  to  the  electron-electron 
interaction  in  the  Cooper  channel,  depend  strongly  on  the  magnetic 
field  [13].  Characteristic  fields  are  defined  by  (3.7.41),  and,  if  Tx^  >> 
>>  1,  they  are  much  larger  than  the  fields  which  depress  localization 
effects.  To  find  the  magnetoconductivity  related  to  the  Cooper 
channel  interaction  let  us  use  the  relation  (3.4.68)  between  correc¬ 
tions  to  the  conductivity  and  to  the  density  of  states,  valid  in  this 
case.  If  the  bare  interaction  constant  X0  is  small,  its  renormalization 
is  unimportant.  Substituting  (3.7.43)  into  (3.4.68),  we  obtain  in 
three  dimensions 


where 


,  x  ,  /  ii  f  /idi  f,  xt  1 

9.3  (^)  ~~y  2x  J  sinh2 1  L  sinh  xt  J  * 

o 


(3.7.49) 


(3.7.50) 


212 


B .  L.  Altshuler  et  aL 


At  x  »  1,  cp3  ( x )  ~  1.5,  and  at  x  <  1,  <p3  (x)  =  gj-  £  ]  x3/2, 

where  £  (#)  is  the  Riemann  ^-function.  We  see  from  (3.7.49)  that 
in  strong  fields  (2 eHDlcnT  >>  1)  the  magnetoconductivity  depends 
only  on  the  interaction  constant  and  its  sign  is  determined  by  the 
sign  of  X0. 

If  X0  >  0,  6afint  <  0  and  the  AMR  is  positive;  if  <  0,  it  is 
negative.  Note  once  more  that  in  this  case  the  range  of  strong  fields 
also  coincides  with  the  range  of  classically  weak]  fields  (coct  <c  1). 
In  two  dimensions 


KiM=--srk*( 


2 eHD  \ 
cnT  )  ’ 


where 


<P2 


t  dt 

sinh2 1 


[< 


xt  '1 
sinh  xt  J  * 


(3.7.51) 


(3.7.52) 


At  x  >  1,  cp 2  (^)  =  In  x  and  at  x  <C  1,  cp2  ( x )  =  £  (3)  £2/4  ^  0.3#2. 
If  the  interaction  constant  A,0  is  large  enough,  its  renormalization 
and,  consequently,  its  field  and  temperature  dependence  become 
important.  Unfortunately,  in  this  case  only  asymptotic  expressions 
for  the  magnetoconductivity  can  be  obtained.  In  three  dimensions 
these  expressions  can  be  found  from  (3.7.49),  replacing  by  A,c 
given  by  (3.7.44). 

At  d  =  2  and  Q#  <C  T  the  expression  for  Saint  is  related  to 
(3.7.51)  in  a  similar  way.  If,  however,  QH  T ,  then 


8a< 2)  (H) 


^  i  1  + VlnepT 
4ji2^  1  +  In  60/Qh- 


(3.7.53) 


In  the  case  of  an  anisotropic  simple  band  Eqs.  (3.7.49)  and  (3.7.50) 


acquire 
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form 
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(  2eDQH 
[  ncT 
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m  / 
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'  2 eDaH 
,  ncT 

\  eH  Dc 

Jr  c  Da  ' 

(3.7.54) 

In  a  many-valley  semiconductor  U-processes  can  be  ignored  if 

-^r<m,x{r.  (3.7.55) 


The  contribution  of  each  valley  to  the  magnetoconductivity  has  the 
form  (3.7.54),  these  contributions  being  additive. 

Frequent  intervalley  transitions  influence  the  magnetoconductivity 
related  to  the  electron-electron  interaction  in  the  same  way  as  they 
influence  the  Maki-Thompson  corrections,  i.e.  an  additional  factor 
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(2 nx  —  1)  appears  compared  with  Eqs.  (3.7.49)  and  (3.7.51)  for  a 
simple  band. 

The  spin-orbit  scattering  influences  8om  {H)  in  the  same  way  as 
the  Maki-Thompson  corrections  with  the  difference  that  this  scat¬ 
tering  becomes  strong  only  when  the  time  tso  is  smaller  than  the 
inverse  temperature.  Thus,  the  total  AMR  in  the  case  of  a  simple 
band  can  be  written  in  the  form 

oW{H)-oW  (0 )  =  p  (r)]  6<jCrf>  (H)  +  &<jW(H),  (3.7.56) 

where  8a(d)  (. H )  is  defined  by  Eqs.  (3.7.9)  and  (3.7.20)  and  8a{nt  ( H ), 
by  Eqs.  (3.7.50),  (3.7.51)  and  (3.7.53).  The  values  of  the  coefficients 
kd  for  different  cases  are  listed  in  Table  3.7.3. 

3.8  ELECTRON  LOCALIZATION  IN  RANDOM  POTENTIAL 

The  temperature  and  field  dependence  of  the  conductivity 
has  been  treated  in  Chapters  3.2  and  3.7  to  a  first  order  in  the  para¬ 
meter  (ppZ)-1  <  1.  Here  we  formulate  general  notions  allowing  one 
to  describe  the  properties  of  disordered  conductors  also  at  (pFZ)_1  > 
>  1.  Thus,  it  will  be  possible  to  span  the  gap  between  weak  effects 
of  quantum  interference  in  metals  and  the  Anderson  localization. 

3.8,1  Analogy  Between  Electron  Properties 

in  Disordered  Systems  and  Statistical  Mechanics 
of  Ferromagnets 

The  treatment  of  interference  effects,  when  the  latter 
are  not  small,  is  to  a  considerable  degree  based  upon  an  analogy  with 
the  theory  of  phase  transitions  in  magnetic  systems.  The  electron 
diffusion  is  analogous  to  the  propagation  of  spin  waves.  The  quan¬ 
tum  corrections  to  the  diffusion  coefficient  are  analogous  to  thermal 
corrections  to  the  spectrum  of  spin  waves  [73].  In  two  dimensions 
these  corrections  were  found  by  Polyakov  [74],  who  showed  that 
they  diverged  logarithmically  at  large  distances  or  small  frequen¬ 
cies.  An  external  magnetic  field  and  anisotropy  of  the  “easy  plane” 
type  remove  this  divergence,  but  in  different  ways.  In  a  magnetic 
field  a  gap  in  the  spectrum  of  spin  waves  arises,  and  the  spin  cor¬ 
relator  has  no  singularities  at  small  k.  The  “easy  plane”-type  aniso¬ 
tropy  does  not  lead  to  any  gap,  but  results  in  that  long  wavelength 
spin  waves  cease  to  interact  with  each  other.  Hence  an  external 
magnetic  field  in  a  ferromagnet  corresponds  to  the  external  field 
frequency  when  the  electron  diffusion  is  considered,  and  the  “easy 
plane”-type  anisotropy  to  the  magnetic  field  or  magnetic  impurities. 

Temperature  increasing,  a  ferromagnet  transits  into  the  paramag¬ 
netic  phase,  where  spin  waves  are  absent.  The  region  near  the  tran- 
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sition  point  is  described  by  the  scaling  theory.  In  particular,  the 
frequency  of  spin  waves  vanishes  as  ( T  —  7rc)v*  We  may  expect 
that  in  the  framework  of  the  diffusion  theory  at  some  critical  value 
of  disorder  a  transition  to  a  new  phase,  where  diffusion  is  absent 
(a  phase  of  localized  states),  will  occur.  The  region  near  the  localiza¬ 
tion  threshold  can  also  be  described  by  the  scaling  theory.  In  one- 
and  two-dimensional  ferromagnets  spin  waves  are  absent  at  all 
finite  temperatures.  Hence  we  may  think  in  one-  and  two-dimensional 
conductors  the  localization  should  exist  also  at  a  weak  disorder. 
The  analogy  between  statistical  mechanics  of  ferromagnets  and 
kinetic  properties  of  disordered  conductors  is  shown  in  Table  3.8.1. 


Table  3.8.1 

Kinetic  properties  of  metals 

Statistical  mechanics  of 
ferromagnets 

Degree  of  disorder,  TilE^x 
Diffusion  coefficient,  D 
External  field  frequency,  co 
External  magnetic  field,  H 
Mobility  edge,  F 

Diffusion  mode 

Temperature,  T 

Spin  wave  stiffness,  ps 

External  magnetic  field,  H 
Magnetic  anisotropy  energy,  p 
Curie  point,  Tc 

Spin  waves 

3.8.2  Q-Hamiltonian 

The  analogy  between  the  diffusion  and  spin  waves  can  be 
expressed  analytically  if  we  compare  the  effective  Hamiltonians 
describing  these  phenomena.  The  Hamiltonian  of  a  ferromagnet  is 

(3-8J) 

M2  =  1, 


where  ps  is  the  stiffness  of  spin  waves,  p  is  the  energy  of  anisotropy 
and  H  is  the  magnetic  field. 

For  electrons  in  a  random  potential  it  is  possible  to  average  the 
conductivity  over  impurity  configurations  and  to  write  the  effective 
Hamiltonian  of  interacting  diffusion  modes  [10,  75-77].  Following 
[10],  we  introduce  as  an  order  parameter  a  matrix  Cl  of  2 N  X  2 N 
dimensions,  where  N  is  an  arbitrary  integer.  We  introduce  also  a 
diagonal  matrix  A,  first  N  elements  of  which  are  equal  to  unity  and 
other  N  elements  to  — 1.  Each  element  of  the  matrix  Cl  is  a  quater¬ 
nion  and  can  be  represented  in  the  form 


Dfi 


)• 


(3.8.2) 
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where  Dtj  are  elements  of  a  Hermitian  matrix,  and  A^  are  elements 
of  an  antisymmetric  matrix.  The  expression  (3.8.2)  means  that  Q 
is  a  quaternionic  real  matrix,  i.e.  Qtj  =  Q t*,  where  Qctj  have 
real  values,  and 


(3.8.3) 


The  correlator  of  D-elements  corresponds  to  the  diffuson,  and  the 
correlator  of  A-elements,  to  the  cooperon.  By  analogy  with  statistical 
mechanics  of  ferromagnets, 

a2  =  l,  Tr  Q  =  0.  (3.8.4) 

The  effective  Hamiltonian  of  diffusion  modes  [10]  is  similar  to  the 
Hamiltonian  (3.8.1)  of  a  ferromagnet.  It  contains  (VQ)2  in  the  gauge- 
invariant  form,  as  well  as  “anisotropy”  connected  with  magnetic 
impurities  and  spin-orbit  coupling: 

Tr  (  —  iV  Q — ~  A  [Qt3])2  ~ ico  Tr  A-Q 
+  Tr  [t 3a  x  dp  +  -J_  Tr  [a  x  dp .  (3.8.5) 

TS  Tg0 

Any  observable  quantity,  e.g.  the  density  correlator  Ke  (co,  r), 
can  be  written  in  the  form  of  a  statistical  average  [10] 

Kz  (0,  r)  =  |  |  DO,  exp  [  j*  $8  dr  J 

Tr  [  ^  (1  +  A)  ( 1  +  '.t3)  Q  (°)  d  -  A.) (1  -  £T3)  a  (r) 

D  Q  exp  (  )  dr) 

The  expression  in  braces  should  be  calculated  at  an  arbitrary  even 
rank  2 N  of  the  matrix  O;  after  that  N  should  be  set  to  zero. 

Equations  (3.8.5)  and  (3.8.6)  reflect  the  analogy  we  are  speaking 
about.  More  exactly,  they  are  analogous  to  the  formula  (3.8.1),  the 
frequency  co  corresponding  to  the  magnetic  field.  The  anisotropy 
energy  is  described  by  several  terms  of  different  symmetry.  This  is 
connected  with  a  high  symmetry  of  the  matrix  O.  The  anisotropy 
depresses  long  wavelength  fluctuations  of  some  components  of  Cl. 
As  a  result,  in  the  long  wavelength  fluctuation  range  the  symmetry 
of  Ot  differs  from  that  in  the  short  wavelength  range  given  by  Eqs. 
{3.8.3)  and  (3.8.4).  Thus,  if  D  and  ^  are  written  as  D  =  D0  +  D-a, 
A  =  A0  +  A -a,  then  it  follows  from  (3,8.5)  that  the  field  depresses 


liv=o 
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the  fluctuations  of  A0  and  A,  while  the  magnetic  mpurities  and 
spin-orbit  coupling  depress  the  fluctuations  of  Q,  A0  and  A,  and  of 
D  and  A  respectively. 

3.8.3  Renormalization  Group  Equation 

The  Hamiltonian  (3.8.5)  contains  a  bare  diffusion  coefficient 
Dq  determined  by  scattering  at  the  distances  of  the  order  of  the  mean 
free  path.  Rescattering  gives  rise  to  spatial  and  time  dispersion  of  D. 
Usually  experiments  determine  D  (k  —  0),  i.e.  the  mobility  in  a 
uniform  field.  To  find  the  equation  connecting  the  values  of  D  (k,  co) 
for  different  k,  we  shall  use  the  renormalization  method.  This  method 
consists  in  that  we  integrate  over  diffusion  modes  with  wavelengths 
shorter  than  a  certain  wavelength.  If  the  effective  Hamiltonian 
obtained  by  this  procedure  has  the  same  form  as  the  initial  one,  the 
theory  is  said  to  be  renormalizable.  An  equation  can  be  found  for 
renormalizable  theories,  which  describes  the  parameter  variation 
with  changing  scales  (the  so-called  Gell-Mann-Low  equation).  To 
prove  renormalizability  and  to  derive  this  equation,  let  us  represent 
the  matrix  Q  in  the  form 

a  -  U+AU,  (3.8.7) 

where  U  is  a  unitary  quaternionic  real  matrix.  The  renormalization 
procedure  begins  with  the  representation 

U  -  UU  (3.8.8) 

where  U0  and  U  are  unitary  matrices,  and  U0  (k)  =^=  1  at  k0  >  k  >  kt 
while  U  (k)  =^=  1  at  k±  >  k.  The  functional  integral  over  ll0  calcu¬ 
lated,  the  remaining  integral  depends  on  U.  In  the  long  wavelength 

/V 

limit  it  can  be  represented  as  an  integral  over  Q  =  U+AU»  and 
=  D  Tr  (^Q)2  +  icoE0  Tr  (AO).  (3.8.9) 

This  means  that  the  theory  is  renormalizable,  and  D  and  \  satisfy 
the  Gell-Mann-Low  equations 

^n^-lnO-POT,  (3.8.10) 

In  [10,  75]  the  renormalizability  of  the  Hamiltonian  (3.8.5)  was 
proved  in  two  dimensions,  and  the  functions  |3  ( D )  and  O  (D)  were 
calculated  as  an  expansion  in  1  ID.  The  function  <D  vanishes  at 
N  =  0.  It  is  quite  natural,  since  in  the  one-particle  approach  loga- 
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rithmic  corrections  to  the  density  of  states  are  absent  at  p^l  1: 

P<0)=-Tr+0(-5r),  0>1,  (3.8.12), 

where 

!1  for  potential  scattering, 

0  in  the  presence  of  the  magnetic  field  and 
magnetic  impurities, 

—1  for  spin-orbit  coupling. 

Thus,  the  conductivity  in  two  dimensions  depends  on  the  size  of 
a  sample  not  arbitrarily,  but  obeying  Eq.  (3.8.10),  i.e.  if  we  take 
two  samples  of  different  dimensions  but  having  equal  conductivities 
then,  their  dimensions  doubled,  the  conductivities  change  by  the 
same  magnitude.  The  idea  that  quantum  effects  in  scattering  pro¬ 
cesses  are  determined  only  by  conductivities  [6]  led  Abrahams  et  al. 
[78]  to  Eq.  (3.8.10),  the  formulation  of  the  basic  principle  of  the 
theory.  This  equation  should  be  solved  on  condition  that  at  distances 
of  the  order  of  the  mean  free  path  the  diffusion  coefficient  is  equal  to 
its  bare  value  D0.  As  a  result, 

D(L) 

I  <3-«-13> 

Co 

At  D  <C  1  the  dependence  of  D  on  sample  dimensions  L  is  [78] 

Z>~exp( — j-}  ,  (3.8.14> 

where  Lc  is  the  localization  length,  i.e.  at  D  <C  1 
P  (D)  =  In  D.  (3.8.15) 

At  D  1  the  function  p  (D)  is  given  by  (3.8.12). 

The  results  of  Chapter  3.2  obtained  by  the  perturbation  theory 
can  also  be  obtained  by  the  renormalization  group  method,  if  the- 
expression  (3.8.12)  for  (3  (D)  is  substituted  into  (3.8.13). 

3.8.4  Conductivity  in  Two  Dimensions 

Equation  (3.8.10)  and  the  form  of  the  function  [3  (D)  allow 
one  to  judge  the  properties  of  diffusion  in  the  case  of  a  strong  disorder. 
These  properties  are  essentially  different  for  the  cases  of  potential 
scattering,  magnetic  scattering  and  magnetic  impurities,  and  spin- 
orbit  coupling.  In  the  case  of  potential  scattering  it  is  natural  to 
assume  that  the  function  (3  is  negative  not  only  at  small  and  large  D, 
but  at  all  D  (Fig.  3.30).  It  means  that  for  arbitrary  weak  disorder  the 
localization  regime  will  set  in  at  large  distances  L  ~  l  exp  (p?l). 

In  the  case  of  magnetic  scattering  (3  (D)  —  0  to  a  first  order  in 
1  ID.  It  is  shown  in  [75]  that  (3  ( D )  =  — 1  ID2,  and  therefore  the  local- 
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ization  length  Lc  ~  l  exp  [(pFZ)2].  A  very  interesting  situation  is 
^realized  in  the  case  of  a  strong  spin-orbit  interaction.  It  is  seen  from 
Pig.  3.28  that  there  is  a  point  D  =  D 2  ~  ilm  where  the  function 
§  ( D )  vanishes. 


Fig.  3.28. 

If  disorder  is  weak,  i.e.  D  the  Gell-Mann-Low  function  is 

positive,  and  the  effective  diffusion  coefficient  increases  with  in¬ 
creasing  sample  dimensions.  In  the  range  of  large  D  the  function 
P  (. D )  is  given  by  (3.8.12)  with  a  =  — 1,  and  solving  Eq.  (3.8.10) 
we  obtain 

(3A16) 

Usually  a  logarithmic  growth  of  the  conductivity  is  limited  not  by 
the  film  dimensions,  but  by  thermal  processes  of  phase  breaking 
(or  by  the  magnetic  field).  The  formula  (3.8.16)  takes  on  the  form 

'‘>c’  <3-8'17) 

Thus,  in  the  presence  of  the  spin-orbit  interaction  the  interference 
depresses  the  scattering,  and  residual  resistivity  is  absent. 

Note  that  the  factor  in  (3.8.17)  does  not  depend  on  the  impurity 
concentration  (or  on  the  mean  free  path).  It  is  only  the  factor  tc 
under  the  sign  of  logarithm  that  is  concentration-dependent.  In 
the  case  p\?l  >>1,  tc  in  Eq.  (3.8.17)  can  be  estimated  as 

*TC  ~  xePF/ . 


(3.8.18) 
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Near  the  localization  threshold,  when  Z)0  ~  D 2,  the  integral  on  the 
left-hand  side  of  Eq.  (3.8.13)  is  determined,  besides  large  Z),  by  the 
region  |  D  —  D2  |  <C  1.  If  at  the  point  D2 

D-^r\D=Dr^'  then  tc~t(Z)0-Z)2)-2v.  (3.8.19) 

If  the  bare  diffusion  coefficient  D0  is  less  than  Z)2,  then  the  diffusion 
coefficient  D  declines  exponentially  with  increasing  sample  dimensions . 
Calculating  (3.8.13)  at  Z)0  ~  D 2,  we  obtain  the  relation  (3.8.14) 
for  D  (L),  and  the  localization  length  Lc  in  the  vicinity  of  the  mobili¬ 
ty  edge  in  the  form 

Lc  ~  (Z>2  -  D,)-\  (3.8.20) 

In  the  case  of  a  strong  spin-orbit  coupling  the  mobility  edge  cor- 
{reponds  to  mD2  ~  1  (l  ~  ^).  In  many  cases  this  coupling  is  weak 
t;sS0  »  t).  Hence  we  can  ignore  it  at  small  distances  and  substitute 
into  Eq.  (3.8.12)  the  function  |3  (D)  corresponding  to  a  =  1  (the 
lower  curve  in  Fig.  3.28).  At  distances  L  ~  Lso  =  V  D tso  the  regime 
changes,  and  at  larger  distances  we  have  to  use  the  upper  curve  of 
Fig.  3.28.  If  the  regime  changes  at  D  <D2,  then  D  continues  to 
decrease,  and  the  spin-orbit  interaction  does  not  affect  the  localiza¬ 
tion.  If  the  spin-orbit  interaction  is  switched  on  when  D  >D2, 
D  begins  to  grow,  and  its  asymptotic  behavior  is  given  by  Eqs. 
{3.8.6)  and  (3.8.7).  The  temperature  dependence  of  the  conductivity 
in  this  case  has  a  maximum  when  T<p  (T)  ~  tso  (!).  The  mobility 
edge  for  a  weak  spin-orbit  coupling  is  given  by  the  relation  D  ( Lso )  = 
—  Do  and  equals 

<3'8-21> 

At  high  temperatures  or  at  small  sample  dimensions  a^2)  <C  <jc(2) 
while  at  low  temperatures  the  localization  sets  in;  if,  however, 
<j(2)  ;>  Oc2^  we  obtain  a  regime  with  a  zero  residual  resistance. 

3.8.5  Localization  in  One  and  Three  Dimensions 

In  two  dimensions  the  interference  corrections  diverge 
logarithmically  and  the  renormalization  group  method  gives  new 
quantitative  results  in  the  region  where  it  is  equivalent  to  the  method 
of  summation  of  leading  logarithms.  In  one  and  three  dimensions  hte 
corrections  have  power  singularities,  and  we  use  the  renormalizaition 
group  method  only  to  obtain  qualitative  results. 

In  these  cases  the  conductivity  cannot  be  used  as  an  effective 
charge,  since  it  is  a  dimensional  quantity.  It  is  natural  to  choose  as 
a  dimensionless  charge  the  conductance  G  (inverse  resistance)  of  a 
cube  of  dimensions  L  or  wire  of  length  L,  measured  in  the  units 
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of  e2/h .  In  two  dimensions  the  conductance  coincides  with  the  con¬ 
ductivity  of  a  square  film,  is  related  to  the  diffusion  coefficient  by 
the  Einstein  relation  and  satisfies  therefore  Eq.  (3.8.10).  In  other 
dimensions  the  conductance  satisfies  the  same  equation,  therefore 

4nT  =  Mc>-  (3.8.22) 

For  each  dimensionality  d  the  function  ( G )  has  its  own  form.  In 
the  localizationregion  (G<1)  the  conductance  declines  exponentially 


with  increasing  L  for  all  d.  In  the  metallic  region  the  conductance 
obeys  the  law  G  =  a{d)Ld~ 2.  Hence  for  large  G  the  function  $d  (G)  is 
constant  and  equals  d— 2.  For  one  and  three  dimensions  |3cZ  (G)  is 
plotted  in  Fig.  3.29.  We  see  that  in  one  dimension  (G)  is  negative 
irrespective  of  the  magnetic  and  spin-orbit  interactions.  This  means 
that  in  one  dimension  at  any  impurity  concentration  electronic 
states  are  localized. 

In  three  dimensions,  also  irrespective  of  the  strength  of  the  magnet¬ 
ic  and  spin-orbit  interactions,  the  curve  P3  (G)  intersects  the  G- axis. 
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Consequently,  at  Gc  ~  1  the  localization  threshold  should  exist.  At 
G  =  Gc.  the  sample  conductance  does  not  depend  on  sample  dimen¬ 
sions.  Since  G  =  oL ,  this  means  that  at  G-*GC  the  conductivity 
vanishes  [78].  Thus,  the  renormalization  group  theory  contradicts 
Mott’s  concept  of  a  minimal  metallic  conductivity. 

If  at  small  distances  the  conductance  G0  >  Gc,  then  calculating 
the  integral  (3.8.13)  at  L^-  oo  we  obtain 

G  =  a<rf>Ld-2,  (3.8.23) 

where 

flr(tf)  ~(G0  — Gc)v,  ±  =  G^\g=Gc.  (3.8.24) 

If  G0  <  Gc,  we  obtain  in  a  similar  way 

exp  ( — L/Lc),  Lc  =  (Gc-  G0)"v.  (3.8.25) 

The  exponent  v  is  universal  for  each  type  of  scattering  (potential, 
magnetic,  or  spin-orbit).  In  the  case  of  the  potential  scattering  this 
exponent  can  be  calculated  by  means  of  the  2  +  e  expansion  [79]. 
For  space  dimensionality  d  =  2  +  e  we  have 

pd(G)  =  z-±+0(±).  (3.8.26) 

Therefore 

Gc=±  +  0(e),  V=  1  +  0(8*).  (3.8.27) 

In  statistical  mechanics,  along  with  the  2  +  e  expansion,  a  success¬ 
ful  method  of  expansion  in  z  =  dn  —  d  [79]  is  used.  Here  d  is  the 
.space  dimensionality  and  dn  is  the  upper  critical  dimensionality  (in 
statistical  mechanics  du  =  4).  As  a  zero  approximation  the  mean 
field  theory  of  phase  transition  is  used,  which  is  exact  at  d  >  du.  At 
d  =  du  fluctuations  lead  to  logarithmic  corrections  to  mean  field 
results.  The  summation  of  leading  logarithms  and  expansion  in 
z  =  du  —  d  give  the  expressions  for  critical  indices  in  the  form  of 
a  power  series  in  e. 

This  approach  to  the  localization  problem  was  realized  by  Harris 
and  Lubensky  [80].  As  a  mean  field  Hamiltonian  the  expression 

Se=\dx  Tr  ad2  +  \  (Vd)2  +  d3  +  . . .  }  (3.8.28) 

was  used.  It  was  found  out  that  du  =  8,  and  that  the  density  of 
states  in  the  mean  field  theory  vanishes  at  the  mobility  edge.  This 
effect  is  apparently  absent  at  4.  Therefore  the  theory  of  Harris 
and  Lubensky  is  most  likely  valid  for  high  dimensionalities  4  < 
<  d  <  8,  but  fails  to  describe  the  properties  of  quantum  states  near 
the  mobility  edge  in  three  dimensions. 
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The  qualitative  conclusion  about  the  absence  of  a  minimal  metallic 
conductivity  was  experimentally  verified  for  Gej-^Au^.  and  Si^^P* 
[81,  82].  It  was  shown  that  the  conductivity  value  extrapolated  to* 
zero  temperature  decreases  slowly  with  impurity  concentration  accord¬ 
ing  to  the  law  (3.8.24),  and  v  ~  2/3.  The  decrease  in  a  (T  =  0) 
down  to  the  values  by  a  few  orders  smaller  than  Mott’s  minimal  me¬ 
tallic  conductivity  [1, 2]  was  also  observed.  Such  a  behavior  does  not 
contradict  the  theory  we  are  discussing.  However,  to  describe  quan¬ 
titatively  these  effects  in  real  solids,  we  have  to  generalize  the 
theory  to  interacting  electrons  in  random  potential. 

3.8.6  Localization  in  Magnetic  Field 

There  are  two  mechanisms  of  magnetic  field  effects  on 
the  conductivity  of  metals  with  impurities.  A  simple  classical  mecha¬ 
nism  is  connected  with  the  fact  that  electrons  rotate  in  the  field  at 
frequency  coc  =  eHimc ,  leading  to  cdct  dependence  of  Zh  Therefore,, 
if  (oc  >  Eg,  the  field  favours  the  localization  and  shifts  the  mobility 
edge,  Eg ,  to  higher  energies.  The  second,  essentially  quantum,  mecha¬ 
nism  has  been  discussed  in  Chapter  3.7.  A  negative  magnetoresistanco 
arising  due  to  this  mechanism  in  the  range  of  weak  fields  exceeds  the* 
classical  value.  Hence  we  shall  ignore  the  field  dependence  of  Z>0. 
In  the  region  of  localized  states  the  magnetic  field  can  influence  the* 
conductivity,  decreasing  the  probability  of  tunnelling.  However,, 
the  contribution  of  this  mechanism  in  the  range  of  weak  fields  is 
proportional  to  H 2  and  can  be  neglected  in  comparison  with  the  con¬ 
tribution  of  the  quantum  interference  which,  as  shown  below,  shifts 
the  mobility  edge: 

i 

Eg(H)-Eg(0)  =  AH^.  ,  (3.8.29) 

In  three  dimensions  and,  given  the  spin-orbit  coupling,  also  in 
two  dimensions  there  is  a  mobility  edge  at  G  =  Gc.  At  a  given 
disorder  this  mobility  edge  is  associated  with  an  energy  Eg. 

From  general  scaling  concept  the  conductivity  in  a  magnetic  field 
near  the  mobility  edge  Eg  (Gc)  can  be  represented  as 

«-{E-E,f,(- (3.8.30) 

The  magnetic  field  enters  the  Hamiltonian  through  a  vector  poten¬ 
tial  which  is  not  gauge-invariant.  It  is  the  flux  ®c  of  the  field  H 
through  the  region  of  dimensions  Lc  (®c  =  HL\ )  that  is  gauge- 
invariant.  As  shown  above  [Eqs.  (3.8.20)  and  (3.8.25)k  Lc~  (E  — 
—  Eg)"'*.  Only  ®c  or  its  powers  can  be  the  argument  of  the  function  / 
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in  (3.8.30),  hence  a  =  2v.  The  asymptotics 

M  iV  z,  Z»l, 

/2~ \i+A2y'z,  z « i 


(3.8.31)- 


determine  the  magnetoconductivity  in  the  range  of  strong  and  weak, 
fields.  The  signs  of  A1  and  A2  cannot  be  found  from  general  notions, 
but  it  is  quite  natural  to  suppose  that  in  the  vicinity  of  the  mobility 
edge  the  magnetoresistance  has  the  same  sign  as  in  the  metallic  region. 

The  mobility  edge  shift  in  the  magnetic  field  is  determined  by  the 
singularity  of  the  expression  (3.8.30).  This  singularity  arises  when  the- 
argument  off  is  of  order  unity.  Therefore  the  shift  is  given  by  (3.8.29),. 
and  its  sign  coincides  with  the  sign  of  the  magnetoresistance,  i.e.  in 
the  case  of  the  potential  scattering  the  mobility  edge  is  shifted  to* 
lower  energies,  and  in  the  case  of  the  spin-orbit  interaction  to  higher- 
energies. 


3.8.7  Localization  in  Percolating  Structures 

To  apply  the  ideas  developed  in  this  section,  let  us  discuss- 
an  interesting  example  of  localization  occurring  in  conductors  with 
a  large  number  of  macroscopic  ruptures  [83].  Consider  a  powder  com¬ 
prising  a  random  distribution  of  macroscopic  metallic  particles  oil 


size  a  in  a  dielectric  matrix.  Let  x  be  the  volume  fraction  occupied; 
by  the  metal,  any  y  the  resistance  of  the  contact  of  two  particles  in, 
units  of  hie 2.  We  can  plot  a  phase  diagram  of  this  system  (Fig.  3.30). 
If  x  is  small,  the  metallic  particles  do  not  form  macroscopic  conduct¬ 
ing  paths,  and  therefore  at#<;rcand  arbitrary  y  the  powder  behaves 
as  a  classical  dielectric  (CD).  At  x  >  xc  macroscopic  conducting 
palhs  arise  forming  a  spatial  network  of  dimensions  Lc  ~  a  (x  —  xc)"~s 
(s  =  1.8  is  the  correlation  length  critical  exponent).  In  a  classical- 
metal  of  such  a  configuration  and  unit  resistance  of  each  contact  the- 
conductivity  would  be  equal  to  2  ~  (x  —  xQ)1  (here  t  —  1.6).  At 
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sufficiently  large  disorder  y  quantum  effects  lead  to  the  localization. 
The  mobility  edge  is  defined  by  the  relation  y  =  yc(x)  (a  solid  line 
in  Fig.  3.30).  The  region  y  <  yc  corresponds  to  the  metallic  conductiv¬ 
ity  (M)  and  the  region  y  >  yc  to  the  Anderson  dielectric  (AD). 

Let  us  calculate  now  the  quantum  correction  to  the  conductivity 
given  by  (3.2.22),  taking  into  account  a  strong  spatial  dispersion  of 
the  diffusion  coefficient  D : 


D(q)  ~  ~-f(qLc), 


z<  1, 

Z>  1, 


V  =  #/s.  * 


(3.8.32) 

(3.8.33) 


It  follows  from  the  expression  for  the  quantum  correction  to  the 
conductivity 


«2_  _  f  W 

cr  ~  J  5(g)92  +  V 


(3.8.34) 


that  at  zero  temperature,  when  =  0,  the  quantum  correction  is 
given  by  q~  ( x )  and  8a/a~  y/2Lc.  At  the  mobility  edge  the 

quentum  correction  equals  by  the  order  of  magnitude  the  Drude 
•conductivity.  From  this  we  obtain  the  estimate  for  the  mobility 
■edge: 

Jfc  (*)~  (3.8.35) 


At  y  >  yc(x)  electronic  states  are  localized.  The  localization  length 
Lioc  can  be  found  from  the  condition  that  the  resistance  of  a  sample 
of  dimensions  Lloc  is  of  order  h!e2\ 

t  —  s 

(t  ( L\oc!a)  t/sL]oC  1  I  L] oc  \  5  , 

ya  ~  ya  ~  y  {  a  ) 


whence 


Lloc  ~  ay  1  s .  (3.8.36) 

At  sufficiently  high  temperatures,  when  ]/ D T(p<C  LloC,  Lc,  the  quan¬ 
tum  corrections  which  determine  the  anomalous  temperature  depend¬ 
ence  of  the  conductivity  are  small,  and  to  find  them  we  can  use 
again  Eq.  (3.8.34).  Thus, 

m  ~  ~  f  )*  T-f*'  (3-8.37) 

where  it  is  taken  into  account  that  T~l. 


*  The  equality  y  —  tls  follows  from  the  condition  that  at  qLc  >>  1, 

D  ( q )  does  not  depend  on  (xc  —  x). 
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3.9  CONCLUSION 

The  theory  described  in  this  review  is  mostly  a  theory  of 
small  corrections  arising  in  disordered  conductors  due  to  the  quantum 
interference  of  scattered  waves  and  to  the  electron-electron  interac¬ 
tion.  Although  these  corrections  are  small  in  the  region  where  ,  the 
theory  is  applicable,  their  dependence  on  frequency,  temperature  and 
magnetic  field  determines  the  conductivity  and  the  density  of  states. 
This  dependence  accounted  for,  many  experimentally  known  but  quite 
mysterious  phenomena,  such  as  the  AMR,  the  zero-bias  tunnelling 
anomaly,  the  minimum  in  the  temperature  dependence  of  the  resist¬ 
ance  in  disordered  conductors,  were  explained.  The  experiments 
carried  out  to  verify  the  theory  on  the  whole  confirm  it.  In  the  near¬ 
est  future  the  effects  due  to  which  the  localization  is  not  always 
observable  will  evidently  be  accounted  for.  The  verification  of  other 
predictions  of  the  theory,  i.e.  the  Aharonov-Bohm  effect*,  the  local¬ 
ization  suppression  by  an  external  high-frequency  field,  the  logarith¬ 
mic  growth  of  the  conductivity  with  decreasing  temperature  in  two- 
dimensional  conductors  with  the  spin-orbit  interaction,  is  also  in 
store.  The  examination  of  small  corrections  leads  to  the  renormalization 
group  theory  for  conductivity.  In  the  region  near  the  mobility  edge 
predictions  of  this  theory  are  not  unambigous;  however,  the  second- 
order  transitions  between  the  conducting  and  dielectric  phases,  so 
that  the  metallic  conductivity  tends  to  zero  according  to  a  power  law 
with  a  definite  exponent  seems  to  be  most  natural.  The  experimental 
investigation  of  the  conductivity  behavior  in  the  vicinity  of  the 
mobility  edge  is  very  important  and  can  stimulate  new  theoretical 
efforts.  The  theory  predicts  also  a  series  of  other  qualitative  effects, 
such  as  the  shift  of  the  mobility  edge  in  the  magnetic  field. 

The  fact  that  the  electron-electron  interaction,  whatever  weak  it 
may  be,  increases  when  the  Fermi  level  approaches  the  mobility 
edge  is  very  important  and  quite  unexpected.  It  means  that  the 
theory  of  the  metal-dielectric  transition  cannot  be  constructed  as 
a  one-electron  localization  theory.  The  interaction  can  change  both 
the  transition  and  the  nature  of  localized  states. 


*  This  review  had  already  been  written,  when  the  Aharonov-Bohm 

oscillations  of  the  resistance  were  observed  [86]. 
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APPENDICES 


3.A.1  Cooperon-Current  Relation  in  the  Space-Time 
Representation 


Deriving  the  cooperon-current  relation  in  the  space-time 
representation  in  a  high-frequency  field,  it  is  convenient  to  use  the 
Keldysh  diagrammatic  technique  [84].  The  electron  Green  function- 
in  this  technique  is  a  matrix 


/  0  Ga 
F 


)• 


(3.A.1) 


and  the  current*  is  related  to  the  function  F  by  the  equation 
j  =  e  (vF(p,  B)-^r(dp).  (3. A. 2} 


In  equilibrium  the  Green  function  F  is  expressed  through  the  retard¬ 
ed  and  advanced  Green  functions  (GR  and  GA): 

F  (e)  -  [2raF  (e)  -  1]  [<?A  (e)  -  Gn  (e)],  (3.A.3) 

where  n$  (e)  is  the  Fermi  distribution  function. 

To  derive  the  expression  for  the  current,  it  is  sufficient  to  calculate 
F  in  the  first-order  perturbation  theory  in  electric  field  (Fig.  3.A.lu) 
and  substitute  it  intoEq.  (3.  A. 2).  The  field  vertex  is  also  a  matrix  and 
has  the  form 


A  A 

y=—v.Aox 


(3.A.4) 


It  is  assumed  that  in  the  electron  propagators  shown  in  Fig.  3.A.la 
the  impurity  potential  is  already  taken  into  account,  therefore  these 
propagators  should  be  considered  as  equilibrium,  i.e.  we  can  use 
Eq.  (3.A.3).  In  order  to  account  for  the  Cooper  pole  effect  on  the  con¬ 
ductivity,  in  averaging  over  the  impurity  potential,  it  is  sufficient 
to  consider  only  the  graphs  shown  in  Fig.  3.A.1&.  Since  impurity 

vertices  are  also  proportional  to  the  matrix  ox,  the  contribution  of 
any  graph  in  Fig.  3.A.1&  to  the  current  before  integration  over 
momenta  is  proportional  to  the  expression 


2  o  GR(Pi)F(p;)  n  GA(pk)- 

j  i— 1  k—j  +  l 
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(Here  electron  propagator  momenta  are  labelled  according  to  their 
order  in  the  graph.)  For  the  Cooper  pole  to.appear,  one  of  the  electron 
Green  functions  in  each  cell  of  the  ladder  should  be  retarded  and 
the  other  should  be  advanced,  or  one  of  them  should  be  a  function 
of  F.  The  function  F  can  stand  only  at  the  points  denoted  by  a  circle 
in  Fig.  3.A.16.  As  a  result,  we  obtain  the  cooperon— the  sum  of  the 
graphs  shown  in  Fig.  3.  A. 2,  one  of  the  electronic  lines  being  retarded 
and  the  other  advanced.  This  result  is  also  valid  in  the  case  when  the 


Fig.  3.A.I. 
Fig.  3.A.2. 


*i 


t 


2 


C  r* 


sample  is  placed  into  a  strong  external  electromagnetic  field. 
Consequently  the  Fourier  transform  of  the  current  at  frequency  (o3  in 
the  presence  of  a  measuring  field  at  frequency  a>1  has  the  following 
form  (heating  effects  are  ignored): 

=  17  aoA  (co,)  j  ( dQ )  (dQ')  lnv  (e+)  -  nF  (e‘)] 

X  Cq <y  (eg,  et;  el,  ej),  (3. A. 5) 

where 

8  f«efd=S®L 

2  * 

If  the  influence  of  the  external  field  on  the  cooperon  Cqq'(82,  e^;  e*,  e*) 
is  neglected,  the  latter  is 

CqQ'(b2,  el,  ej,  82)  =  (2jx)26(e1  — e2)  6(0)!  — co2) 

X  (2n)d  6  (Q  —  Q')  C  (Q,  <ot), 

C(Q.  (3-A-6) 


Substituting  (3.A.6)  into  (3. A. 5),  we  find  the  conductivity  corrections 
obtained  in  Chapter  3.2  by  means  of  the  Matsubara  diagrammatic 
technique. 


15* 
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The  equation  for  the  cooperon  in  an  external  field  has  the  simpliesl 
form  in  the  space-time  representation  (see  3.A.2).  We  shall  now  ob¬ 
tain  the  expression  for  the  Fourier  transform  of  the  current  in  this 
representation.  From  (3. A. 5)  it  follows  that 

Sj(02  =  ~  o0A  K)  ^  -J~  [nY  (87)  —  nF  (et)]  j  dti  dt2  dt[  dt'38  (ft  —  Q 

X  exp  {i  — el^2  — (02^i)}Cr,  r  t2t'2).  (3.A.7) 

The  notations  for  times  and  coordinates  are  shown  in  Fig.  3.A.2. 
It  is  convenient  to  use  the  following  variables: 

j  tx  — "4“  ^  2 
2  ’  2  ’ 

=  —  T)  *  t2 , 

Cvt'  ( t^t 1?  t%t2)  =  C^y]'  (r,  r  ).  (3, A. 8) 

As  shown  in  3. A. 2,  C^',  can  be  written  as 
C^'( r,  r')-6^(r,  r (3.A.9) 
Using  (3.A.9),  we  obtain 

A  (coO  \  dti  [nF  (el)  —  nF  (ef)J  j  dtdx\ 

X  exp  ji  [t  (©!—  (o2)  +  rj  -]}  Cqt-n  (r,  O'.  (3.A.10) 

In  the  case  of  a  constant  magnetic  field  the  cooperon  does  not  depend 
on  t  and  therefore 

<5j<o2  =  A  (toj)  [  ctej  [raF  (el)  —  raF  (et)] 

xCa(r,  r')2n8(coi-co2),  (3. A. 11) 

where 

+  oo 

Ca(r,  r')=  j  dTA.-„(r,  r') 


Equations  (3.A.10)  and  (3.A.11)  hold  for  arbitrary  distribution  func¬ 
tions  m  (e).  In  the  degenerate  case,  integrating  over  e,  we  find 

6a  (co,,  co2)  =  -  -—Dr  \  dtdr\exv{i  [~ t  (tot  —  co2)  ]} 


X  (r>  r  )* 


(3. A. 10a) 


where 
6a  (coi,  co2) 


)g>8 

£(®i)  ' 
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In  a  constant  magnetic  field 


8a  (cd1?  co2)  =  2ji8  (co*  —  co2)  6a  (coj)  = 


2  e*Dx 
n 


Co,  (r,  r')  2jx8  (an  —  co2) . 


(3. A. 11a) 


3.A.2  Cooperon  in  External  Electromagnetic  Field 


Let  a  sample  be  placed  in  a  field  given  by  a  vector  poten¬ 
tial  A  (r,  t)  =  A  exp  {i  (Qt  +  k-r)}.  As  a  function  of  the  momen¬ 
tum  and  energy  initial  values,  the  cooperon  satisfies  the  equation 

CQ(e+,  e~)  =  Cq)  (e+  —  e_)  [1  +  £  (Q,  e+,  e")]  CQ  (e+,  e~),  (3.  A. 12) 

where  Cq0)(8+  —  s“)  is  the  sum  of  ladder  graphs  in  the  absence  of  the 
external  field, 

Cq)(s+  — e)=  j  —  j (e+ — g-)_|_ £)Q2j  *  (3. A. 13) 

and  t  is  an  operator,  since  the  external  field  changes  both  the  coope- 

A, 

ron  momentum  and  energy.  Calculating  £,  it  is  necessary  to  account 
for  the  external  field  both  to  the  first  and  second  orders  of  the  pertur- 

A 

bation  theory.  Then  the  expression  for  £  is  written  as 


a 

UQ>  e+.  e")=  2  2  ^Bexp{ak^  +  PQl|r  +  (a-P)^-^r-}. 

ct=l,2  3=0 

(3.A.14) 

Note  that  calculating  £a(3  we  can  set  k  and  Q  to  zero.  In  fact,  as 
shown  in  3.A.1,  one  of  the  electronic  lines  (with  the  initial  energy  e+) 
is  retarded  and  the  other  is  advanced.  Therefore  we  should  compare  k 
with  l*1  and  Q  with  T"1.  At  k  =  0,  Q  =  0  the  field  vertex  corre¬ 
sponds  to  differentiation  of  the  electron  Green  function  with  respect  to 
its  momentum.  As  a  result, 


cAi 


£20  —  £22  —  T  £21 : 


fi2 

2c2 


c 


>00 


dQi  dQj 


P  2 

r. 


(3.A.15) 


Here 


j  (dp)  G*  (e+,  p)  Ga  (e-,  -p  +  Q)  =  1  +  i  (e+-e-)T -DQ^x. 
Eq.  (3. A.  12)  can  be  represented  as 
[Cq)_1  — f]  Cq  (e+,  e-)  =  l. 


(3.A.16) 
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Substituting  (3. A.  14)  and  (3. A.  15)  into  (3.A.16),  we  obtain 
|  —  i  (e+_8“)  4-Z)  [Q — e—  A  (eQ^r+eQtez)eki  ^]2} 

xCq(e\  8-)  =  {.  (3.A.17) 

In  the  space-time  representation  and  in  the  notations  of  Sec.  3.A.1 
the  cooperon  equation  has  the  form 


{A+D[-‘-k-^(A{  "•  '--5-)+A(r-  f+-r)]!} 

X  Ct. r')  =  (3.A.18) 


This  equation  is  valid  for  arbitrary  dependence  of  the  external  field 
on  coordinates  and  time. 

If  the  field  vector  potential  is  time-independent  (i.e.  magnetic 
field  is  constant),  then  Eq.  (3. A.  18)  can  be  written  as 

+  -A(t)]2}C8(r,  t')=  6(r7-r'}  ■  (3.A.19) 


3.A.3  Calculation  of  Path  Integrals 

In  a  spacially  uniform  case  the  path  integral  (3.3.31) 
does  not  contan  8-function.  Therefore  the  double  integral  over  y  can 
be  reduced  to  one-dimensional.  Then  the  path  integral  can  be  writ¬ 
ten  as 

X  (y)= 0  y 

(C  (0,  0,  —y,y))=  j  Dx{y)  exp{  —  \  dyt  [x  (y^]2 

x(-y)=  0  -2/ 

V 

—  [  [^iy^—xi  —  y^dyij.  (3. A. 20) 

-y 

The  vector  sign  in  the  exponential  in  the  second  integral  is  absent, 
since  the  direction  of  vector  potential  A  of  fluctuations  due  to  noise 
in  the  external  circuit  coincides  with  the  current  direction.  Separat¬ 
ing  the  motion  along  the  current  direction  from  the  transverse  motion 
and  calculating  the  integral  over  transverse  coordinates,  we  obtain 
the  cooperon  in  the  form  of  an  integral  over  longitudinal  coordinates: 

X  (y)= 0  y 

<C  (0,  0,  —  y,  y)y  = - j  Dx  (y)  exp  |  —  X  j  dytx 2  (t/t) 

(4^)  2  x(-y)= 0  -v 

K 

—  j  dyt  lx(yi)—  x(  —  t/i)]2}  . 

-v 


(3.A.21) 
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We  are  interested  in  the  paths  that  return  to  the  initial  point. 
Therefore,  if  we  write  x  ( y )  as  the  sum  of  the  even  and  odd  parts, 
x  ( y )  =  x+  {y)  +  ( y ),  we  find  the  following  integration  limits: 

X.  (0)  =  x_  ( y )  =  0,  x+  (y)  =  0,  x+  (0)  =  x. 

The  integral  (3. A.  21)  can  be  written  as 

i -d  x+{y)= o 

<C(0,  0,  —  y,  y))  =  (4y)  2  ^  dx  ^  Dx+(y) 

X+(0)~X 

V  #  x_(y)=0 

X  exp  |  — g-  j  dy^l  (i/i)}  j  Dx_  (y) 

0  5C-(0)  =  0 

y 

X  exp  {  —  |  dyi  [yx-  (Vi)  +  8x-  (ih)]}  •  (3. A. 22) 

o 

The  integral  over  x+  (y)  is  equal  to  the  probability  of  reaching  in 
the  process  of  diffusion  a  point  x  in  a  time  y.  By  the  probability  nor¬ 
malization  the  integral  over  x  equals  unity.  Therefore  C  is  the  Green 
function  at  coinciding  points  for  the  diffusion  equation  with  oscil¬ 
lating  potential. 

For  the  Schrodinger  equation  this  function  can  be  found  in  [85]. 
Hence 

1  -d  ^ _ 

<C(0,  0,  =  2  y  (3.A.23) 

The  integral  over  y  of  (C  (0,  0,  —  y,  y))  converges  for  d  ~  1,  2.  In 
the  case  d  =  3  it  is  necessary  to  perform  subtraction  to  avoid  diver¬ 
gence  at  small  y: 

0.08  atd=l, 

°°  An  Y  2 

f  <C<0’  °*  «)>*«=  — 1=  In  |f0  at  d  =  2,  <3-A-24) 

Vo  4  y  23X 

—  0.06  at  d  =  3. 

Using  Eq.  (3.A.24),  we  obtain  the  coefficient  C ^  given  in  the  text. 
In  one  dimension  let  us  use  the  equality 

* (y%) x  (y*) 6 1*  (yd  - x  (y*)]  =  —  y* 1  *  (2/1) — * (2/2)  I 

and  integrate  the  double  integral  in  (3.3.31)  by  parts.  As  a  result  the 
double  integral  in  the  exponential  will  become  one-dimensional 

3c(y)=0  y 

{C  (0,  0,  —y,  y))=  j  Dx  (y)  exp  j  —  j  dy^^-^ 

x{-y)=0  -y 

+ 1  —  vi)  l]}. 


(3.A.25) 
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Representing  the  path  x  {yx)  in  the  form  x  ( y x)  =  x+  +  x„  and  inte- 
grating  over  x+,  we  find  that  the  cooperon  is  equal  to  the  Green  func¬ 
tion  of  the  diffusion  equation  in  the  potential  |  x  |.  The  integral  over 
y  is  expressed  through  the  Green  function  in  the  frequency  represen¬ 
tation  at  frequency  equal  to  zero: 

oo 

j  (C  (0,  0,  —  y,  y))dy  =  G( 0,  0), 
o 


{~^  +  4  I  x  l}  G  (z’  x')  =  S(x  —  x'). 


(3.A.26) 


The  Green  function  G  ( x ,  x)  can  be  written  as 
r  1  \  gi(x)g2(x'),  x<x', 

(X'  Z  ' "  W  (ft.  ft)  1  gi  (*')  g2  (X),  x  > 


(3.A.27) 


where 

gi  ( X )  =  Ai  (4  I  X  |),  g2  (x)  =  Bi  (4  |  x  |) 

are  linearly  independent  solutions  of  the  uniform  equation  (3. A. 26) 
and  W  (gi,  g2)  is  the  Wronski  determinant.  We  have 


w  (gi,  g2)  =  Ai  (0)  B’i  (0 )-A'i  (0)  Bi  (0)  =  4  - 


G( 0,  0)  =  - nAi  (0) Bi(0)  = - Vtt  =  0.17. 

35/6r2(_|.j 

The  last  relation  allows  to  obtain  the  coefficient  Cx  given  in  the 
text. 


3. A.  4  Expression  for  Conductivity  of  Interacting 

Electrons 

The  corrections  to  the  conductivity,  arising  due  to  the 
exchange  interaction  of  electrons,  are  given  by  the  graphs  in  Fig.  3.15 
and  also  by  the  graphs  differing  from  those  shown  in  Fig.  3.15a,  &,  d,  e 
only  in  direction  of  the  electronic  line. 

Calculating  the  corrections  to  the  conductivity,  it  is  necessary 
to  remember  that  the  main  contribution  is  given  by  the  terms  con¬ 
taining  maximal  number  of  diffusion  poles.  In  these  terms  imaginary 
parts  of  the  Green  functions  in  each  vertex  should  have  opposite 
signs.  This  condition  restricts  the  summation  region  over  en  and  co^ 
in  each  expression. 

Note  that  the  total  contribution  of  the  graphs  in  Fig.  3.15a-c  at, 
Tx  < C  1,  1  (Qfc  =  2 nkT  is  the  Matsubara  frequency  of  exter¬ 

nal  field)  is  small  compared  with  the  contribution  of  all  other  graphs. 
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We  can  say  that  the  sum  of  the  graphs  in  Fig.  3.15u-c  corresponds  to> 
renormalization  of  the  density  of  states  and  transport  relaxation  time. 
Since  this  time  is  inversely  proportional  to  the  density  of  states,  these, 
renormalizations  cancel. 


(a)  (b) 

Fig.  3.A.3. 


To  calculate  the  sum  of  the  graphs  shown  in  Fig.  3. 15c?,  e  we  first, 
evaluate  T,  the  graphical  equation  for  which  in  ladder  approximation 
is  shown  in  Fig.  3.A.3.  The  solution  of  this  equation  has  the  form 


T  fn  «  t  „  «  1~\ _  1  f  0  (8n)  B  (wm  StO  +  0  ( — 8n)  0  (8n  ^na) 

1  IP’  P*  IP  +  *  +  \ - i©mT+2V - 

+  0  (en)  0  (sn~ o)m)  +  0  ( —  en)  0  ((Qm  —  Bn)| .  (3. A. 28) 


As  current  vertices  are  vectorial,  the  graphs  in  Fig.  3. 15c?,  e  give 
zero  contribution  if  the  Green  functions  standing  to  the  left  and  to 
the  right  from  T  are  taken  to  zeroth  order  in  q.  The  next  terms  in  the 
expansion  of  the  Green  functions  in  q-v  accounted  for,  we  obtain 
a  factor  Dq2  in  the  numerator.  This  factor  cancels  one  of  the  diffusion 
poles  so  that  each  graph  contains  effectively  two  such  poles.  As  a  re¬ 
sult,  in  the  expression  for  the  current  correction  arising  due  to  inter¬ 
ference  effects  only  the  graphs  in  Fig.  3. 15c?,  e  are  important.  Tedious 
but  quite  simple  calulations  lead  to  the  following  expression  for  6/a 
(we  assume  that  Qk  >  0): 


r 

=  r  2  u)mF  (Qjj, 

[  <ora=0 


vm)  +  T  2  Q,kF  (Qft, 


®m)  |  9 

(3.A.29)- 


where  is  the  vector  potential  of  external  electric  field,  and  o0  is. 
the  classical  conductivity  of  noninteracting  electrons.  The  function 
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F  (Qfc,  com)  has  the  form 
F  (Q.  Q3  \  =  s  f  (da) 

(  h'  m)  J  ( dq)  (o >m+0qT  (com  +  Qfe4-Z>q2) 


(3.A.30) 


It  is  seen  that  at  0  the  contribution  to  the  current,  propor¬ 

tional  to  the  vector  potential,  vanishes. 

To  obtain  the  frequency  and  temperature  dependences  of  the  con¬ 
ductivity,  it  is  necessary  to  continue  analytically  the  expression  for 
the  current  (3.A.29)  to  real  values  of  the  argument. 

The  expression  in  braces  in  (3. A. 29)  can  be  represented  as 

°0 

A~T  2  com)  +  ^  2  &h.F  ®m) 

®m~0 

—  ~i [  j  daQhF  (Qft,  —  zco)  coth 

Ci 

+  ^  da  ( —  ia>)  F(Qh,  —  ia)  coth-^r  J  ,  (3.A.31) 

c. 


where  contours  C1  and  C2  are  shown  in  Fig.  3.A.3a. 

Since  the  function  F  (£2fe,  —zco)  has  no  singularities  in  co  in  the 
upper  half-plane,  the  integration  contours  C1  and  C2  can  be  deformed 
into  contours  C',  C'  and  C",  as  shown  in  Fig.  3.A.36.  As  a  result, 

+oo+iQ^ 

■A  =  4Si{  \  dwQhF  (&h,  —  ico)coth-^r 

—  oo+iQfr 

+oo 

-f  j  da  (—  zco)  F  (Qft,  —  zco)  coth 
—  00 

'+ 130  4-  iQji 

—  j  da  ( —  ia)  F  (Qk,  —  ia)  coth  .  (3.A.32) 

—  00  4-  7 


Replacing  co  by  co  +  zQ&  in  the  first  and  third  integrals,  and  using 
the  relation  coth  =  coth  ^ ,  we  find 


+  0O 

A=  j  co  da)  coth  -Tjj  [F  ,  — zco  +  ^fe) — F  (Q^,  — ico)] .  (3.  A. 33) 

—  oo 

To  continue  (3.A.33)  analytically,  it  is  sufficient  to  replace  Q&, 

hy  — z'Q. 
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The  expression  for  the  conductivity  correction  takes  on  the  form 
+  00 

6cj(Q,  T)  =  j  to  cZco coth [F  ( —  iQ,  —ia  —  iO) 

—  Oo 

—  —  —to)].  (3.A.34) 

When  calculating  the  temperature  dependence  of  the  conductivity, 
it  is  necessary  to  proceed  to  the  limit  as  £2— v  0  in  (3.A.34): 

4-o>o 

fc(Q,  7)= — g  [  da>F(0,  -ico)^(cocoth^).  (3.A.35) 

—  oo 

Substituting  (3.A.30)  into  (3. A. 35)  and  integrating  over  directions 
of  vector  q,  we  obtain 

*•£(«•**■)  j  <s-a-36> 

—  oo 
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An  Exact  Solution 
of  the  Kondo  Problem 


P .B .  Wiegmann,  Cand.  Sc.  (Physics  and  Mathematics ) 

L.D.  Landau  Institute  for  T]  eoretical  Physics, 

Academy  of  Sciences  of  the  USSR 

4.1  INTRODUCTION 

It  is  now  a  well-known  fact  that  a  small  amount  of  magnet¬ 
ic  impurity  drastically  changes  the  properties  of  simple  metals.  The 
first  experiments  in  this  field  date  from  the  1930s,  when  researchers 
observed  a  minimum  in  the  temperature  dependence  of  the  resistivi¬ 
ty  of  some,  as  it  was  thought,  pure  metals.  Later  it  was  established 
that  this  effect  is  due  to  a  small  admixture  of  impurity  atoms  of 
transition  metals. 

The  subject  called  “magnetic  impurities  in  metals”  is  extremely 
broad  and  encompasses  a  large  variety  of  physical  phenomena.  This 
article  deals  with  alloys  in  which  the  impurity  atoms  with  unfilled 
d-  or  f-shells  have  well-defined  valencies.  This  means  that  at  high 
temperatures  the  impurities  have  a  magnetic  moment  corresponding 
to  their  valence,  and  the  magnetic  susceptibility  obeys  the  Curie 
law. 

In  the  sixties  the  magnetic  properties  of  such  alloys  were  thor¬ 
oughly  studied  experimentally.  It  was  found  that  as  the  temperature 
drops  below  a  certain  temperature  characteristic  of  the  alloy  and 
known  as  the  Kondo  temperature  Tk ,  the  impurity  part  of  the 
magnetic  susceptibility  ceases  to  grow  and  at  absolute  zero  remains 
constant  (Fig.  4.1).  In  other  words,  with  a  decrease  in  temperature 
the  impurity  paramagnetism  vanishes.  This  smooth  transition  to  the 
nonmagnetic  state  is  associated  with  certain  anomalies  in  the  thermal 
and  transport  properties  of  the  alloys.  Figures  4. 1-4.4  give  the  tem¬ 
perature  dependencies  established  in  experiments  of  the  magnetic 
susceptibility,  resistivity,  thermoelectric  power,  and  heat  capacity 
(the  experimental  data  available  at  the  end  of  1974  is  given  in  the 
reviews  [1-4]). 

Two  obvious  conclusions  can  be  drawn  from  the  results  of  ex¬ 
periments  with  an  enormous  number  of  dilute  alloys  with  atoms  of 
transition  and  some  rare-earth  elements. 

(1)  The  Kondo  temperature  Tk  is  the  only  common  scale,  from 
the  energy  standpoint,  that  determines  the  dependence  of  various 
physical  quantities  on  temperature,  magnetic  field  strength,  and 
frequency.  For  various  matrix  atoms  of  the  metal  Tk  varies  greatly. 
For  instance  for  Mn  alloys  the  Kondo  temperature  changes  from  1  K 
(for  ZnMn)  to  500  K  (for  AIMn)  [1],  while  for  Ce  and  Yb  alloys  it 
changes  from  1  |iK  (for  AuYb)  [24i]  to  40  K  (for  AlCe)  [1]. 
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(2)  The  physical  quantities  behave  quite  differentlyjin  the  regions 
where  Ik  and  T<C  Zk.  At  high  temperatures  {T  >  Tk)  this 
behavior  can  fairly  well  be  approximated  by  an  inverse-power  loga¬ 
rithmic  law.  The  most  widely  known  law  is  the  logarithmic  growth 
of  resistivity  as  temperature  decreases  (Fig.  4.2): 

~  In2  (T/Tk)  *  (4.1.1)' 

At  r<  Tk.  the  temperature  dependence  is  quite  different.  It  is 
now  proved  that  the  temperature  dependences  for  various  quantities 


.0.01  .0.1  .1  1  10 

log  (7/rK» 


Fig.  4.1.  Normalized  impurity  magnetic  susceptibility  %  (T)/%  (0> 
in  (La,  Ce)B6  versus  T  at  low  temperatures  [61]. 


Fig.  4.2.  The  temperature  dependence  of  impurity  resistivity  in 
CuFe  on  the  logarithmic  scale  [24g]. 


are  described  at  low  energies  by  integral-power  laws  (e.g.  see  [6]): 

=  (0)(i-*H(r/rK)2  +••■). 

cimp  =  yT/TK  (i  —  xc  (r/rK)2  +...),  (4.1.2) 

Xlmp  =  Xo  (!  —  ( T/Tk )2  +•••)• 

Here  the  factors  xR,  xc,  and  x%  are  constants  of  the  order  of  unity. 
The  dependence  of  physical  quantities  on  the  magnetic  field  strength 
(at  kjs  T  H  Tk)  is  quite  similar. 

The  properties  of  dilute  magnetic  alloys  are  determined,  in  general 
by  the  exchange  interaction  between  the  conduction  electrons  and 
the  magnetic  moment  of  the  impurity.  The  common  way  to  study 
this  interaction  is  to  employ  the  s-d  exchange  model.  This  is  the 
simplest  idealized  model,  in  which  the  impurity  is  considered  as. 
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■a  localized  moment  S.  Exploring  this  model  by  a  perturbation- 
theory  technique,  J.  Kondo  in  1964  gave  an  explanation  [7] 
for  the  minimum  in  the  temperature  dependence  of  resistivity.  His 
work  laid  the  ground  for  theoretical  work  in  this  field  that  continued 
until  the  midseventies. 


Fig.  4.3.  The  temperature  dependence  of  the  thermoelectric 
power  in  CuFe. 

Fig.  4.4.  The  temperature  dependence  of  heat  capacity  in  CuCr. 
The  Kondo  anomaly  manifests  itself  at  T  =  22  K  [5]* 

The  Hamiltonian  for  the  s-d  exchange  model  is 
ffl  =  SS0  +  ^S-a  (0),  (4.1.3) 

•where 

M  =  ^  EkCka^kCF, 

k,  a=f ,  | 

0  (0)  =  ^  Cka°W'ck'cr'  • 
k,  k' 

Here  6k  is  the  kinetic  energy,  and  Cku  are  the  creation  and 
annihilation  operators  for  the  conduction  electrons  with  momen¬ 
tum  k  and  spin  component  cr  =  f,  j  (the  conduction  electrons  are 
-assumed  free),  S  =  (Sx,  Syi  Sz)  is  the  impurity  spin  operator,  a  (0) 
is  the  electron  spin  density  operator  at  the  point  £  =  0  of  the  impu¬ 
rity,  and  a  =  (aX)  oy,  az)  are  the  Pauli  matrices. 
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We  will  be  interested  in  effects  that  are  linear  in  the  impurity 
concentration.  Hence  we  may  assume  that  the  conduction  electrons 
interact  with  only  one  impurity,  say,  at  x  —  0,  which  is  the  case 
with  the  Hamiltonian  (4.1.3). 

In  real  alloys  the  exchange  interaction  is  always  antiferromagnetic 
and  the  dimensionless  quantity  /p  (£  F)  small: 

0  <  /p  (6  F)  1? 

where  p  (6  f)  is  the  density  of  states  at  the  Fermi  surface. 

Kondo  discovered  that  the  effective  scattering  amplitude  of  conduc¬ 
tion  electrons  on  an  impurity  accompanied  by  spin  flip,  when  calcu¬ 
lated  within  the  s-d  model  in  the  second-order  perturbation  theory, 
grows  when  the  energy  or  temperature  drops: 

J  (T)  =  J  +  /2p(  6  F)  In  (6  F IT)  +  .  .  ..  (4.1.4) 

The  resistivity  connected  with  magnetic  impurities  at  J  (T)<C  1 
is  proportional  to  the  square  of  the  scattering  amplitude: 

i?imPOC/2(r).  (4.1.5) 

Therefore,  when  the  temperature  decreases  and  the  interaction  is 
antiferromagnetic,  the  impurity  part  of  resistivity,  i?imp,  increases, 
in  contrast  with  the  phonon  part.  This  explains  the  old  puzzle  with 
the  minimum  in  the  resistivity. 

At  a  temperature  of  the  order  of  the  Kondo  temperature,  i.e. 

Tk  ~  €f  exp(— l//p(  6  f)),  (4.1.6) 

all  terms  in  the  series  (4.1.2)  are  of  the  same  order  and,  notwithstand¬ 
ing  the  fact  that  the  coupling  constant  is  small,  perturbation  theory 
ceases  to  work. 

Soon,  however,  the  most  divergent  terms  in  the  perturbation  the¬ 
ory  series,  corresponding  to  the  so-called  parquet  diagrams,  were 
summed.  In  1965  Abrikosov  [8]  and  Suhl  [9,  10]  showed  that  in  the 
principal  logarithmic  approximation, 

J(T)=  l—/p(€p)ln(€P/r)  +  ‘  (4.1.7) 

When  the  exchange  interaction  is  ferromagnetic  (/  <  0),  Eq.  (4.1.7) 
determines  the  behavior  of  the  magnetic  impurity,  since  in  the 
entire  temperature  range  the  effective  scattering  amplitude  is  small 
and  higher-order  terms  need  not  be  taken  into  account.  For  instance, 
the  temperature  dependence  of  the  impurity  part  of  the  magnetic 
susceptibility  at  any  T  differs  from  the  Curie  law  by  a  logarithmic 
term,  which  remains  small  at  all  temperatures  and  vanishes  as 

r->-  0: 

(4.1.8) 
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A  totally  different  situation  arises  when  the  exchange  is  antiferro- 
magnetic  (/  >  0).  Here  the  effective  interaction  amplitude  grows 
as  T  decreases  and  has  a  pole  at  Tk : 

J  ^  ~  In TtJTk)  pfeO  • 

Allowing  for  the  next  logarithmic  approximation  changes  nothing. 
For  instance,  the  magnetic  susceptibility,  which  in  this  approx¬ 
imation  is  a  linear  function  of  the  scattering  amplitude,  has  the 
form  [11,  12] 


-r  (*rf 


3 

SJS  +  i) 
3 


1 


an  (T/TK) 


1  lnln  (T/TK)  \ 

2  In*  (TITK)  ‘  •  )  * 

(4.1.10) 


It  is  quite  clear  that  this  divergence  is  a  consequence  of  the  chosen 
approximation.  Perturbation  theory,  for  which  the  natural  smallness 
parameter  is  1/ln  ( T/Tk )>  becomes  invalid  at  T  ~  TK ,  and  the 
question  of  how  a  magnetic  impurity  behaves  in  a  nonmagnetic 
metal  at  low  energies  remains  open.  This  is  what  is  called  the  Kondo 
problem.  The  remarkable  simplicity  of  the  Hamiltonian  of  the  s-d 
model  and  convincing  experiments  led  to  the  great  popularity  of 
this  problem.  But  the  simplicity  turned  out  to  be  illusory.  Great 
efforts  were  made  to  surpass  perturbation-theory  schemes.  The  major¬ 
ity  of  theories  that  emerged  in  the  midsixties  represent  a  failure  in 
building  an  approximate  approach  for  studying  the  ground  state  of 
the  impurity.  The  fact  that  at  T  <  TK  there  is  no  parameter  made 
the  different  approximation  schemes  uncontrolled,  which  often  led 
to  incorrect  results.  No  consistent  theoretical  investigation  of  low- 
temperature  properties  of  magnetic  alloys  existed,  although  the 
correct  assumption  that  the  ground  state  of  an  impurity  with  spin 
S  =  1/2  is  singlet  was  put  forward  by  Nagaoka  [13]  in  1965. 

In  1967  Mattis  [20]  cited  qualitative  arguments  in  favor  of  the 
fact  that  the  ground  state  of  a  magnetic  impurity  with  spin  S  is  25- 
fold  degenerate.  In  this  case  the  impurity  remains  magnetic  event  at 
T  =  0,  but  the  spin  is  S  —  1/2. 

A  qualitative  understanding  of  the  impurity-moment  compensa¬ 
tion  phenomenon  that  emerged  in  the  1970s  is  connected  with  the 
works  of  Anderson,  Yuval,  Hamann  [14-16],  Wilson  [17],  and 
Nozieres  [18]. 

In  1970,  Anderson,  Yuval,  and  Hamann  discovered  that  for  a  cer¬ 
tain  (not  really  small)  value  of  the  spin-conserving  scattering  ampli¬ 
tude,  the  problem  becomes  equivalent  to  a  model  that  is  easily 
diagonalized.  This  solution  yielded  a  finite  value  for  the  magnetic 
susceptibility  at  T  —  0.  Using  qualitative  arguments,  the  authors 
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showed  that 

Xlmp~  1  ITk,  (4.1*11) 

provided  the  exchange  interaction  is  weak.  This  result  was  con¬ 
firmed  by  Wilson  [17]  in  1973.  He  developed  a  numerical  renormaliza¬ 
tion  procedure  and  showed  without  doubt  that  as  the  energy  scale 
decreases  and  /  <  1,  the  distribution  of  the  energy  levels  in  the  sys¬ 
tem  tends  to  what  exists  for  the  nonrenormalized  energy,  but  that 
J  =  oo.  For  this  reason,  as  the  energy  decreases  and  T-+  0,  even 
for  a  small  “bare”  value  of  J  the  system  goes  into  the  strong-coupling 
regime.  The  point  J  =  oo  is  the  fixed  point  for  the  Hamiltonian 
(4.1.3).  Apart  from  calculating  the  impurity  part  of  the  magnetic 
susceptibility  at  T  0,*  Wilson  showed  (also  numerically)  that  the 
impurity  heat  capacity  is  a  linear  function  of  T  as  T->-  0: 

C imp  -  T/Tk,  (4.1.12) 

and  that  the  universal  ratio 

W  =  lim  4~~  A  (*Hb)2  =  0-5  (4.1.13) 

T-+  0  ^Ximp 

is  half  the  value  obtained  in  the  theory  of  Fermi  liquids. 

Using  these  results  as  a  basis,  Nozieres  [18]  in  1974  proposed  an 
effective  phenomenological  theory  along  the  same  lines  as  Landau’s 
theory  of  Fermi  liquids.  For  one,  he  found  that  Eq.  (4.1.13),  which 
Wilson  obtained  numerically,  is  exact.  Also,  he  determined  the 
first  term  in  the  series  expansion  of  the  resistivity  in  powers  of 

(■ t!TkY ■ 

pWlmP  =TC'^'  T^°-  (4.4.14) 

Equation  (4.1.13)  was  later  obtained  by  many  investigators  using 
various  approaches  (see  [21-23]).  We  note  the  interesting  works  of 
Yamada  and  Yosida  [23],  who  arrived  at  Eqs.  (4.1.13)  and  (4.1.14) 
by  analyzing  the  perturbation-theory  series  in  the  Anderson  model. 

At  present  there  is  a  vast  literature— more  than  20  review  papers 
encompassing  more  than  2  X  103  works  that  appeared  between  1961 
and  1975  and  devoted  to  theoretical  and  experimental  studies  of 
dilute  magnetic  alloys.  Some  review  articles  are  listed  in  the  litera¬ 
ture  cited  in  [24]. 

^ 

A  possible  explanation  for  such  a  great  interest  in  the  Kondo  prob¬ 
lem,  which  in  reality  is  a  limited  problem,  may  be  the  fact  that 
many  of  the  methods  developed  in  connection  with  this  problem  have 


*  The  fact  that  the  magnetic  susceptibility  has  a  finite  value  at 

T  =  0  was  convinsingly  established  earlier  by  Schotte  and  Schotte  [19],  who 
used  a  different  numerical  procedure. 
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proved  to  be  universal  and  been  very  productive  in  other  helds  of 
theoretical  physics.  Sufficient  to  note  that  the  recursive  procedure, 
which  forms  the  basis  for  the  modern  renormalization-group  tech¬ 
nique,  was  first  effectively  employed  by  Anderson,  Yuval,  and  Ha- 
mann  [16].  The  method  of  boson  representation  of  fermion  operators, 
which  has  proved  so  fruitful  in  the  physics  of  one-dimensional  quan¬ 
tum  systems  [25,  26]  and  two  dimensional  classical  systems  (e.g.  see 
the  review  article  [27]),  was  developed  in  the  remarkable  work  of 
Schotte  [28].  More  examples  of  this  process  could  be  cited. 

We  note  that  historically  the  exchange  Hamiltonian  (4.1.3)  was 
one  of  the  first  and,  apparently,  one  of  the  simplest  examples  in 
quantum  field  theory  in  which  the  strength  of  the  interaction  grows 
as  the  energy  scale  diminishes  (i.e.  as  the  time  scale  increases). 

In  1980  in  [29-381  it  was  shown  that  the  traditional  s-d  exchange 
model  is  completely  integrable,  and  the  Hamiltonian  (4.1.3)  was 
diagonalized  exactly.  The  method  employed  in  these  works  goes  back 
to  Hans  Bethe  and  has  been  known  since  1931  [39].  This  enabled 
completely  solving  the  problem  of  the  ground  state  of  a  magnetic 
impurity  in  a  nonmagnetic  metal  and  the  problem  of  the  dependence 
of  thermodynamic  functions  on  temperature  and  magnetic  field 
strength  [36-38] . 

The  present  paper  is  basically  concerned  with  this  method  as 
applied  to  the  Kondo  problem  and  the  results  obtained  along  these 
lines.  Not  only  the  s-d  model  but  also  the  Anderson  model,  which 
describes  magnetic  moment  formation  in  metals,  is  fully  integrable 
(see  [34]). 

The  method  used  by  Bethe  (called  the  Bethe  Ansatz)  to  build  the 
solution  for  the  one-dimensional  Heisenberg  chain  drew  no  interest 
for  more  than  30  years  (if  one  disregards  the  works  of  Hulthen  [40], 
Orbach  [41],  and  Walker  [42]).  The  first  revival  of  interest  in  the 
Bethe  Ansatz  took  place  in  the  midsixties  and  almost  coincided 
with  a  period  of  active  investigation  into  the  Kondo  problem. 
Recent  years  have  seen  a  new  interest  in  this  field  of  mathematical 
physics  (see  [43-49]). 

4.2  THE  BASIC  MODELS 

The  majority  of  works  on  the  Kondo  effect  are  devoted  to 
many-particle  effects  proper  and  are,  therefore,  based  on  the  sim¬ 
plest,  idealized  s-d  exchange  model  (4.1.3).  It  is  assumed  that  the 
impurity  is  pointlike,  the  only  degrees  of  freedom  being  associated 
with  spin.  The  orbital  degeneracy  of  the  impurities,  which  are 
usually  atoms  of  transition  or  rare-earth  elements,  is  completely 
ignored.  This  simplifies  the  theory  considerably  and  still  preserves  its 
main  features  and  difficulties.  However,  such  simplification  restricts 
a  direct  comparison  with  experimental  data. 
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Althouth  attempts  have  long  been  made  to  build  exchange  Hamil¬ 
tonians  that  describe  real  impurities  in  real  metals,  this  process 
cannot  be  considered  finished.  The  literature  is  scant.  The  fullest 
and  best  works  are  those  of  Schrieffer  [50],  Cogblin  and  Schrieffer 
[51],  and  Nozieres  and  Blandin  [52],  which  we  follow  here.  Although 
detailed  study  of  specific  alloys  is  in  the  future,  we  can  still  cite 
several  exchange  Hamiltonians  that  can  serve  as  the  first  approxima^ 
tion  in  relation  to  real  substances.  Here  we  dwell  on  the  derivation 
of  exchange  Hamiltonians  based  on  the  Anderson  model. 

4.2.1  The  Anderson  Model 

Writing  the  exchange  Hamiltonian,  we  assume  that  there 
is  a  localized  magnetic  moment  in  the  metal  but  do  not  ask  how  such 
a  moment  was  formed.  The  electronic  mechanism  of  localized  moment 
formation  and  the  origin  of  the  exchange  interaction  with  the  con¬ 
duction  electrons  are  commonly  studied  using  the  so-called  Anderson 
model .  In  this  model  the  metallic  matrix  of  a  normal  metal  is  re¬ 
presented ,  as  usual,  by  a  band  of  conduction  electrons  with  the  spec¬ 
trum  Ek-  The  interaction  of  the  electrons  on  the  unfilled  d  (or  f)  shell 
is  given  by  the  atomic  Hamiltonian  diatom;  the  interaction  between 
an  impurity  atom  and  conduction  electrons  is  described  phenomeno¬ 
logically  by  the  amplitude  of  mixing  of  the  band  and  orbital  elect¬ 
ronic  states.  The  Anderson  Hamiltonian  is  [53] 

<$8 A  Gk^kcr^ko  2  ^ km  (^kodmo  “1“  h.C.) 

k,  a  k,  m,  o 

+  diatom  +  Crystal  field.  (4.2.1) 

Here  at0  is  the  creation  operator  for  a  conduction  electron  with 
momentum  k  and  spin  o  =  |,  f ,  and  d^a  is  the  creation  operator  for 
an  electron  with  spin  a  and  orbital  angular-momentum  component  m 
in  the  unfilled  shell  of  the  impurity  atom. 

In  writing  the  Hamiltonian  (4.2.1),  we  intruduced  certain  simpli¬ 
fications.  We  assumed  that  the  Fermi  surface  is  a  sphere  and  neglected 
the  interaction  between  the  conduction  electrons.  The  crystal-field 
term  in  (4.2.1)  is  responsible  for  the  fact  that  the  crystalline  sur¬ 
roundings  of  the  impurity  are  nonspherical;  it  leads  to  an  orbital 
splitting  of  the  atomic  levels. 

The  atomic  Hamiltonian  contains  terms  invariant  under  indepen¬ 
dent  rotation  in  the  spin  and  coordinate  spaces  and  a  spin-orbit 
coupling  term: 

SB  atom  =  SB  sph  —  ALd*Sd.  (4.2.2) 

The  rotational-invariant  part  was  usually  written  (e.g.  see  [2])  as 

^sPh=S€d«do  +  -|-(^-^)-4-(2Sd  +  T^-2red  .  (4-2.3) 
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with 

”  2  dmodmo  i  —  2  dmG&oo'dn 

m,  g  m,  a ,  a' 


Ld=  2  dt, 


mo^mm 


'dr 


being  the  number  of  electrons  on  the  d  shell  and  their  spin  and  or¬ 
bital  angular  momentum.  The  quantity  U  describes  the  Coulomb 
repulsion  between  orbital  electrons  and  J  the  Hund  interaction. 

Only  recently  did  Nozieres  and  Blandin  [52]  and  Mihaly  and 
Zawadowski  [54]  note  that  there  is  no  reason  to  write  SB  atom  in  the 
form  (4.2.3).  Indeed,  the  nonrelativistic  two-particle  interaction  of 
orbital  electrons  is  described  by  l  +  1  Slater  coefficients: 


cir.  __  v 

G't  sph  —  /i  1  miCTi;  m1Gz 
mo 


dmtGxdm,G~dm  a  dt 


miGzU/miGi  > 


(4.2.4) 


the  magnitudes  of  these  coefficients  are  restricted  only  by  invariance 
under  rotations  in  the  spin  and  coordinate  spaces: 
m1  +  ?n2  —  m3  +  mk,  u1  +  a2  =  a3  +  a4. 


4.2.2  The  Angular  Dependence  of  Hybridization  Amplitudes. 
A  One- Dimensional  Hamiltonian 

The  mixing  (or  hybridization)  amlplitude  Ykm  in  (4.2.1) 
is  the  matrix  element  of  the  Hamiltonian  of  an  electron  in  the  poten¬ 
tial  field  Fimp  (r)  of  the  impurity  ion,  the  matrix  element  taken  be¬ 
tween  the  band  and  orbital  states: 

j  4'e(k-r)(—  ^V2  +  Flmp(r))^(r)r2drdQ,  (4.2.5) 

where  =  1/)/  f’  exp  (zk-r)  and  (r)  are  the  band  and  orbital 
electronic  wave  functions,  with  JT  the  volume  of  the  system.  The 
wave  function  of  an  orbital  electron  with  an  angular  momentum  com¬ 
ponent  m  =  —  l,  .  .  Z,  is 

<(r)  =  i?d(r)5T(r/r).  (4.2.6) 

If  we  assume  the  ion  potential  Fimp(r)  to  be  spherically  symmetric 
and  integrate  in  (4.2.5)  over  the  solid  angle  Qr,  we  find  the  angular 
dependence  of  Fkm: 

VkmmYT(k/k)(-iylj^vhl,  (4.2.7) 

where 

Vu  =  k  ]  h  (kr)  r imp  (r)  (r)  r2  dr,  (4.2.8) 

with  JL  (kr)  a  spherical  Bessel  function,  and  M  the  radius  of  a  spher¬ 
ical  crystal  centered  at  the  impurity  site. 


4.  An  Exact  Solution  of  the  Kondo  Problem 


247 


We  expand  the  plane  wave  of  the  conduction  electrons  in  eigenfuc- 
iions  of  the  orbital  angular  momentum  by  introducing  the  partial- 
wave  creation  operator  * 

ajki  imo  =  (-!)*  4=  \  dQkYT  (Qk)  a £0.  (4.2.9) 

y  bji  j 

In  this  basis  the  hybridization  amplitude  and  the  kinetic  energy  of 
the  conduction  electrons  are  diagonal  in  m.  The  Anderson  Hamiltoni¬ 
an,  therefore,  is  [50] 

<2$ A  ==:  atom  +  2  6|k|^|k|mcr^|k|?ncr 

|k|,  m,  o 

+  2  v\\i\m  (&|k|mcr  C?mcr  +  h.C.)  .  (4.2.10) 

|k|,  m,  cr 

In  other  words,  an  impurity  interacts  only  with  the  partial  wave 
with  orbital  angular  momentum  Z,  and  the  interaction  of  the  band 
and  orbital  electronic  states  is  diagonal  in  m  and  a.  An  important 
fact  here  is  that  the  Hamiltonian  (4.2.10)  is,  in  essence,  one-dimen¬ 
sional.  All  the  quantities  in  this  Hamiltonian  depend  only  on  |  k  |. 
This  is  a  consequence  of  the  assumption  that  the  Fermi  surface  and 
the  impurity  ion  potential  are  spherical.  The  angular  dependence  of 
Vk  leads  to  (21  -f-  l)-fold  degeneracy  of  the  one-dimensional  con¬ 
duction  band.  Of  course,  this  is  true  only  when  the  impurities  may 
be  considered  independent,  i.e.  in  an  approximation  linear  in  their 
concentration. 

4.2.3  Hierarchy  of  Energies 

The  Anderson  Hamiltonian  (4.2.5)  contains  many  para¬ 
meters  that  have  the  dimensions  of  energy,  but  in  many  cases  of 
interest  to  the  researcher  the  magnitudes  of  these  quantities  are 
different.  This  fact  greatly  simplifies  the  problem. 

The  subject  of  this  article,  as  mentioned  before,  is  Kondo  alloys. 
In  these  alloys  the  valence  of  the  impurity  atoms,  i.e.  the  number  of 
orbital  electrons  nd,  changesinthe  scattering  process  only  virtually. 
The  energies  E±  associatied  with  the  change  of  nd  by  ±1  are  very 
large  (on  the  order  of  5-10  eV).** 

For  a  fixed  valence  the  atomic  terms  split  according  to  the  Hund 
rule.  The  basic  state  corresponds  to  the  maximal  value  of  total 
spin,  and  for  fixed  spin  to  the  maximal  value  of  total  orbital  angular 


*  More  exactly,  allowing  for  the  crystal  field,  we  must  use  states 

that  transform  under  the  irreducible  representations  of  the  crystal's  point  group 
of  symmetry  in  relation  to  the  impurity. 

**  Note  that  E+  and  E_  may  differ  considerably.  E.g.,  for  cerium 

atoms,  E+  ~  6  eV  while  E_  ~  2  eV. 
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momentum.  The  characteristic  splitting  energies  are  on  the  order 
of  1  eV. 

The  next  energy  scale  for  transition  impurities  is  the  crystal 
field,  on  the  order  of  0.5  eV.  Orbital  states  split  according  to  the 
irreducible  representations  of  the  symmetry  group  of  the 
crystal. 

The  situation  gets  considerably  simpler  if  according  to  the  Hund 
rule  the  ground  state  is  an  orbital  singlet.  This  is  the  case  for  Mn 
(ftd  =  5)  and  Eu  (nf  =  7).  Here  the  crystal  field  has  practically  no 
influence  on  the  impurity.  However,  in  some  cases  it  is  the  crystal 
field  that  leads  to  an  orbital  singlet.  If  the  ground  state  of  the  atom  is 
an  orbital  multiplet,  it  is  split  by  spin-orbit  coupling  into  states 
with  different  total  angular  momentum  /.  For  transition  metals  the 
LS  is  of  the  order  of  0.1  eV. 

Quite  a  different  situation  is  present  for  atoms  of  rare-earth  ele¬ 
ments.  In  this  case  the  spin-orbit  coupling  considerably  exceeds  the 
magnitude  of  the  crystal  field.  E.g.,  for  Ge  [55],  the  crystal  field  is 
roughly  50-100  K,  while  LS  is  about  0.3  eV. 

The  discussed  atomic  energy  scales  must  be  compared  with  the 
resonance  level  witdh  A  ~  jip  (£$)7 2.  In  transition  metals  this 
quantity  is  about  0.1  eV,  while  in  rare  earths  it  is  much  smaller,  of 
the  order  of  103  K.  If  A  is  much  smaller  than  the  ionization  energy  E± 
we  can  speak  of  a  constant  valence  of  the  impurity  and  of  a  local¬ 
ized  magnetic  moment.  In  this  case  the  interaction  of  the  conduction 
electrons  with  the  impurity  is  described  by  an  exchange  Hamilto¬ 
nian. 

The  size  of  the  orbital  splitting  of  a  state  with  fixed  valence  must 
be  compared,  in  what  follows,  only  with  the  possible  temperature 
interval  or  the  Kondo  temperature.  For  transition  impurities  the 
latter  is  always  the  smaller.  For  this  reason  diatom  projects  the  An¬ 
derson  Hamiltonian  onto  the  ground  state  of  the  atom.  In  rare-earth 
alloys  the  situation  is  just  the  opposite:  the  splittings  associated 
with  the  crystal  field  are  often  comparable  with  the  Kondo  tem¬ 
perature. 


4.2,4  Exchange  Hamiltonians 

Here  we  will  consider  the  strongest  inequality  in  the  ener¬ 
gy  hierarchy;  namely,  the  energies  that  are  connected  with  variations 
in  valence,  E±,  are  high  compared  with  the  resonance  level  width. 
This  is  the  condition  for  the  formation  of  localized  magnetic  mo¬ 
ments.  When  we  study  processes  in  which  the  variation  of  n a  is 
virtual,  an  exchange  Hamiltonian  emerges  as  a  result  of  projecting 
the  Anderson  Hamiltonian  onto  a  sector  with  a  fixed  number  of  the 
localized  particles  m  [56,  57]. 
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In  second-order  perturbation  theory  in  u(k|  the  effective  exchange* 
Hamiltonian  in  the  most  general  form  can  be  written  as 

<2%>ex  =  G^atom  +  S  rn'cr' k  )  G'kmoak'm'o/ •  (4.2.11)' 

k ,  fe' 

Here  o^atom  is  the  projection  of  o%?a tom  onto  the  subspace  with  a 
given  n&,  and  matrix  T  in  the  same  subspace  is  written  as 

T’mo,  m'o'  —  Vk^h'  (  dm(J  ^ _ ■<^fatom  ^ g~  _ -s^atoni  ^m'0'  )  * 

(4.2.12) 

These  formulas  express  virtual  transitions  from  a  sector  with  a 
given  ftd  to  a  sector  with  n&  ±  1,  and  vice  versa.  In  the  process  of 
such  transition  the  momentum,  projection  of  angular  momentum,, 
and  spin  of  the  electronic  partial  wave  (&,  m,  cr) change  to  (k\  m\  a'). 

The  next  energy  in  this  hierarchy,  the  Hund  interaction  energy,, 
is  also  very  great,  and<$?atom  should  be  considered  as  the  projection 
operator  on  the  ground  state  of  the  impurity  atom,  a  state  char¬ 
acterized  by  orbital  angular  momentum  L  and  spin  S.  Apart  from 
some  special  cases,  the  exchange  operator  T  projected  onto  the  sub¬ 
space  L,  S  has  a  rather  complex  structure.  In  general  its  form  is  re¬ 
stricted  only  by  invariance  under  rotations  in  the  spin  and  coordinate 
spaces  and  may  be  written  thus: 

1 ,  2  min  (0  L) 

2  (S#Cy)(ja*  (P  1  )mmfJpq{k,  k  )dkmo^k'm' o'  >  (4.2.13) 

p,  q= 0 

where  a  are  the  Pauli  matrices,  and  I  is  the  operator  of  orbital  angu¬ 
lar  momentum  of  the  electronic  partial  wave  that  interacts  with  the 
impurity. 

To  this  Hamiltonian  we  must  add  the  spin-orbit  coupling  and  the 
crystal  field.  For  impurities  of  transition  elements,  as  said  before, 
the  state  of  the  atomic  shell  is  split  first  by  the  crystal  field.  If  after 
this  the  ground  state  is  still  a  multiplet,  we  must  allow  for  spin- 
orbit  coupling. 

For  rare-earth  impurities  the  large  spin-orbit  coupling  immediately 
projects  the  Hamiltonian  (4.2.13)  onto  the  state  of  the  shell  with 
total  angular  momentum  /,  which  is  L  +  S  for  >  7  and  |  L  — 
—  S  |  for  nt  <  7.  In  this  case  the  general  form  of  the  exchange  Hamil¬ 
tonian  is 

2  min  {l,  J ),  1 

<2%?ex:=  2  (J*C)cra'  (J  *  tymm'J  pq^'kmG^'k'm'o9*  (4.2.14) 

q ,  P= 0 

Further  splitting  of  the  multiplet  is  caused  by  the  crystal  field. 

The  quantities  Jpq  in  Eqs.  (4.2.13)  and  (4.2.14)  are  the  ampli¬ 
tudes  of  the  exchange  interaction.  To  estimate  their  values  we  neglect 
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the  energy  splitting  within  one  valence  in  comparison  with  the  ener¬ 
gies  E±.  Then  the  energy  denominators  (propagators)  in  (4.2.12) 
■do  not  depend  on  m ,  a  and  m' ,  o' ,  and  matrix  T  contains  only  one 
parameter: 


T mo,  m'o'  —  _ f  ^mrn'^oo'  J kh'  j 

where 


J 


kk' 


(4.2.15) 


This  formula  provides  for  the  upper  estimate  of  Jpq.  It  is  important 
that  /  never  changes  its  sign  and  corresponds  to  antiferromagnetic 
interaction.  Although  p  (6f)/<C  1,  in  view  of  the  resonance  nature 
of  the  superexchange  it  considerably  exceeds  the  direct  exchange, 
which  is  caused  by  the  Coulomb  interaction  of  orbital  and  band 
electrons  and  is  usually  ferromagnetic  interaction. 

The  Hamiltonians  (4.2.13)  and  (4.2.14)  may  be  assumed  to  be  the 
first  terms  in  a  series  expansion  in  y2,  which  can  be  obtained  from 
(4.2.1)  as  a  result  of  a  canonical  Schrieffer-Wolf  transformation  [57]. 
Higlier-order  terms  are  small: 

^2P(6f)  (^  +  2(2;Hg^~red)<l-  (4.2.16) 


4.2.5  Two  Simple  Exchange  Hamiltonians 

Below  we  will  consider  two  simple  cases  important  from 
the  practical  standpoint. 

4.2.5a.  An  orbital  singlet.  If  the  atomic  shell  of  the  impurity  atom 
is  half-filled,  the  Hund  rule  states  that  the  ion  ground  state  is  an 
orbital  singlet  with  spin  S  =  l  +  1/2.  This  is  the  case  with  Mn, 
which  has  n&  =  5  and  whose  d  shell  has  the  configuration  6S5/2. 
Here  scattering  involves  only  exchange  of  spins,  while  the  projection 
of  the  orbital  angular  momentum  of  the  electronic  partial  wave 
remains  unchanged.  As  a  result  the  exchange  Hamiltonian  simplifies 
considerably.  If  in  the  general  formula  (4.2.13)  we  put  L  =  0  [50], 
we  have 

n 

^  (^Ara'  H“  *  Ocra')  1  QhmoQ'k' m' o'  >  (4.2.17) 

m= 1 
k,  kf 

with 

n=  21  +  1  =  25.  (4.2.18) 

Since  the  ground  state  of  the  ion  is  spherically  symmetric,  the  influ¬ 
ence  of  the  crystal  field  is  negligible.  It  manifests  itself  in  the  exchange 
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Hamiltonian  only  in  virtual  states  with  n&  =  n<}0  ±  1,  which 
leads  to  a  weak  dependence  of  J  on  m. 

An  orbital  singlet  may  also  appear  as  the  result  of  the  combined 
action  of  the  Hund  rule  and  the  crystal  field.  This  is  the  case  with 
impurities  of  vanadium  (n&  =  3)  and  cobalt  (n$  =  8)  in  a  cubic 
crystal  field  [52].  In  this  field  the  five  orbital  states  split  into  a  dou¬ 
blet  (E)  and  a  triplet  (T),  with  the  triplet  lying  below  the  doublet 
on  the  energy  scale.  Then  at  nd  =  3  the  triplet  is  half-filled  and, 
according  to  the  Hund  rule,  there  forms  an  orbital  singlet  state  with 
spin  5  =  3/2.  The  situation  is  similar  for  n&  =  8— the  triplet  is 
filled  completely  but  the  doublet  is  half -filled;  for  this  reason  L  =  0 
again,  but  5  =  1.  In  these  cases  the  exchange  Hamiltonian  again 
has  the  form  (4.2.17).  The  plane  wave  corresponding  to  the  conduction 
electrons  must  be  expanded  in  the  irreducible  representations  of 
•cubic  symmetry.  The  splitting  of  atomic  levels  leads  to  a  situation  in 
which  the  electrons  that  belong  to  the  doublet  and  triplet  are  scat¬ 
tered  by  the  impurity  with  markedly  different  amplitudes*  E.g.  for 
nd  =  3  we  have  Je  ,  and  the  difference  is  the  greater  the 

higher  the  strength  of  the  crystal  field. 

In  studying  the  equations  for  the  renormalization  group  for  such 
a  doubly  charged  model,  Nozieres  and  Blandin  [52]  demonstrated 
that  the  amplitude  / e  *  being  bare  and  small,  vanishes  completely 
as  the  energy  decreases.  Hence,  if  we  ignore  J e  ,  we  return  to  the 
Hamiltonian  (4.2.17)  but  with  spin  3/2  and  three  values  of  m  (n  =  3). 
The  case  =  8  is  described  by  the  same  Hamiltonian  but  with 
5  =  1  and  n  =  2. 

Here  we  must  note  an  important  aspect.  In  (4.2.17)  n  is  always 
equal  to  2 5.  This,  apparently,  is  the  general  case  for  all  real  alloys. 
Below  we  will  illustrate  this  fact  with  another  important  example. 

The  multiplicity  of  an  impurity  is  always  equal  to  the  effective 
multiplicity  of  the  scattered  electrons.  This  property  results  in  the 
total  compensation  of  the  impurity  magnetic  moment  at  low  tempera¬ 
tures,  so  that  the  ground  state  of  an  impurity  in  a  metal  is  an  orbi¬ 
tal  and  spin  singlet  [20]. 

Theoretically  it  would  be  interesting  to  consider  a  Hamiltoni¬ 
an  (4.2.17)  with  arbitrary  n  and  5. 

The  case  n  <  25  will  be  studied  below  (Chap.  4.3)  using  as  an 
example  the  s-d  exchange  model  with  an  arbitrary  impurity  spin 
(n  =  1).  Just  as  with  n  =  25,  the  strength  of  the  effective  interaction 
grows  indefinitely  as  the  energy  decreases;  however,  even  at  abso¬ 
lute  zero  the  impurity  retains  its  magnetic  properties  and  has  an 
effective  magnetic  moment  5  — -  n/2. 

The  opposite  case,  when  n  >  25,  is  also  interesting.  According 
to  the  view  of  Nozieres  and  Blandin  [52]  and  numerical  calculations 
by  Gragg,  Lloyd,  and  Nozieres  [58],  the  scaling  trajectory  has  a  fixed 
point  at  finite  value  /*  ~  1  In.  This  means  that  at  low  temperatures 


252 


P.  B.  Wiegmann 


all  physical  quantities  are  related  to  the  temperature  by  a  power 
law  and  the  critical  exponents  can  be  calculated  in  the  1  In  approxi¬ 
mation  [11,  12].  * 

4.2.5b.  An  n-fold  degenerate  exchange  model.  Another  important 
Hamiltonian  comes  into  play  when  there  is  either  an  electron  or 
hole  in  the  d  or  f  shell.  The  Hundrule  does  not  work  any  more,  whence* 
the  exchange  operator  coincides  with  (4.2.15)  and  acts  in  the 
subspace  with  2  dmodmo  =  1  or  2  dmodmo  =  1.  In  this  subspace  the 

m,  o'  m,  o 

operator  dmodm'a'  is  a  permutation  operator  Pma%mfc'- 

^rno,  m'o'  |  m  O  )  =  |  7720). 

The  exchange  Hamiltonian  is  then  [59] 

=  2  £,k&hmG®'kmo  “f"  ^  2  m'o',  mcr*  (4.2.19)f 

k,  m,  o  k,k\  mt  o 

In  the  presence  of  a  strong  crystal  field  the  dimension  of  the  space  in 
which  P  operates  decreases,  just  as  in  the  previous  case.  But  in  the 
process  the  exchange  amplitude  becomes  dependent  on  m  in  a  way 
such  that  the  impurity  interacts  with  electrons  from  the  multiplet 
to  which  the  impurity  belongs.  The  scattering  amplitude  for  the 
electrons  of  another  multiplet  is  negligible.  As  in  the  previous  casey 
the  number  of  operators  a^o  coincides  with  the  number  of  degrees  of 
freedom  of  the  impurity. 

Among  the  transition  impurities  only  Ni  (n&  =  9)  could  be  de¬ 
scribed  by  the  Hamiltonian  (4.2.19).  But  for  alloys  with  Ni,  apparent¬ 
ly,  the  condition  v2p  (6f )IE±<^L  1  for  the  formation  of  a  localized 
moment  [4]  is  not  met,  and  an  exchange  Hamiltonian  cannot  be 
employed. 

With  rare-earth  impurities  the  situation  is  just  the  opposite. 
Among  these  a  Kondo  effect  is  observed  only  in  alloys  with  Ce  (nf  = 
=  1)  and  Yb  (nt  =  13),  two  elements  of  the  lanthanide  series.  For 
other  elements  the  inequality  (4.2.16)  is  so  strong  that  the  Kondo 
temperature  is  very  small,  so  that  the  impurity  is  free  practically 
at  all  temperatures.  The  level  of  the  f-electron  (or  hole)  in  Ce  (or  Yb) 
is  close  to  the  Fermi  surface,  0.1  eV,  and  its  energy  is  much 

lower  than  that  of  spin-orbit  coupling  or  the  Coulomb  interaction: 
LS  ~  0.3  eV  and  E+  ~  4  eV.  This  enables  us  to  consider  transi¬ 
tions  only  between  states  whose  projection  of  total  angular  momentum 
is  J  —  l  —  1/2  =  5/2  and  an  empty  shell  for  Ce  or  between  the 
state  with  J  ~  l  -f-  1/2  =  7/2  and  a  completely  filled  shell  for  Yb. 

*  The  case  where  the  multiplicity  of  hand  electrons  is  higher  than 

that  of  the  orbital  electrons  was  studied  by  Fateev  and  Wiegmann  [94]  using 
another  model.  In  this  model,  which  proved  to  he  integrable  for  an  arbitrary  Sr 
the  interaction  Hamiltonian  is  §0  ~  (caSaa'c^'  )*a.  The  exact  solution  for  this 
model  corroborates  the  scaling  predicted  in  [52]. 
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For  this  reason  the  hybridization  amplitude  is  diagonal  only  in  the 
basis  of  the  eigenfunctions  of  the  total  angular  momentum  operator. 
This  is  the  basis  in  which  one  must  expand  the  plane  electronic 
wave  [511.  The  creation  operator  aJk\jj  for  the  partial  wave  with 
projection  j  of  total  angular  momentum  J  is  linked  to  the  creation 
operator  ajfkj ima  f°r  the  partial  wave  with  projection  m  of  orbital 
angular  momentum  1  and  projection  of  spin  equal  to  1/2  byClebsch- 
<xordan  coefficients: 


«fkUi  M-l),+J-1/2V2/+l{(H 


l  (1/2)/ 
-1/2  -1/2- 


,) 


X  a,kij+if2t  - 1/2 


+G- 


i 


(l/2)/\ 

•1/2  1/2  -j) 


O-kl,  j-  1/2,  1/2 


(4.2.20) 


The  Anderson  Hamiltonian  in  this  basis  is 

<3^8  A  —  G$?atom  4“  6  (|k|)  &|k]  j^|kl  j  4“  ^Ikl  (&|k|  jdj  4"  h.C.)  (4.2.21) 

k 


{here  and  in  what  follows  we  drop  the  subscript  /). 

Next,  after  the  Schrieffer-Wolf  transformation  we  arrive  at  the 
Hamiltonian  (4.2.19),  in  which  one  subscript  7  =  —  /,  .  .  .,  J  is 
substituted  for  the  pair  mo: 

j 

0/8  ~  5  ^/7'^ikl  ?®lk'|  j'Pj't  4~  EjPjj  4”  2  6jk|^lkl  j^Jkl  j*  (4.2.22) 

j=~J,  k,  k'  k 


Here  Ej  is  the  level  splitting  introduced  by  the  crystal  field  which 
as  noted  in  the  case  of  rare-earth  impurities  is  small  if  compared  with 
spin-orbit  coupling.  The  exchange  interaction  amplitude  in  this 
<case  is 


J 


jJ' : 


v2  ^ 


E+  +  Ej  1  E  —  ~\-E 


?)■ 


(4.2.23) 


At  Ej  =  0  the  Hamiltonian  (4.2.22)  is  invariant  under  transfor¬ 
mations  of  the  SU(n)  group,  where  n  =  2/  +  1.  In  these  conditions 
we  will  speak  of  an  n-fold  degenerate  model. 

The  Kondo  temperature  in  such  a  model  depends  strongly  on  the 
value  of  n  [51]: 


Tk  —  oxp  ( — 1  iJn). 


(4.2.24) 


Often  even  in  the  presence  of  a  crystal  field  we  can  assume  that  /7/ 
is  isotropic  since,  as  a  rule,  >  max  (Ej  —  Ej>).  Then  the  last  term 
in  (4.2.22)  describes  the  effect  of  the  crystal  field. 

In  alloys  with  rare-earth  impurities  the  crystal  field,  which  splits 
the  /-multiple!,  is  commensurable  with  the  possible  temperature 
interval.  Whence,  as  the  temperature  rises,  more  and  more  degrees  of 
freedom  may  take  part  in  the  scattering  process.  On  the  other  hand, 
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an  increase  in  J  leads,  according  to  (4.2.24),  to  an  increase  in  Tk , 
and  we  may  once  more  have  the  Kondo  effect.  The  possibility  of 
such  a  “sequence”  of  Kondo  effects  was  pointed  out  by  Cornut  and 
Cogblin  [60].  Indeed,  suppose  that  the  crystal  field  splits  the  /-multi- 
plet  into  n0,  nx,  .  .  .-multiplets  with  energies  0,  Ex,  .  .  .  .  At  T  <C  Ex 
the  particular  alloy  is  described  by  the  n0-fold  degenerate  model 
(4.2.22)  with  a  Kondo  temperature  Tk  ( n0 )  given  by  (4.2.24).  Let 
us  assume  that  Tk  ( n0)< C  Ex.  Then  the  system,  after  reaching  the 
weak-coupling  regime  at  T^>  Tk  (no),  with  a  further  increase  in 
temperature  reaches  the  region  where  T^$>EX  and  is  again  in  the 
strong-coupling  regime;  but  now  its  effective  multiplicity  is  nQ  +  72j. 
As  a  result  Tk  ( n0  +  nx)  may  prove  to  be  higher  than  Ev  This  pro¬ 
cess  repeats  as  the  temperature  increases.  If  %  =  2,  then  the  tradition¬ 
al  s-d  exchange  model  with  spin  1/2  (4.1.3)  is  realized  at  T  <C  Ex. 
The  author  knows  only  two  such  alloys:  (La,  Ce)B6  and  (La,  Ce)Al0> 
[61,  62]. 

4.2.6  Perturbation  Theory 

Just  as  in  the  case  of  the  nondegenerate  s-d  exchange  model  (4.1.3  )> 
at  low  energies  perturbation-theory  series  in  the  strength  of  the 
exchange  interaction  lead  to  logarithmic  singularities.  The  Kondu 
temperature  is  the  characteristic  that  divides  the  regions  of  weak 
and  strong  coupling.  If  the  physically  possible  temperature  interval 
is  commensurable  with  the  size  of  the  level  splitting  in  the  d  (or  f> 
shell  (since  the  latter  cannot  be  considered  infinite  and,  therefore,, 
it  is  impossible  to  take  only  the  ground  state  of  the  atom),  there  will 
be  other  characteristic  parameters  in  the  system  besides  Tk-  Prac¬ 
tically  this  is  the  case  only  for  rare-earth  impurities.  Now  we  will 
assume,  although  this  is  not  always  true,  that  there  is  a  temperature 
region  between  two  energy  levels  of  the  ion,  f?a<C  T<^Ea+1,  so 
that  inside  this  region  we  can  ignore  all  transitions  to  levels  higher 
than  Ea+1  and  assume  all  levels  below  f?a  degenerate.  Then  in  the 
system  there  is  only  one  energy  scale,  Ea  <c  TK  <C  L'a+i,  and  scaling 
can  be  employed.* 

The  condition  for  renormalization  implies  that  as  the  ultraviolet 
limit  D,  equal  in  this  case  to  changes  accompanied  by  a  respec¬ 
tive  variation  in  the  coupling  constants  Jpq,  physical  quantities  are 
multiplied  by  a  constant  that  is  not  a  function  of  the  energy  varia¬ 
ble  e  (external  frequency,  temperature,  ormagnetic  field).  This  means 
that  any  physical  quantity,  as  a  function  of,  say,  temperature,  is 
expressed  as 

Q  =  C,  (D,  J)  £  (77ITk).  (4.2.25) 

*  The  renormalization-group  technique  as  applied  to  the  Kondo 

problem  is  discussed  in  [11,  12,  17]. 
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If  we  assume,  for  simplicity,  that  there  is  only  one  interaction, 
amplitude  J  in  the  system,  then  mathematically  the  renormalization 
condition  (4.2.25)  can  be  expressed  in  the  following  manner. 

Suppose  that  z  is  a  function  of  /,  D,  and  e  that  is  invariant  under 
transformations  of  the  renormalization  group  and  chosen  by  con¬ 
venience.  Then  another  invariant  quantity,  \  (e/Tk),  is  a  function, 
of  the  invariant  charge  z: 


d  In  £  _  d  In  Q 

d  In  (D/e)  “  d  In  (D/e)  ~  (p<z,‘ 


(4.2.26). 


As  for  z,  it  can  be  defined  as  the  solution  to 

Wjk)=ew-  (4.2.27). 

To  build  a  perturbation  theory  it  is  expedient  to  select  z  in  such 
a  way  that  at  e  =  D  it  coincides  with  the  bare  interaction  amplitude 
at  /<  1: 

z0  =  z  (e  =  D)  =  J  +  0  (P).  (4.2.28): 

Then,  knowing  the  terms  in  the  perturbation-theory  series  for  z  (e) 
and  Q  (e),  we  can  easily  find  the  expansions  of  p  (z)  and  cp  (z)  in 
powers  of  z.  Suppose  that 

z  (e)  =  J  +  J*  +...+/*  In  (e/D)  +  P  In2  (e/D) 

+  . . .  +  In  (e/D)  +  . .  .  .  (4.2.29), 

Then,  if  we  find  the  derivative  of  (4.2.29)  with  respect  to  In  (e/D} 
and  put  e  =  Z>,  according  to  (4.2.28),  we  have 

p  (z)  =  z  -  bz2  +  0  (z3).  (4.2.30> 

Equation  (4.2.27),  which  defines  the  invariant  charge  z,  can  be 
written  thus: 

cp  (z)  -  In  (e/Tk),  (4.2.31)? 


with 

'P  ^  =  J  W)  =T~b  ln  lz|  (1)  (4-2'32)' 

and  the  Kondo  temperature  defined  as 

Tk  =  D  exp  {(p  (z)}  =  const  D  exp  ( — 1  //)  Jh  (1  +  0  (/)). 

(4.2.33) 

It  is  understood  that  the  choice  of  the  invariant  charge  is  not  unique. 
More  than  that,  if  we  do  choose  z,  the  functions  <p  ( z )  and  p  ( z )  may 
still  change  in  the  process  of  regularization  of  the  theory  at  small 
distances  and  times  and,  therefore,  are  not  universal.  The  pre¬ 
exponential  dependence  of  Tk  on  the  constant  J  is  also  not  univer- 
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-sal.  But  the  simultaneous  solution  of  Eqs.  (4.2.26)  and  (4.2.27)  leads 
to  a  universal  dependence  of  all  physical  quantities  on  the  ratios 
■&/Tki  T/Tk,  and  H/Tk • 

z(£fTK) 

■Q  =  Q0ex  p  |  (4.2.34) 

where  Q0  is  the  value  of  Q  at  e  =  D. 

If  for  the  sake  of  simplicity  we  put  0  (1)  =  0  in  (4.2.32),  we  will 
find  the  function  (p  ( z )  and  the  invariant  charge  z : 

Hz  -  b  In  1  2  1  =  In  (e/rK).  (4.2.35) 


(We  retained  the  term  In  |  z  |  in  the  definition  of  (p  (2)  so  that  all 
physical  quantities  at  0  <  z<C  1,  i.e.  &>  Tk,  could  be  expanded  in 
a  power  series  in  z.)  We  note  that  Eq.  (4.2.25)  is  valid  only  if  the 
cut-off  D  can  be  considered  infinite  when  compared  with  Tk,  while 
the  separation  between  the  atomic  levels  a  and  a  +  1  is  infinite  as 
compared  with  D : 

»  T  <C  D  <C 

In  what  follows  we  give  the  results  obtained  via  perturbation  theo¬ 
ry  for  the  impurity  parts  of  thermodynamic  functions  in  the  s-d 
exchange  model  discussed  in  detail  in  Chaps.  4.2  and  4.3. 

The  Gell-Mann— Low  equation  (4.2.35)  in  this  case  takes  the  form 

T7Ij  T 1°  l!l  —  1°  (l(r)  <«-36) 

and  does  not  depend  on  the  impurity  spin  S. 

At  H  =  0  the  magnetic  susceptibility  as  a  function  of  temperature 
T  Tk  is  expressed  [11,  12]  thus: 


1  (T)  =  (gpB)2  S(IH)  ~  z  (T/T^  +  0  (z2» ' - 


or,  if  we  do  not  employ  (4.2.35), 

x(r)  =  (gixB)2— ^ ^(1  1 


In  In  (T/TK) 


In  ( T/Tk )  “r  In2  (TITK)  ^  ‘  )  * 

The  impurity  magnetic  moment  at  T  =  0  and  H  >>  Tk 

M  (H)  =  S  -  -f  2  ( H/Tk )  +  O  (z*) . 


(4.2.37) 

(4.2.38) 
is  [11] 

(4.2.39) 


Finally,  the  heat  capacity  at  H  —  0  and  T^>  Tk  is  [24c] 

C  ( T )  =  S  (S  +  l)it *z*  (T/Tk)  + _  (4.2.40) 

Here  we  also  give  the  Gell-Mann — Low  equations  for  the  Hamilto¬ 
nians  (4.2.17)  and  (4.2.19).  In  the  first  instance 

In  (e./TK)  =  1/z  —  n  In  |  z  |, 


(4.2.41) 
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while  in  the  second 

In  (e/Tk)  =  1  IMz  —  In  |  z  |.  (4.2.42) 

We  note  that  the  perturbation-theory  series  (4.2.37)-(4.2.40)  are 
asymptotic.  Therefore,  even  a  large  number  of  terms  can  hardly 
help  in  studying  the  low-energy  properties  of  a  system  (as  z->-  —0). 

In  the  chapters  that  follow  we  will  build  exact  solutions  for  the 
s-d  exchange  model  with  arbitrary  impurity  spin  (the  Hamiltonian 
(4.2.17)  with  n  —  1)  and  for  the  ra-fold  degenerate  exchange  model 
(4.2.19).  On  the  basis  of  these  solutions  we  will  establish  the  general 
nature  of  the  ground  state  of  the  impurity  and  find  the  thermody¬ 
namic  functions  at  finite  temperatures  and  magnetic  field  strengths. 
At  present  there  is  no  solution  for  the  interesting  and  widely  used 
problem  (4.2.17)  for  arbitrary  n  and  S. 

4.3  BETHE’S  METHOD 

4.3.1  General  Survey.  The  Factorization  Equations 

In  1931  Bethe  [39]  built  a  solution  for  an  isotropic  chain 
of  1/2-spins  in  the  nearest-neighbor  interaction.  After  30  years  this 
wort  started  to  draw  attention  and  at  present  forms  the  basis  of  a 
broad  and  rapidly  developing  field  of  mathematical  physics.  In  1963, 
Lieb  and  Liniger  [63]  revived  the  interest  in  the  Bethe  method  by 
building  a  solution  for  a  one-dimensional  system  of  interacting  bosons. 
An  important  step  in  developing  this  method  was  taken  when  the 
Lieb-Liniger  solution  was  generalized  to  the  case  of  interacting 
fermions.  Solution  of  this  problem  required  considerable  effort  [64, 
65]  and  was  first  done  in  1967  almost  simultaneously  by  Gaudin  [66, 
67]  *  and  Yang  [68].  In  the  process  certain  relationships,  which 
proved  to  be  of  a  general  nature,  were  found  for  two-particle  scatter¬ 
ing  amplitudes.  These  are  the  necessary  and  sufficient  conditions 
for  the  Bethe  Ansatz  to  be  valid.  These  conditions  are  known  as 
factorization  equations,  or  triangle  equations  [44,  45].**  In  the 
general  case  of  a  one-dimensional  quantum  theory  of  n-color  parti¬ 
cles  these  conditions  take  the  form  (see  also  Fig.  4.5) 

*2?!  <*■**>  *32  <*'*•>  S&l  <*•*>> 

-  (*A)  S22  (Mi)  <*•*■> '  (4-3-d 


*  Unfortunately,  Gaudin  published  only  the  results  of  his  work. 

In  full  his  study  has  not  been  published  and  exists  only  in  the  form 
of  his  thesis  [67]. 

**  Note  that  as  applied  to  the  problem  of  interacting  fermions  the  fac¬ 

torization  equations  first  appeared  in  the  work  by  McGuire  [65]. 

17—5251 
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where  \S^a\  (&1&2)  is  the  two-particle  S-matrix  (Fig.  4.6).  The  labels 
(axa2)  and  (a[a%)  stand  for  the  types  of  particles  in  the  |  in)  and 
I  out)  states  with  momenta  k±  and  k2 .  Any  index  that  appears  twice 
is  to  be  summed  over. 


Fig.  4.5.  A  graphic  representation  of  factorization  conditions 
(the  triangle  equations). 

The  factorization  conditions  mean  that  the  scattering  matrix 
for  N  particles  is  two-particle  factorized,  i.e.  is  the  product  of 
N(N  —  1)  /2  scattering  matrices  of  two  particles,  as  if  the  i\T-particle 


Fig.  4.6.  A  graphic  representation  of  the  two-particle  scattering 

matrix  5GiaJ. 
a2°2 


Fig.  4,7.  A  factorized  two-particle  S-matrix  for  five  particles. 


scattering  matrix  were  a  sequence  of  pair  collisions.  Take  three 
particles,  for  example.  Obviously,  the  three-particle  scattering  ma¬ 
trix  can  be  represented  by  a  product  of  two-particle  scattering  matri¬ 
ces  in  two  ways,  generally  speaking.  The  right-  and  left-hand  sides  of 
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Eq.  (4.3.1)  and  Fig.  4.5  reflect  these  two  possibilities.  If  as  a  result 
we  arrive  at  the  same  answer,  as  required  by  (4.3.1),  the  three-parti¬ 
cle  S-matrix  (and,  hence,  the  IV-particle  scattering  matrix,  see 
Fig.  4.7)  is  two-particle  factorized. 

The  factorization  conditions  impose  very  stringent  restrictions  on 
the  one-dimensional  scattering  kinematics.  Besides  requiring  that 
the  number  of  particles  be  conserved,  they  require  that  the  energies 
of  individual  particles  be  conserved,  too.  In  other  words,  if  the 
incoming  particles  have  energies  (ex,  .  .  .,  eAr),  after  collision  the 
energies  of  the  outgoing  particles  are  also  (el7  ..  .,  en).  Therefore, 
in  theories  with  a  factorized  S-matrix  the  energies  are  only  redis¬ 
tributed,  in  the  collision  process,  between  different  colors  of  the 
particles.  These  selection  rules  are  the  result  of  an  infinite  set  of 
conservation  laws,  whose  existence  can  be  considered  necessary  for 
the  S-matrix  to  be  factorizable. 

To  clarify  the  aforesaid  let  us  consider,  the  case  of  a  system  of 
different  one-dimensional  particles  interacting  via  a  pair  delta¬ 
like  potential.  The  hyperplanes  xt  =  Xj  separate  the  configuration 
space  of  the  system  into  regions  Xq  =  {xqi  where 

the  particles  move  independently  and  are  described  by  the  wave 
function 

•  (P,Q)exp  {ikp.x}).  (4.3.2) 

p  h  •  •  •  lN  3 

Here  P  =  (p1:  .  .  .,  pN}  and  Q  ==  {gl7  .  .  .,  qN}  are  permutations  of 
integers  {1,  .  .  .,  IV},  xj  are  the  coordinates  of  the  particles,  and 
ii,  .  .  . ,  iN  their  colors;  all  possible  permutations  P  are  summed  over, 
while  the  factors  &  (P,  Q)  do  not  depend  on  coordinates  inside  Xq. 
Conservation  of  momenta  of  individual  particles  in  collision  requires 
that  the  set  of  momenta  {^}  remain  the  same  in  a  transition  from  one 
region  to  another,  i.e.  be  independent  of  Q.  The  wave  function 
(4.3.2)  is  customarily  called  the  Bethe  Ansatz. 

To  find  the  coefficients  J#(P,  Q)  we  must  establish  how  the  wave 
function  changes  in  the  process  of  crossing  the  boundaries  of  the 
regions;  it  is  on  these  boundaries  that  the  particles  interact.  We 
take  two  neighboring  regions  Xq  and  XQ<i;.)  differing  only  in  the 

transposition  of  xt  and  xj.  At  the  boundary  between  the  two  regions 
only  two  particles,  i  and  7,  collide,  whereby  continuation  of  the 
wave  function  from  region  Xq  to  region  XQ<i^  constitutes  a  two- 

body  problem.  The  energy  and  momentum  conservation  laws  in  one¬ 
dimensional  space  lead,  in  this  case,  to  conservation  of  kt  and  kj 
separately,  so  that  the  set  of  momenta  remains  the  same  and  the 
factors  are  related  through  the  two-particle  S-matrix: 

(P,  Q)  =  5f/^...li...(P.Q<«>). 

17* 


(4.3.3) 
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Knowing  the  two-particle  S-matrix  enables  us  to  express  all  the 
•5#  (P,  Q)  in  terms  of,  say,  (P,  I),  with  I  =  {1,  .  .  .,Ar }  and  obtain 
the  iV-particle  scattering  matrix  in  the  form  of  a  product  of 
N(N  —  l)/2  two-particle  scattering  matrices  (Fig.  4.7). 

This  situation  is  possible  provided  that  the  wave  function  in 
each  region  Xq  is  a  linear  combination  of  a  finite  number  of  waves. 
This  constitutes  the  essence  of  Bethe’s  hypothesis.  For  the  hypothe¬ 
sis  to  be  self-consistent  it  is  necessary  that  the  different  ways  of 


Fig.  4.8.  Two  ways  of  going  over  from  region  <  x2  <  x3  to 
region  x3  <  x%  <  x±. 


combining  the  transpositions  connecting  regions  Xq  and  Xq>  into 
products  of  transpositions  of  pairs  lead  to  the  same  result  when  the 
wave  function  is  continued  from  one  region  to  the  other.  It  suffices  to 
verify  the  hypothesis  for  three  particles.  Namely,  suppose  that  as 
a  result  of  collision  the  particles  from  region  {xx  <  x2  <C  £3)  go 
over  to  region  (x3  <C  x2  <  xx).  Pair  collisions  may  occur  in  two 
different  ways  (Fig.  4.8): 

x1  <  x2  <  x3~^x1  <  x3  <  x2 -^x3<Zx1<Zx2-^x3<C x2 < X]  (4.3.4) 
and 

<  x2  <  x3->-  x2  <  x\  <  x3->-  x2  C  x3  <  xx 

■  x3  x2  x^.  (4.3.5) 

The  fact  these  two  paths  are  equivalent  expresses  the  factorization 
condition  (4.3.1). 

We  can  consider  (4.3.1)  as  functional  equations  for  S  (kl9  k2 ), 
whose  solution  combined  with  the  unitarity  condition 

tsa  <*•'*•>  *22  <*»■ 

leads  to  systems  of  equations  that  are  fully  integrable  (see  [44,  45]). 
Writing  (4.3.1)  in  components,  we  can  easily  see  that  the  number  of 


4.  An  Exact  Solution  of  the  Kondo  Problem 


261 


equations  considerably  exceeds  the  number  of  unknowns.  Never¬ 
theless,  at  present  there  are  many  nontrivial  solutions  to  the  factor¬ 
ization  equations  corresponding  to  rich  models  of  one-dimensional 
quantum  field  theory  and  two-dimensional  classical  statistics  (for 
a  review  see,  e.g.,  [69]). 

All  known  cases  of  integrable  systems  possess  the  property  that 
we  can  express  the  particle  momentum  in  terms  of  a  parameter  a 
such  that  the  two-particle  scattering  amplitude  depends  only  on  the 
difference  arguments: 

S  (&!,  k2)->-  S  (ax  —  a2).  (4.3.6) 

The  variable  a  is  called  rapidity. 

The  parameters  kj  in  the  scattering  wave  function  (4.3.2)  are 
arbitrary.  To  find  the  eigenvalue  spectrum  we  must  first  introduce 
certain  boundary  conditions  for  the  system.  As  usual,  the  specific 
type  of  boundary  conditions  is  not  important  in  the  case  of  a  large 
number  of  particles.  The  most  convenient  way  to  introduce  them  is 
to  place  the  system  in  a  box  of  length  L  and  impose  the  conditions 
of  periodicity: 

^  (xh  •  •  •  i  xn)  \xj=L/2  —  T*  (^1?  .  .  .  ,  XN)  \xj=-L/2 

with  /  =  1,  .  .  N.  (4.3.7) 

These  conditions  lead  to  a  relationship  between  (Q,  P)  and  A  (I,  P).' 

eikiLj/.  =  (4.3.8) 

where 

Tj  =  Sjj+i...SjNSji...S  (4.3.9) 

and  S jk  stands  for  the  matrix-operator  Sp.Pk(aj  —  ak). 

Equations  (4.3.8)  imply  that  &  is  an  eigenvector  of  N  operators 
simultaneously.  However,  using  the  factorization  equations,  we 

can  show  that  the  operators  T;  commute  with  each  other  and  can  be 
diagonalized  simultaneously  [68].  The  diagonalization  problem  for 
the  T j  was  first  solved  by  Yang  [68]  for  one-dimensional  fermions 
interacting  via  a  pair  delta-like  potential.  The  solution  required 
using  the  Bethe  hypothesis  a  second  time. 

In  a  series  of  papers  Baxter  [43,  70,  71]  built  a  solution  for  an 
eight-vertex  model  of  classical  statistics.  He  developed  a  method 
which  served  as  a  basis  for  a  modern  formulation  of  Bethe’s  method 
in  a  new  way.  Baxter’s  method  enabled  him  to  approach  the  diago¬ 
nalization  problem  for  the  T;*  in  a  new  wav.* 


*  For  the  relation  between  fully  integrable  one-climensional  quantum 

systems,  the  factorized  scattering  theory,  and  the  two-dimensional  lattice 
statistical  systems  see  I  he  review  paper  [45]. 
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Baxter  [43,  70]  demonstrated  that  the  operators 

«!.•..«»)=  _S  0  SpkkPk+l(a~ah)  (4.3.10) 

Pa— PjV+1  k~ 1 

(Pfc} 

form  a  parametric  family  of  commuting  operators: 

[T  (a),  T  (a)]  =  0.  (4.3.11) 

The  above  important  relation  is  a  direct  consequence  of  the  trian¬ 
gle  condition  (4.3.1)  [45,  46,  70].  To  verify  this  we  consider  the 


L-a 

A0*’*  / 

1 

1  / 

Fig*.  4.9.  A  graphic  representation  of  the  operator  T  (a;  ax,  .  .  .,  ocN)» 
matrix-operator  in  indices  (p,  q)  (Fig.  4.9): 

_ Tp  0  -V }  , 

■  =  T q  y  (oc;  G&i,  .  .  .  ,  ocN) 

=  2  S)Pl  (a  aA)  Sp%  (a  a2)  . . .  Sp (a  —  ocN).  (4.3.12) 
Let  us  consider  the  product  S  (a  —  a)  T  (a)  T  (a)  "depicted  on 


the  left-hand  side  of  Fig.  4.10.  Using  (4.3.1)  and  Fig.  4.5,  we  succes¬ 
sively  take  the  “tie”  across  point  A.  Hence,  we  have 

sfk.  (a  -  a')  T‘  (a')  T'',  (a)  =  Tl’-  (a)  H  (a')  S\\.  (a  -  a') . 

Multiplying  (4.3.13)  into  S_1  and  taking  the  trace  of  the  two  T 
operators,  we  arrive  at  (4.3.11).  Equations  (4.3.11)  and  (4.3.13) 
play  a  central  role  in  diagonalizing  the  matrix  T. 

The  operators  T j  in  (4.3.9),  which  emerge  as  a  result  of  imposing 
the  boundary  conditions  (4.3.7)  in  Bethe’s  method,  and  the  T  (a; 
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alr  .  .  aN)  matrix  are  related.  To  establish  this  relation  we  note 
that  from  the  triangle  condition  (4.3.1)  it  follows  that  at  k±  =  k2J 
or  —  a2,  the  two-particle  scattering  matrix,  or  the  vertex-weight 
matrix,  is  proportional  to  the  permutation  operator.  Indeed,  if  we 
put  a  =  0  in  (4.3.1),  we  have 

S12  (0)  M  (a')  -  M  (a')  S12  (0),  (4.3.14) 

with 

M  =  Sia  (a')  S23  (a').  (4.3.15) 

This  yields,  to  within  a  factor, 

SIP  (k,  k)  »  S  (0)  -  P  -  tyfijr ■  (4.3.16) 

Let  us  now  turn  to  the  operator  (4.3.10).  Assuming  that  a  =  oc;-  and 
bearing  In  mind  that  kj  =  /  (a7*),  we  have  [72] 

T  /  (^j»  •  •  * ,  •  •  • » 

{pm)  ft=l  ft+1  J 

X  ff  (4.3.17) 

1  '  /+1 

This  implies,  for  one,  that  the  T j  commute  and  the  eigenvalue  pro¬ 
blem  for  (4.3.6)  has  a  solution. 

Recently  it  was  established  that  there  is  a  profound  relation 
between  Rethe’s  method  and  the  method  of  the  inverse  problem  in 
scattering  theory,  the  latter  being  used  for  solving  some  nonlinear 
classical  equations.  The  remarkable  method  of  the  quantum  inverse 
scattering  problem  developed  in  a  number  of  works  (e.g.  see  [46-48, 
73-75]),  enabled  finding  all  the  formulas  of  Bethe’s  method  within 
a  unique  algebraic  scheme  (for  an  overall  review  see  [48,  49,  76,  77]). 
In  particular,  the  diagonalization  of  T  (a7;  a1?  .  .  .,  aN)  is  achieved 
by  this  method  in  a  simple  and  graphic  way. 

4.3.2  An  Effective  Hamiltonian 

As  we  saw  in  Sec.  4.2.2.,  the  problem  of  scattering  by 
a  single  impurity  is,  in  essence,  one-dimensional.  Here  we  will 
show  this  once  more  by  starting  directly  from  the  s-d  exchange 
model  (4.1.3). 

We  expand  the  plane  electronic  wave  in  spherical  waves  at  the 
impurity: 

ly  m 


(4.3.18) 
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Writing  the  Hamiltonian  (4.1.3)  in  terms  of  we  have 

SS s-d  —  2  2  6  ( I  k  I )  &|kl  Imott Ik]  Imo 

l,  m  |k| 

+  ^  2  Safkj  oOafljk'lOOG'ffao*;  (4.3.19) 

IkMk'l 

whence  only  the  s  wave  interacts  with  the  impurity. 

Next*  we  assume  that  the  interaction  amplitude  is  small,  so  that 
6f*  Whence,  at  H,  we  can  ignore  the  electronic  states 

that  lie  far  from  the  Fermi  surface  and  consider  a  linear  section  of 
the  spectrum  near  )  k  )  = 

e  (|  k  I )  -  +  V*(l  k  |  -  kF).  (4.3.20) 

In  what  follows  we  take  v$  equal  to  unity.  Reckoning  momentum 
from  ftp,  we  arrive  at  an  effective  Hamiltonian  for  the  s-d  model* 

=  p4oo pa +J  Ts  Sc£0  O'ao'^p'cr'  •  (4.3.21) 

Here  cPG  and  cpo  are  the  creation  and  annihilation  operators  for  an 
electron  in  an  s  state  with  momentum  &p  +  |  p  |. 

The  condition  that  (4.3.1)  be  integrable  poses  stringent  restrictions 
on  the  two-particle  scattering  amplitudes  and,  therefore,  on  the 
Hamiltonian.  For  this  reason  even  small  variations  in  the  Hamiltoni¬ 
an  at  small  distances,  which  practically  do  not  change  the  properties 
of  the  system,  almost  always  destroy  the  integrability.  Below  we  will 
show  that  the  Hamiltonian  (4.3.21)  is  completely  integrable. 

4.3.3  The  Bethe  Ansatz  for  the  s-d  Exchange  Model 

Here  we  formulate  and  prove  Bethe’s  hypothesis  for  the 
s-d  exchange  model.  First  we  shift  the  Hamiltonian  (4.3.21)  to  the 
coordinate  representation.  Suppose  that  x  is  a  coordinate  on  a 
straight  line  passing  through  the  impurity  and 

Co  (x)  =  j  eipxca  (p) 

Then  the  Hamiltonian  (4.3.21)  for  the  s-d  model  is 

dfcVd  =  j  dx  (  —  icj  (x) ca  (x)  +  J8  (x)  S cG  (x)  o0G'C0»  (x)  j .  (4.3.22) 

We  consider  the  eigenstate  of  (4.3.21)  in  which  there  are  N  elect 
trons  with  spin  components  (a1?  .  .  .,  ajy)  and  a  localized  moment 


*  The  emerging  problem  could  be  called  one-half-dimensional,  since 

the  particles  have  only  one  Fermi  point  instead  of  two  as  is  customary. 
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with  component  $  =  —  £,  .  .  -\-S : 

|^>  =  j  ^  ..oN;  t  (*i,  •■.»*»)  cj,  fa)  . .  •  c5v  (xw) 

X  (S+)Sf. .  .d3Cjv  |0>  (4.3.23)- 


where  |  0)  is  the  state  without  particles  and  with  a  component  of  the- 
impurity  moment  equal  to  — S. 

The  wave  function  T0l. .  .a  .g satisfies  Schrodinger’s  equation 


N 


( — '  2  ~£rj~E )  •  •  •  ’  z*r) 


i=l 

N 


+ i  2  6  to)  s..- ■  to . ** 

i=l 


•  • )  %n)  —  0. 

(4.3.24) 


Bethe’s  method  provides  the  means  for  finding  every  solution  of 
this  equation  for  an  arbitrary  number  of  particles. 

Suppose  that  Q  =  {q0,  .  .  .,  qN}  is  a  permutation  of  the  num¬ 
bers  {0,  1,  . . . ,  N}  while  Q'  =  { q'v  . . . ,  q'N}  and  P  =  {pv  .  .  .,  pN} 
are  permutations  of  the  numbers  {1,  .  .  N}  with  Q'  coinciding 
with  Q  from  which  qt  =  0  is  excluded.  Then  in  the  region  Xq  = 
=  {x0  <Z  ■  .  .  <  xa  }  the  wave  function  is 

The  Bethe  Ansatz: 


•  •<?N\ s  (%u  **m  xn) 


jv 


=  21  (Q»  Q';  P)  exp(t  kp.Xj). 


(4.3.25) 


Here  the  first  sum  is  over  all  permutations  P,  {kj}  is  a  sequence  of 
different  values  of  kj ,  and  x0  =  0.  The  state  (4.3.23)  is  the  eigenstate 
of  the  Hamiltonian  (4.3.22)  with  the  energy 


E 


N 

y 


kj. 


(4.3.26) 


The  factors  Jicx...aN\s  are,  obviously,  not  fully  independent 
First  we  must  require  that  T  be  antisymmetric  under  permutations 
in  the  pairs  (xt,  at).  As  a  result 

a*<.(Q;  Q';  p)  =  ^...a^u (Q;  Q'-P)(-i)p,  (4.3.27) 

where  Q'-P  is  the  product  of  permutations,  and  the  factor  (~-l)p 
determines  whether  permutation  P  is  even  or  odd. 
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The  factors  A  for  different  regions  are  linked  through  the  Schro- 
dinger  equation  (4.3.24)*  As  mentioned  above,  the  hypothesis  that 
the  wave  function  consists  of  a  finite  number  of  waves  implies  that 
the  S-matrix  is  two-particle  factorized.  In  other  words,  the  interrela¬ 
tion  between  the  A's  in  two  neighboring  regions  is  determined  by 
the  characteristics  of  only  two  particles  or  a  particle  and  an  impurity 
on  the  boundary.  Suppose  that  the  boundary  between  regions  Xq 
and  Xq  is  the  plane  xj  =  0,  i.e.  Q  and  Q  differ  in  a  permutation  of 
the  /th  particle  and  impurity.  Then 


where  the  matrix 


(Q). 


(4.3.28) 


==R,0  =  exp  (iJorS),  (4.3.29) 

OjSf 

Indeed,  let  us  take  the  case  of  one  particle  scattered  by  an  impurity. 
Then 

(*)  +  /6  (X)  or-STa-; =  EWo; ..  (4.3.30) 

This  equation  is  poorly  defined.  To  redefine  it,  for  the  delta- 
function  in  (4.3.29)  we  substitute  a  smooth  potential  Ve  (x)  such  that 
lime-ok"  (%)  =  (z)-  Then  the  solution  to  Eq.  (4.3.30)  has  the  form 

=  (4.3.31) 

where  the  dependence  of  matrix  on  coordinate  x  is  determined 

thus: 

Q 

jf  (x)  =  exp  S  ^VB{x')dx'^  Jt  (y)  *  (4.3.32) 


Sending  e  to  zero,  we  find  that 

(X <  0)  =  s(x>0),  (4.3.33) 

where  matrix  R  is  given  by  (4.3.29). 

Now  let  us  assume  that  plane  xt  =  xj  is  the  boundary  between 
Xq  and  X^.  In  this  case  the  factors  (Q)  and  &  (Q)  are  connected 
via  the  permutation  operator: 


A 


.ar 


(Q). 


where 


(4.3.34) 


“  2  (  2-  ‘  T  +  a«Wj )  “ 


is  the  permutation  operator.  This  fact  requires  some  explaining. 
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Let  us  take  two  particles  far  from  the  impurity ,  say  xx,  x2  <  0. 
The  particles  are  free: 

—i  (6X  +  62) a|;  =  (4.3.35) 

The  usual  solution  to  this  equation,  which  provides  the  first  per¬ 
turb  ation- theory  approximation ,  is 

i|Wt  =  exp  (ipiX i  +  ip2x 2)  J>a,<st  —  exp  (ip2xi  +  ip-pc^)  ^0jCTl,  (4.3.36) 

where  the  factors  A0io2  do  not  depend  on  the  positions  of  the  parti¬ 
cles.  What  will  happen  with  the  wave  (4.3.36)  after  the  particles 
scatter  by  the  impurity?  We  can  readily  see  that  in  the  region  xly 
x2  >  0  the  wave  function  is  not  given  by  (4.3.36).  Indeed,  in  trans- 
fering  from  the  region  xL1  x2  <C  0  first  to  region  x1  <  0  <  x2  and 
then  to  region  0  <  x±,  x2  the  factor  a2;  s,  according  to  (4.3.33), 
becomes  R10R20,5#  (see  Fig.  4.7).  Another  sequence  of  events  (say, 
the  first  particle  is  scattered  by  the  impurity  and  then  the  second) 
leads  to  quite  a  different  state.  Suppose  that  the  electrons,  the  first 
having  spin  “up”  and  the  second  spin  “down”,  are  scattered  with 
spin  flip  by  the  impurity,  which  has  spin  “up”.  The  first  electron 
■cannot  change  the  direction  of  impurity  spin,  but  the  second  flips 
this  spin  over.  But  if  the  sequence  is  reverse,  then  the  impurity 
spin  flips  twice  and  its  direction  as  a  result  does  not  change.  In  other 
words,  matrices  R10  and  R20  do  not  commute: 

R10R20  R20R10*  (4.3.3/ ) 

These  arguments  vividly  demonstrate  that  particles  cannot  be 
considered  individually  in  the  presence  of  an  impurity.  The  fact 
that  the  impurity  has  a  degree  of  freedom  is  sufficient  for  the  problem 
to  become  a  many-body  problem. 

To  build  the  scattering  wave  function  in  the  region  x±,  x2  >  0,  we 
note  once  more  the  peculiar  feature  of  the  Hamiltonian  (4.3.22). 
All  particles  move  in  one  direction  with  the  same  speed.  Therefore, 
if  t|y  (x^  x2)  is  a  solution  to  Eq.  (4.3.35),  then  yp  (xx,  x2)  f  (xx — x2)  is 
also  a  solution  (here  /  (x)  is  an  arbitrary  function  that  may  have,  for 
example,  a  discontinuity  at  x1  =  x2).  This  property  enables  easily 
finding  the  wave  function  in  the  region  xv  x2  >  0.  The  wave  func¬ 
tion  is  again  given  by  (4.3.36),  but  the  factors  have  a  discontinuity  on 
the  line  x±  =  x2: 

^  (xu  X2)  =  [R2OR100  (X1  —  X2 )  +  RlOR2O0  (X2  —  xl)] 

X  (gifcist+ift.**  —  P12eift‘*t+ifti*i)  (4.3.38) 

Obviously,  in  this  case  the  discontinuity  in  the  wave  function  at 
x1  =  x2  does  not  mean  there  is  interaction  far  from  the  impurity. 
However,  the  scattering  wave  function  does  depend  on  the  order  of 
events  in  the  scattering  of  particles,  and  the  “memory”  of  this  does 
not  decrease  as  the  particles  move  away  from  the  impurity. 
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The  line  of  attack  we  have  just  studied  is  not  very  well  suited  for 
building  a  wave  function  of  a  system  of  N  particles  that  satisfies  the 
given  boundary  conditions.  The  correct  way  to  do  this  is  to  “order”* 
the  spins  of  the  incoming  particles  in  the  region  xx,  x2  <  0,  so  that 
the  impurity  “knows”  which  particle  it  will  encounter  first.  This  is 
another  solution  to  Schrodinger’s  equation  (4.3.35)  with  a  linear 
spectrum: 

if)  (xi7  x2)  =  (eifti*i+iA*a:*  —  eiklX2+ik9x ^  -J-  P120  (x2  —  Xi)] 

(4.3.39) 

Unlike  solution  (4.3.36),  this  function  changes  when  both  the 
spins  of  the  particles  and  their  momenta  kx  and  k2  are  interchanged 
and  corresponds  to  the  particles  being  “ordered”  on  the  straight  line 
that  passes  through  the  impurity.  Strictly  speaking,  kx  and  k2  are 
not  the  momenta  of  free  particles.  Indeed, ^oig2(xi^  xz)  is  not  an  eigen¬ 
function  of  the  operators  i  ( dldx x)  and  i  ( d/dx2 )  separately.  Rather, 
kx  and  k2  are  the  momenta  of  charge  density  waves,  whose  generation 
does  not  lead  to  a  local  change  in  spin.  They  resemble  momenta  of 
spinless  fermions:  the  wave  function  (4.3.39)  vanishes  at  kx  =  k2 
irrespective  of  the  total  spin  of  the  system.  We  see,  therefore,  that 
free  particles  with  a  linear  spectrum  are  described  equally  well  by 
functions  (4.3.36)  and  (4.3.39).  The  first  function  has  corresponding 

to  it  a  unit  scattering  matrix:  o',  while  the  second 

corresponds  to  an  S-matrix  that  is  the  permutation  operator: 

(4.3.40) 

oza2  cr2<72 

We  return  to  the  case  of  two  particles  scattered  by  an  impurity. 
As  usual,  there  are  two  ways  in  which  we  can  go  from  the  region 
xx  <  x2  <  0  to,  say,  the  region  xx  >  x2>  0  (see  Fig.  4.8  with 
xs  —  0).  The  first  path,  i.e. 

x\  <  ^'2  <  0-^  xx  <  0  <  x2  0  <C  xx  <C  x2  — >■  0  <  x2  <  xlr 
transforms  j#  into  P12R10R20j#.  The  other  path,  namely 
xx  <  x2  <  0  x2  <  xx  <  0  ->  x2  <  0  <  xx  0  <  x2  <  xlt 
brings  us  to  another  transformation  matrix: 

R20R10P1 

But  now  the  result  in  both  cases  must  be  the  same,  since* 

RioR2oPi2  =  Pi2R2oRio-  (4.3.41) 

*  We  note  that  since  the  scattering  matrices  do  not  depend  on  the 

particle  velocities,  the  factorization  condition  (4.3.40)  is  always  met,  irrespec¬ 
tive  of  the  form  of  matrix  R  (compare  with  (4.3.16)). 
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We  have,  therefore,  proved  Bethe’s  hypothesis.  The  general  solu¬ 
tion  to  Schrodinger’s  equation  (4.3.24)  is  given  by  (4.3.25)  together 
with  conditions  (4.3.27),  (4.3.28),  and  (4.3.34)  [30-32]. 

Applying  these  conditions,  we  can  express  &  (Q;  Q';  P)  in  terms  of 
.5#  (I;  I';  P),  with  I  =  {1,  .  .  .,  A}  a  unit  permutation.  To  this  end 
we  must  take  Q  as  one  of  the  possible  products  of  pair  transpositions 
and  to  each  cofactor  assign  either  operator  or  operator  R,-0, 
depending  on  whether  this  transposition  changes  the  position  of 
particles  i  and  j  or  of  particle  /  and  the  impurity.  Condition  (4.3.41) 
together  with  the  unitarity  conditions 

PuPji  =  1  and  RJoR j0=  1  (4.3.42) 

guarantee  that  all  ways  of  factoring  Q  into  products  of  pair  transpo¬ 
sitions  lead  to  the  same  results. 


4.3.4  Periodic  Boundary  Conditions 


Let  us  place  our  system  inside  a  sphere  of  radius  L/2 
centered  at  the  impurity  site  and  require  that  the  T’-function  sati¬ 
sfy  the  periodic  boundary  conditions  (4.3.5).  If  Q0=  Aq1%  ..on;s  (I;  I'), 
the  periodicity  conditions  bring  us  to  the  problem  of  simultaneously 
diagonalizing  the  operators 

T ;  —  Pjj+iPjj+2*  *  (4.3.43) 

namely, 

eihjLQ0  —  T  jQq.  (4.3.44) 


We  readily  see  that  here  the  T7*  not  only  commute  but  are  equal: 


—  SaJa2Sa2a8 


..5a. 


N-  1 


RaNS' 
aNnGlS  • 


(4.3.45) 


This  does  not,  however,  make  the  problem  of  diagonalization  simpl¬ 
er.  For  this  reason  we  will  follow  the  general  scheme  discussed  in 
Sec.  4.3.1.  Namely,  we  start  by  building  a  parametric  set  of  commut¬ 
ing  operators  T  (a),  the  T  j  being  members  of  this  set.  Next,  employ¬ 
ing  the  commutation  relations  (4.3.13),  we  solve  the  eigenvalue 
problem  for  T  (a). 


4.3.5  The  Set  of  Commuting  Operators 

To  build  a  set  of  commuting  operators  that  includes  the  T7 
it  suffices  to  solve  the  factorization  equations  (4.3.1),  which  describe 
the  scattering  of  two  particles  by  an  impurity,  and  add  the  condition 
that  for  an  a  =  a0  the  matrix  S  (a0)  coincides  with  R.  Then,  accord¬ 
ing  to  (4.3.16),  the  two-particle  scattering  matrices  (4.3.29)  and 
(4.3.34)  will  lie  on  the  curve  S  (a). 
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For  an  arbitrary  impurity  spin  the  factorization  equations  include 
matrices  of  different  rank.  For  this  reason  it  is  expedient  to  separate 

r 

the  matrices  that  refer  only  to  the  particles  r  («)„^  (a  =  1,  2) 
(the  solid  line  in  Fig.  4.11),  from  those  that  refer  to  a  particle  and 

impurity,  (s  —  —S,  .  .  .,  +S)  (the  dashed  line  in  Fig.  4.11). 

Equations  (4.3.1)  in  these  notations  are 

r ij  (a)  Rj0  (a  +  a')  RJ0  (a')  =fR,„  (a')  Ri0  (a  +  a')  (a)  (4.3.46) 

with  the  condition^  that 

(0)  =  P tj,  Ra  (a0)  =  exp  (i/a- S).  (4.3.47) 

'  For  the  case  of  S  =  1/2,  Eqs.  (4.3.46)  were  cited  by  Yang  [68]. 
In  the  general  anisotropic  case  they  were  solved  by  Baxter  [70] 


Pig.  4.11.  The  factorization  condition  for  the  s-d  exchange  model. 
The  dashed  line  corresponds  to  the  impurity  and  solid  lines  to  electrons. 

(see  also  [78]).  Below  we  will  show  that  their  solution  does  not 
depend  on  the  magnitude  of  S  [33,  69].  The  most  general  case,  which 
includes  various  representations  of  the  0  (3)  group,  is  studied  in  [79]. 
First,  we  write  R  (a0)  in  the  form 

exp  (iJa-  S)  =  wQ  +  4u;a-S,  (4.3.48) 

where  w0  and  w  are  functions  of  J  (we  recall  that  a2  =  3/4).  The 
simplest  way  to  find  these  functions  is  as  follows.  The  total  spin 
a  +  S  can  assume  the  values  S  ±  1/2,  and  either  a-S  =  S/2  or 
a-S  —  —  (S  +  l)/2.  Therefore, 

eiJS/2  __  h;0_|_  wS:  H)/2  =zW0 —  W  (S  -f-  1).  (4.3.49) 

Now  we  turn  to  Eqs.  (4.3.46)  and  (4.3.47).  In  view  of  the  fact  that 
conditions  (4.3.47)  are  invariant  under  the  transformations  of  the 
0  (3)  group,  the  matrices  r  and  R  must  be  sought  for  in  the  form 

R°?'  (a)  =  wQ  (a)  8aa-8ss-  +  4w  (a)  S,,*, 

r™',  ^  (a)  (a)  <W-  owr.  (4.3.50) 

It  is  expedient  to  introduce  the  following  notations: 
a  =  u>0  +  w,  b  —v>  0  —  w,  c  =  2 w. 


(4.3.51) 
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Substituting  (4.3.48)  into  Eq.  (4.3.46),  we  find  that 
b  (a)  __  b'  (a) 


h  (a)  = 


c  (a)  c'  (a) 


(4.3.52) 


and 

b  (a)c  (a  +  a')c  (a)  +  c  (a)  c  (a  +  a')  b'  (a) 

=  c  (a)  b'  (a  +  a)  c9  (a').  (4.3.53) 


In  terms  of  h  (a)  the  above  equation  assumes  the  form 
h  (a)  +  h  {a)  =  h  (a  +  a).  (4.3.54) 

Whence,  without  loss  of  generality,  we  can  assume  that 
h  (a)  =  a.  (4.3.55) 


Equations  (4.3  52)  and  (4.3.54)  define  b  (a)  and  c  (a)  to  within  an 
arbitrary  factor.  Conditions  (4.3.49)  determine  the  value  of  this 
factor  at  points  a  =  0  and  a  =  a0.  In  all  other  respects  the  factor 
is  arbitrary.  It  is  convenient  to  select  it  in  such  a  way  that  the 
unitarity  condition  (4.3.42)  be  valid  for  any  a: 

b'  (a)  =  6(a)  =  -^-ra(a), 

c'  (a)  =  c  (a)  a-j-t  a  (a),  (4.3.56) 

and 

a  (a)  a  (—a)  =  1. 

Here  a0  =  1  /g,  where 

g=tan4(25  +  l)  (4.3.57) 

and 

/n,  .  ,  .  2eijsl2 (2S  —  1)  sin  J(2S  + 1)  /4 

®  (0)  =  1 ,  a  (a0)  = -  - —  —  ■  • 


The  characteristic  feature  of  the  factorized  matrices  (4.3.50)  and 
(4.3.56)  is  that  the  functions  w  and  w0  do  not  depend  on  the  impurity 
spin  S .  This  is  because  Eqs.  (4.3.46)  are  bilinear  in  the  impurity 
spin  operator  S  and  contain  only  commutators  of  the  type  [5°,  Sh]  = 
=  i&abcS1*  whose  form  does  not  depend  on  the  group  representation. 

Knowing  the  solution  to  the  factorization  equations,  we  can,  in 
accord  with  Sec.  4.3.1,  build  a  set  of  commuting  operators 

A 

T  (a;  at,  .  .  .,  Kif+i)  =  Sp  T  (a;  alt  .  .  .,  ccN), 


(4.3.58) 
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where 


T  (a;  av  .  .  aN)  =  (a  —  ax)  r* 
•  •  •  r*lV  (a  —  aN)  R*0  (a  —  a0). 


(a  —  a2) 


(4.3.59) 


Formula  (4.3.59)  means  that  we  must  form  the  product  of  matrix- 
operators  (Fig.  4.12) 


**o  (®0 

(a)  —  ^ 


IV 


*0 


>0  («)  4-2 w'  (a)  a* 

2  w'  (a)  on  \ 

(4.3.60) 

„  2  w'  (a) 

w'0  (a)  —  2w'  (a)ozJ 

w0  (a)  4-  2Szw  (a) 

2w  (a)  S_  \ 

(4.3.61) 

,  2  w  (a)  S+ 

w0  (a)  —  2S zw  (a)  /  ’ 

4.3.1  we  showed  that  the  operators  T  (a;  av 

.  .  aN) 

1 

1 

1 

1. 

. _  I 

'  t  *"• 

I 

I 

[ 

I 

Fig.  4.12.  The  operator  T  for  the  s-d  exchange  model.  The  dashed 
line  corresponds  to  the  impurity  and  solid  lines  to  fermions. 


commute  for  arbitrary  oc  and  a'  and,  according  to  (4.3.21), 

Tj  =  T  (a;  alf  . . . ,  ccNl  aN+1)  la^^,  ai=,..=aiV.+1=o,  (4.3.62) 

where  are  the  operators  that  enter  the  periodic  boundary  condi¬ 
tions  (4.3.43). 

4.3.6  Diagonalizing  T  (a) 

The  best  way  to  diagonalize  T  (a)  is  to  employ  the  meth¬ 
od  developed  in  [46-48,  73,  74],  the  quantum  method  of  the  inverse 
scattering  problem.  We  show  below  how  to  apply  this  .method  to 
operator  (4.3.58). 

The  method  is  based  on  the  consistent  use  of  commutation  rela¬ 
tions  (4.3.13),  which  in  our  case  take  the  form 

rll  (a  -  a')  T*  («')  T£  (a)  =  T#  (a)  T£  (a')  r&  (a  -  a') ,  (4.3.63) 

where  Tg  (a)  is  the  matrix-operator  (4.3.59). 

It  is  customary  to  write  the  commutation  relations  (4.3.63)  using 
tensor  products  of  matrices.  We  introduce  the  matrix  element  of  the 
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matrix-operator  (4.3.59)  as  follows: 


Then  the  tensor  product  is  a  four-by-four  matrix: 

.  A  A  v 

AT  BTN 


T®T  = 


CT  DT 


The  relations  (4.3.63)  can  then  be  written  thus: 
r  (a  — a')  (T  (a)  ®  T  (a'))  =  (T  (a')<g>T  (a))  r  (a— a'), 


(4.3.64) 


(4.3.65) 


(4.3.66) 


where  r  (a)  is  a  four-by-four  number  matrix,  which  in  this  case  is 


r  (a)  =  (a)  -f  4 w'  (a)  a  ®  <x.  (4.3.67) 

If  we  write  (4.3.66)  in  components,  we  arrive  at  commutation  rela¬ 
tions  for  the  matrix  elements  of  T ,  of  which  we  will  need  the  follow¬ 
ing: 

[A  (a),  A  (p)]  =  [B  (a),  B  (P)]  =  [D  (a),  D  (p)l  =*  0, 
a  (a  -  p)  B  (a)  A  (P)  =  b  (a  -  P)  B  (p)  A  (a) 

+  c  (a  —  P)  A  (P)  B  (a), 
a  (a  —  P)  B  (p)  D  (a)  =  b  (a  —  p)  B  (a)  D  (P) 

+  c  (a  -  p)  D  (a)  B  (p).  (4.3.68) 


The  fact  that  the  traces  of  the  T-matrices  commute  (see  (4.3.11)), 
i.e. 


[A  (a)  +  D  (a),  A  (p)  +  D  (p)]  =  0, 


(4.3.69) 


is  a  corollary  of  (4.3.68). 

Let  us  consider  state  Q()  in  which  the  spins  of  all  particles  are 
“up”,  while  the  projection  of  the  impurity  spin  is  +£.  In  this  state 
the  lower  left  matrix  element  of  the  matrix-operators  r  and  R  (4.3.60) 
and  (4.3.61)  vanishes  and  the  state  is  an  eigenstate  of  the  diagonal 
elements: 


r11  Q0  =  a  (a)  Q0,  Rufi0  =  (w0  +  wS)  Q0, 

r?2  Q0  =  b  (a)  £20,  R22  Q0  =  ( w0  —  wS)  Q0, 

r21  Q0  =  R21  &o  =  0.  (4.3.70) 

A 

This  means  that  the  same  is  true  for  the  elements  of  T: 

C  (a)  Q0  =  0,  A  (a)  Q0  =  Aa  (a)  Q0,  D  (a)  Q0  =  AD£i0-  (4.3.71) 
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If  we  use  the  rule  for  multiplying  triangular  matrices*  we  can  easily 
find  the  eigenvalues  of  A  and  D: 

N 

Aa=  [J  cl  (a  —  an)  [(S-f  1/2)  a  (a  —  aQ)  —  (S  —  1/2)  b  (a — a0)]t 

n=l 


N 

Ad=  [J  b(a-an)lb(a-a0)(S  +  l/2)-(S-l/2)a(a-a0)]. 

n=  1 

(4.3.72) 

The  eigenvectors  of  T  (a)  with  other  spin  components  can  be  built 
by  successively  applying  operator  B  (an)  as  a  creation  operator: 


M 

Q  (ct' ,  . . . ,  o4r)  =  [J  B  (ag)  Q0.  (4.3.73) 

0=1 

The  vectors  Q  (a',  .  .  ccm)  are  eigenvectors  of  T  (a)  not  at  all 
values  from  {a£}.  Indeed,  if  we  use  the  commutation  relations 
(4.3.68),  we  find  that 

M  M 

(A(a)  +  D(a))  []  B(ap)  Q0  =  A  (a;  {a'})  []  B(ag)Q0 

P=i  B=i 

+  2  Av  (a;  {a'})  [I  B(o£)  B  (a)  Q0.  (4.3.74) 

y  fr¥=y 


The  term  with  A  (a;  {cc'})  in  this  formula  is  obtained  if  in  commuta¬ 
tors  we  use  only  the  first  term  in  (4.3.68): 

M  ,  M  , 

A<«-.W)-n-^|-Ao+n^-AA.  (4.3.75) 

3=1  '  3=1  p 


Here  using  the  second  term  leads  to  “undesirable”  terms  Av  in  (4.3.74). 
To  calculate  Av  we  note  that  the  left-hand  side  of  (4.3.74)  is  symme¬ 
tric  in  the  permutation  of  ccp.  Whence  it  suffices  to  calculate  Alt 
since  all  the  other  Av  can  be  obtained  by  a  proper  permutation  of 
a'.  And  Ax  is  found  if  we  use  the  second  terms  on  the  right-hand 
sides  of  (4.3.68)  only  once  in  the  commutators  of  A  and  D  with 
B  (a[).  We  have 


A^  — 


b(a’y—a)  ^ 

«(<-«)  n 

v  p=i 


®(«P~  «y) 
C(«p  —  a'y) 


A A  (ay) 


b 

c 


(«-«;>  ^ 

(a-a^U, 


®  (av — ap) 
c  («v— ap) 


Ad  (aT>)> 


(4.3.76) 


If  all  the  undesirable  terms  A;-  =  0,  then  Q  is  an  eigenvector  of 
T  (a)  with  a  z-component  of  spin 

S*  =  A/2  +  S  -  M,  (4.3.77) 
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since  each  operator  B  (ap)  in  (4.3.73)  increases  the  z-component  of 
spin  by  unity.  The  a{  satisfy  the  equations 


na  (ocp  ctn) 

b  (OCo  CLyi} 

n—\  p 


a  (ajj  —  a0)  (S  + 1/2)  —  b  (o&p  —  a0)  ( S  —  1/2) 
—  a  (ap  ao)  (S  1/2) -h  &  (ocp — a0)  (S  +  1/2) 


■M  .  /  /  x 

TT  °(aP~ay) 
11  a  (a'—  a'o) 
v=i 


&(« 7~  “p)  ’ 


P=l,  — j  M. 


(4.3.78) 


Assuming  that  c&p  =  /  ( — Xp  +  i/2)  and  an  =  0,  using  (4.3.62), 
and  allowing  for  b  (0)  =  0,  we  find  that 


e 


ikjL 


n 


+  *  piJS 


(4.3.79) 


with  Ka  satisfying  the  equations 

M 

(  A(X  +  i  \  N  ^(%  +  ^2tS  —  1/g  _  t~t  'kg  +  2t 

V  kg — i  /  — ^2*9  —  1/g  —  2i 


(4.3.80) 


Equations  (4.3.79)  and  (4.3.80),  which  we  will  call  Bethe’s  equations* 
solve  the  problem  of  diagonalizing  the  Hamiltonian  of  the  s-d  ex¬ 
change  model  and  completely  determine  its  spectrum.  We  note  that 
the  energy  of  a  state  characterized  by  the  momenta  of  charge  density 
waves,  {ftj},  and  the  rates  of  spin  density  waves,  {A,a},  is 

N 

E  =  2  kJt  (4.3.81) 

j=l 


while  the  z-component  of  spin  is  given  by  (4.3.77).  Equations  (4.3.79) 
and  (4.3.80)  were  obtained  in  [30-32]  for  S  —  1/2,  and  for  arbitrary 
S  in  [33]. 


4.3.7  Discussion 

In  Chap.  4.4  we  will  study  the  physical  properties  of  a 
system  consisting  of  a  large  number  of  particles  TV,  L  oo,  on  the 
basis  of  Eqs.  (4.3.77),  (4.3.79)-(4.3.81).  But  let  us  first  examine  some 
properties  of  the  above  equations. 

First,  it  is  clear  that  at  g  =  0  or  S  =  0  the  equations  describe  a 
gas  of  free  electrons.  A  full  proof  of  this  statement  will  be  given  in 
Sec.  4.4.3;  here  we  simply  show  that  all  energy  levels  can  be  described 
by  the  formula 

E  =  2nK!L, 
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with  K  an  arbitrary  integer.  Indeed,  if  we  multiply  Eqs.  (4.3.79) 
and  (4.3.80)  over  all  /  and  a,  we  have  (at  g  —  0) 

eiEL  =  i. 

Hence,  to  account  for  the  interaction  with  the  impurity  we  had  to 
part  with  the  traditional  division  of  the  system  of  free  spin-1/2 
particles  into  two  independent  systems,  one  with  particles  with  spin 
“up”  and  the  other  with  particles  with  spin  “down”  (the  scattering 
matrix  is  a  unit  matrix).  However,  an  equally  consistent  way  to  re¬ 
present  the  system  is  to  divide  it  into  a  charge  and  a  spin  subsystems.* 
In  this  case  the  permutation  operator  is  the  scattering  matrix. 

Each  subsystem  has  a  Fermi  spectrum.  Indeed,  the  wave  function, 
Y  (xx,  .  .  .,  xN),  vanishes  only  when  there  is  a  pair  of  equal  num¬ 
bers  from  {kj}  and  {A,a}.  The  number  of  particles  in  the  spin  subsy¬ 
stem  is  equal  to  the  number  of  flipped  spins,  M.  It  is  natural  to  de¬ 
fine  the  spin  excitation  momentum  as 

p  {%)  =  2  arctan  %  (— n  <Z  p  (%)  <.  n). 

Taking  the  logs  of  Eqs.  (4.3.79)  and  (4.3.80),  we  have 

M 

kJL  =  2nI]  +  JS+  2  p(K),  (4.3.82) 

a=l 

M 

Np(K)  =  2nJa  +  ^a>(X0-*p)- 8  (A..),  (4.3.83) 

where  ®  (A,)  =  2  arctan  (A/2)  is  the  two-particle  scattering  phase 
for  spin  density  waves,  and  8  (A,)  =  2  arctan  is  the  one- 

particle  phase  for  the  scattering  of  spin  waves  by  the  impurity. 
The  integers  I  j  and  Ja  are  quantum  numbers  of  the  system. 

We  note  also  that  at  8  (A,)  =  0,  Eq.  (4.3.83)  is  exactly  Bethe’s 
equation  for  a  one-dimensional  Heisenberg  model.  We  have  repeat¬ 
edly  stated  that  the  s-d  model  with  an  impurity  spin  S  =  1/2  is 
formally  close  to  the  problem  of  a  gas  of  interacting  fermions.  It 
is  easy  to  see  the  relationship  if  we  consider  the  relativistic  state¬ 
ment  of  the  problem,  with  the  Hamiltonian 

38  =  j  [i  (^lo  -j;  — ^2a-^  ^2a)  +  ?tla^la^2a^2cr]  dx.  (4.3.84) 

Here  ap1CF  and  yp  2G  are  the  operators  of  right-  and  left-handed  (a  =  ±1) 
fermions. 

The  number  of  right-  and  left-handed  particles,  N±  =  i  x 
X  f  ^i(2) 0^1(2) a  dz*  is  conserved  in  scattering;  whence,  if 


*  We  note  that  charge  and  spin  variables  arise  very  naturally  in 

the  boson  representation  of  fermion  operators  [28,  80]. 
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we  set  N+  —  N  and  =  1,  we  arrive  at  the  s-d  model  Hamilto¬ 
nian  (4.3.22).  This  becomes  clear  if  we  use  the  pseudofermions  in¬ 
troduced  by  Abrikosov  [8]  and  change  the  operator  of  the  impurity 
spin  ( S  ~  1/2)  to  an  equivalent  representation  S  =  ^20^0^20'* 
Bethe’s  Ansatz  for  the  Hamiltonian  (4.3.84)  has  been  built  by 
Belavin  [72]  and  Andrei  and  Lowenstein  [81].  In  this  case  the  operat¬ 
ors  T  j  can  be  obtained  from  T  (a)  with  an  =  yn,  where  yn  =  ±1  is 
the  particle’s  helicity. 

4.4  THE  THERMODYNAMICS  OF  THE  S-D  EXCHANGE 

MODEL 

Here  we  will  investigate  Bethe’s  equations  (4.3.79)  and 
(4.3.80)  and  then  calculate  the  thermodynamic  functions  for  the 
system  using  these  equations  as  a  basis.  Methods  of  studying  sets  of 
algebraic  equations  of  this  type  were  developed  by  Leib  and  Liniger 
[63]  and  Yang  and  Yang  [82],  who  used  the  simplest  integrable  sy¬ 
stem,  a  one-dimensional  gas  of  bosons. 

Equation  (4.3.80)  at  g  =  0  coincides  with  Bethe’s  equation  for 
a  one-dimensional  Heisenberg  chain,  whose  detailed  investigation 
was  undertaken  by  Gaudin,  Johnson,  McGoy,  Takahashi,  and 
Suzuki  [83-87].  We  will  use  some  techniques  developed  in  these 
works. 


4.4.1  Bethe’s  Equations  for  the  s-d  Exchange  Model. 
Going  Over  to  the  Continuous  Limit 


The  solutions  to  Eq.  (4.3.80),  generally  speaking,  lie 
in  the  complex  ^-plane.  Bethe  [39]  discovered  that  for  equations 
whose  structure  is  similar  to  that  of  Eq.  (4.3.80)  all  solutions  at 
N  00  are  grouped  into  so-called  strings,  or  spin  complexes: 

tia J  =  ^2  +  i  {n  +  1  —  2/)  +  6Ut  J  (7  =  1,  •  *  M  n).  (4.4.1) 

Solutions  belonging  to  one  complex  of  size  n  have  a  common  real  part 
Their  imaginary  parts  are  equidistant  and  lie  symmetric  to  the 
real  axis.  The  correction  term  6n>  7  is  exponentially  small  as  N  00: 

8^7  =  <9  (exp  { —  N  X  const}).  (4.4.2) 

To  verify  this,  we  substitute  (4.4.1)  into  (4.3.80),  which  yields 
/  %»  +  t  (*  +  2-2/)  \N^  +  i  (n+i  +  2S-2j)-i/g 
V  V*  +  i(n- 2/)  j  X5  +  i(n+l-2S-2/)-l/g 


*5-**+2f  *  1  —  7  +  /' 

II  2i  II  I  +  7—7' 

$tm¥=n  P  j'  =  ] 


(5n,  j  ^71,  7+l)  ■ 


(4.4.3) 
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The  first  product  on  the  right-hand  side  is  over  all  Vs  that  do  not 
belong  to  a  given  complex,  while  the  second  is  over  the  Vs  that  bel¬ 
ong  to  it.  All  cofactors  on  the  right-hand  side  are  finite  except  the 
term  containing  W'  —  W'-1.  On  the  other  hand,  the  modulus  of 
each  cofactor  on  the  left-hand  side  is  less  than  unity.  Therefore, 
6*,  j  —  8 n.j+i  =  0  (e~N).  Assuming  for  the  sake  of  definiteness  that 
Sn<  i  =  0,  we  obtain  the  estimate  (4.4.2). 

The  small  quantities  8n<  j  can  be  ignored.  We  then  have  equations 
that  include  only  the  real  parts  Vx-  To  this  end  we  must  multiply 
Eq.  (4.4.3)  over  /  =  1 ,  .  .  .,  n . 

Suppose  that  Mn  is  the  number  of  strings  of  order  n,  so  that  the 
total  number  of  flipped  spins  is 

oo 

M=  2  nMn.  (4.4.4) 

n=i 


Then  the  real  parts  (a  =  1,  .  .  Mn)  satisfy  the  equation 


/  KJrin\N  n 

\K-in)  11 


n- 1 


-j-  i2S  +  i2j  —  II  g 
XQ-j-teS  — 12]  —  Mg 


oc  Mm  n~  1  m- 1 

=  nn  n  n 

m=l  p=l  i=l  -n  k=l-m 


Xn_%m  +  iU_k) 


(4.4.5) 


In  terms  of  these  quantities  Eq.  (4.3.79)  takes  the  form 

n  (^)‘us-  <4-4-e> 

nT  a 

Taking  logs  of  Eqs.  (4.4.5)  and  (4.4.6),  we  obtain 


oo  Mn 

Lkj  =  2rI j  +  JS  -(-  y]  2  6777  (^S)  —  ft* 

n—i  a=l 

oo  Mn 

NQnil(K)+Qn'2S(K-Vg)  =  2nJZ+  2  2  Hnm(^-^). 

777=1  (3=1 


(4.4.7) 

(4.4.8) 


Here  2/S  and  21  j  are  integers,  and  0n> !  and  Bnm  can  he  interpreted 
in  the  following  manner:  0n>1  is  the  momentum  of  the  spin  complex 
(spin  n/2)  that  is  scattered  by  the  impurity  (spin  S)  with  a  phase 
shift  0„,  2 s  and  by  other  complexes  with  a  phase  shift  Hnm.  We  can 
define  these  two  quantities  as  follows: 

0n, x  (X)  =  2  arctan  (X/n)  ( — n  <.  0  <  Jt),  (4.4.9) 

min(n,  m) 

®n.  m  (^)  =  2  9n+m+l-2j  (^)» 

3=  1 

‘  n  m  =  “0?; .  ni  On  +  m,  1  "  0 1  n  -  m  1 ,  1  (1  "  m) • 


(4.4.10) 
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Equation  (4.48)  restricts  the  possible  values  of  the  integers  {/g}: 

oo 

m= 1 

(4.411) 


Among  the  numbers  /g  belonging  to  one  spin  complex  no  two  should 
he  equal.  Otherwise,  it  follows  from  (4.4.8)  that  some  X%,  and  X$ 
coincide,  and  since  B2  (X)  is  zero  (see  (4.3.64)),  so  is  the  spin  part  of 
the  wave  function.  We  can  show  that  for  any  set  of  integers 
Ja  (n  =  1,  .  .  .,  oo;  a  =  1,  .  .  .,  M)  such  that  (1)  there  are  no 

oo 

two  equal  numbers  with  the  same  value  of  n,  (2)  ^  Mn  <  iW2,  and 

n— 1 

condition  (4.4.11)  is  met,  for  such  a  set  there  exists  a  solution  of 
Eq.  (4.4.8),  and  among  the  with  the  same  n  no  two  are  equal. 

Hence,  the  integers  /g  and  Ij  are  quantum  numbers  of  the  system. 
Each  eigenstate  of  the  Hamiltonian  is  characterized  by  Mn  numbers 
Jg,  which  can  form  an  integral  lattice  Dn,  and  the  2 Dn —  Mn  omitted 

numbers  /g  (holes).  In  the  ground  state  and  for  a  given  z-component 
of  spin,  Sz ,  only  the  real  X  are  nonzero,  which  implies  that  ilfn  =  0 
for  n  >  1  and  the  /g  must  be  selected  in  such  a  way  that 


ri  _  N  ,  M 

Ja  ~  r+i" 


N  3  M 

2  '  2  ' 


(4.4.12) 


According  to  Eq.  (4.4.8)  the  rates  X&  correspond  to  the  occupied 
sites  in  Dn. 

Following  Gaudin  [83],  we  consider  the  function 
Nhn  ft*)  =  !  (fx)  +  0„,  2S  (|*)  -  2  Smn(n$-W). 

m,  j3 


A  value  of  pg  for  which  Nhn  (pg)  =  2ic/g  is  called  the  rapidity 
of  a  hole. 

In  the  continuous  limit  N  oo,  o,  N/L-=  gp/at  =  const  a 

state  of  the  system  must  be  described  not  by  a  set  of  rapidities  of 
particles, {^g},  and  holes, {pg},  but  by  the  distribution  of  the  respec¬ 
tive  densities: 

Npn  (X)  dX  =  number  of  particles  in  interval  dX, 

Npn  (X)  dX  =  number  of  holes  in  interval  dX.  (4.4.13) 

According  to  this  definition,  the  total  number  of  particles  and 
holes  in  the  interval  dX  is  equal  to  the  number  of  solutions  Nhn  (X)  = 
=  2ji  x  integer,  which  implies  that 

^±  =  2n  [pn  (X  +  pn  (X)]. 


(4.4.14) 
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Then  Eqs.  (4.4.7)  and  (4.4.8)  can  be  expressed  in  terms  of  pn  and 
Pn  only: 


+Oo 

Lkj  —  2nl}~  j  en{X)  pn{X)  dX, 

—  oo 

+  C » 

pn(X)  =  2nhn(X)  +  j  S nm{X-X’)pm{X')dX', 

—  oo 

where 

~  ft* 

Pn  =  ®1,  n  "h  'jyr  ®n,  2S* 

Differentiating  (4.4.16)  with  respect  to  X,  we  have 

+  OO 

p’n(X)  =  2npn(X)  +  j  ABM(X-r)pm(V)<^', 

-oo 

with 

=  2^  ~d%  ®nm- 

The  spin  and  energy  of  the  system  in  this  case  is 

oo  oo  4-00 

4r  ==T~'F  2  nMn  +  -§-  =  -j—  2  \  n?nm<i^  +  -§-, 

n=l  n=l  —00 


(4.4.15) 

(4.4.16) 


(4.4.17) 

(4.4.18) 


(4.4.19) 


(4.4.20) 


(4.4.21) 


N  N 

Ij  +  Espin,  (4.4.22) 

i=l  j=l 

where 


=  -I1  J  W  P*  W  (4-4.23) 

Formulas  (4.4.19),  (4.4.21),  and  (4.4.23)  describe  all  states  of  the 
system  in  the  continuous  limit. 

To  keep  the  formulas  simple,  we  did  not  go  over  to  the  continuous 
limit  in  the  charge  subsystem.  As  noted  before,  this  subsystem  is  a 
gas  of  free  spinless  fermions  and  does  not  require  further  study. 

In  concluding  this  section,  we  note  an  expedient  relationship 
between  0nm  and  Enm: 


1  ^6nm 
2n  dh 


(4.4.24) 
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with 

s  (X)  =  [2  cosh  (jt^/2)]-1 


-foo 


and  s*f  =  ^  s  (X  —  X')  f  (X')  dX'. 


The  easiest  way  to  verify  (4,4.24)  is  to  compare  the  Fourier  trans¬ 
forms  of  the  corresponding  functions,  e.g. 

Anm  (©)  =  coth  | CO  |  (<Hn'ml  l®l  —  C-(n+m)|©|) .  (4.4.25> 

Below  we  will  often  use  the  inverse  matrix  A i,  which  has  a  very 
simple  form: 

A nm  =  §nm  —  (871,  m+i  +  Sn,m-i)  S.  (4.4.26)’ 

Using  (4.4.24)  and  (4.4.26),  we  can  write  Eq.  (4.4.16)  in  compact, 
form: 

Pn  +  Pn  =  s  *  (Pn-l  +  Pn+l)  +  8nlS  (X)  +  ^  Sni  2s  S  (X—  1  / g) .  (4.4.27)' 

The  spin  and  energy  of  the  system  can  be  expressed  only  in  terms  of 
hole  densities: 

+  oo  +oo 

2  j  »A«i,  (X-  X')  pm  (X')  d%  dV  =  lim  J  pn  (X)  dX,  (4.4.28) 

71,  772  —  OO  W  -  oo 

+  0°  ^ 

-^spin  =  ~~jr~  j  arctan  e-^pj  (^)  dX  +  y^o.  (4.4.29) 


where 

ip  An((D)  dco  ,  JV+f°  /44m 

2  0  £  J  (co  +  i8)  cosh  o)  2ax  ‘  Z.  J  (co  -j-  i6)  cosh  co  2n  ‘  '  ' 

—  OO  —  OO 

We  note  that  the  energy  is  expressed  in  terms  of  the  density  of 
holes  with  real  X.  We  will  show  later  that  in  the  ground  state 
with  a  given  Sz  all  the  pn  are  zero  at  n  >  1,  and  for  Sz  =  0  there 

are  no  holes  with  real  Vs,  i.e.  pi  =  0.  Whence  EJ 2  is  the  ground- 
state  energy  of  the  spin  subsystem.  The  first  term  on  the  right-hand 
side  of  (4.4.30)  refers  to  the  free  particles  and,  which  is  easily  shownr 
is  Jt N2/L,  i.e.  half  the  total  energy  of  the  free  Fermi  gas,  while  tho 
second  term  is  the  addition  to  the  ground-state  energy  due  to  the. 
jmpurity.  The  latter  quantity  is  not  universal. 
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4.4.2  The  Equilibrium  Distribution 

To  find  the  equilibrium  distributions  pn  and  pn  for  a 
given  temperature,  we  must,  according  to  the  general  principles  of 
statistical  mechanics,  find  the  minimum  of  the  functional  of  free 
energy: 

F  [pn,  pj  -  E  -  TS  —  HS\  (4.4.31) 

The  problem  of  finding  the  entropy  of  a  system  as  the  functional 

of  p  and  p  amounts  to  determining  the  statistical  weight  of  a  macro¬ 
scopic  state,  i.e.  the  number  AT  of  microscopic  states  with  close 
energies.  Within  a  given  energy  interval  dE  and  segments  ( Xn ,  Xn  + 

oo  ^ 

+  dXn )  there  are  N  [J  (pn  +  pn)  dX  sites.  Since  we  are  dealing 

n—\ 

liere  with  Fermi  statistics,  there  are 

oc 

II  [tf(Pn  +  PnW 

AT=^p+ -  (4.4.32) 

f|  {Npnd%)](Npnd%)\ 
n=  1 


ways  in  which  []  NpndX  particles  can  be  placed  at  these  sites.  Assum- 

ing  that  NpndX  and  NpndX  are  large  and  summing  over  all  possible 
intervals  dX,  we  arrive  at  the  usual  expression  for  the  entropy  of  a 
Fermi  gas: 

oo 

F  —  ~  ^  J  dX  [(p^,  H-  Pn)  l^(Pn~{-Pn)  Pn  ^  Pn  Pn  ^  PnJ  • 

1 

(4.4.33) 

In  minimizing  the  free  energy  we  must  bear  in  mind  that  pn  and 
pn  are  not  independent;  they  satisfy  Eq.  (4.4.8).  Whence 

=  (4.4.34) 

Varying  the  free  energy  in  pn  and  introducing  the  notation  en  = 
=  T  In  (pn/pn),  we  come  to  nonlinear  equations,  which  together 
with  Eq.  (4.4.8)  determine  the  equilibrium  values  of  p„  and.pn;  these 
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■equations  are 

en  —  Iln  —  T  In  (1  +  eEn/T)  +  TAnm  *  In  (1  +  e~e™/T)  =  0-  (4.4.35)* 

The  functions  &n  (A)  are  the  main  quantities  that  emerge  when  we 
:go  over  to  the  continuous  limit  in  Bethe’s  equations.  Their  physical 
meaning  is  that  they  are  the  energies  of  elementary  excitations. 

A  somewhat  more  convenient  form  of  Eqs.  (4.4.35)  can  be  obtained 
if  we  invert  the  Anm  matrices: 

en  =  s  *  In  (1  4-e8n+i/T)  (l4-eWT),  2, 

“  s  *  In  (1  +  e82/r)  —  —  arctan  lim  en/rc  —  H.  (4.4.36) 

n  n-+  oo 

The  free  energy  can  be  expressed  solely  in  terms  of  en  (A,).  Indeed, 
according  to  (4.4.23)  and  (4.4.33), 

OO  4*00 

4=2  5  ^{PnK-rin(l4-eE-/r)]-pnriii(l  +  e-8"/r)). 

n=  l-oo 

(4.4.37) 

We  exclude  pn  by  using  the  relationship  (4.4.19).  This  yields 

oo  4“ 00 

J  <*Mp»  [. . .  ]  —  In  (1  +  e'En/T)}.  (4.4.38) 

n=l  -  c-c 

The  term  in  the  square  brackets  is  exactly  the  left-hand  side  of 
Eq.  (4.4.35).  Whence 

00  +00 

-^  =  -T  2  J  In (1  +  e)~En/T , 

n—1  -oo 

x^Qln(K)  +  ±dn.2s(^-i/g))d^-H(^+-lr).  (4.4.39) 

Another  useful  formula  for  free  energy  can  be  obtained  by  exclud¬ 
ing  pA  from  (4.4.37).  In  view  of  the  minimum  condition  (4.4.35), 

the  coefficient  of  pn  is  zero  (as  in  the  previous  case).  This  yields 
4-00 

=  —T  j  Pn  (A-  *  In  (1  +  e^))  d%,  (4.4.40) 


*  It  can  be  shown  that  the  condition  for  extremum  (4.4.35)  deter¬ 

mines  the  minimum  of  F  [p,  ph 


284 


P .  B .  Wiegmann 


which  when  combined  with  (4.4.24)  yields 


4-00 

=  —T  j  s  (%)  In  (1  -j-  ee,/T) 


4-00 

— J-  j  s(l-l/g)ln(l  +  esrt,T)dX.  (4.4.41) 

—  oo 

The  free  energy  of  the  s-d  model  consists  of  two  parts,  the  spin  and 
charge  free  energies: 

F  =  ^charge  ^spin*  (4.4.42) 

As  noted  before,  the  energy  spectrum  of  the  particles  from  the  charge 
subsystem  is  unbounded  from  below.  Whence  we  must  assume  that 
in  the  ground  state  the  particles  occupy  all  levels  from  0  to 
This  means  that 

4-o° 

^charge  =— ^€f’ j  In  (1  +  e~W)  dk  =  -- g  -g-  -f  ±  E0,  (4.4.43) 

-£f 

which  is  half  the  free  energy  of  a  gas  of  free  fermions  at  H  =  0.  Equa¬ 
tions  (4.4.35),  (4.4.36),  (4.4.39)  and  (4.4.41)  provide  a  full  thermody¬ 
namic  description  of  the  s-d  model. 

4.4.3  The  Free  Electron  Gas  (g  ->■  0  or  S  —  0) 

A  correct  description  of  the  behavior  of  an  impurity 
requires  a  very  unusual  way  of  representing  the  gas  of  free  particles. 
Instead  of  studying  noninteracting  fermions  with  spin  “up”  and 
“down”,  we  deal  with  two  different  types  of  fermions.  One  type  trans¬ 
ports  charge  but  not  spin,  while  the  other  does  the  opposite,  i.e. 
does  not  change  the  local  distribution  of  charges.  Moreover,  excita¬ 
tions  in  the  spin  subsystem  are  linear  combinations  of  different 
“strings”. 

The  fact  that  the  nonlinear  equations  (4.4.36),  whose  solution  is 
practically  impossible,  together  with  the  first  terms  in  (4.4.39) 
and  (4.4.41)  describe  free  particles  is  astonishing  and  requires  proof. 

In  Eqs.  (4.4.18)  and  (4.4.19)  we  drop  the  term  with  1  IN  or  simply 
put  S  =  0: 

'  —P n  +  A nm  *  Pm*  (4.4.44) 

Comparing  (4.4,44)  with  (4.4.35),  we  find  that  in  the  absence  of  an 
impurity  the  pn  and  pn  are  linked  by  simple  formulas  characteristic 
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of  a  free  system: 

2  M.  n(e^’ 

Pn~  26f  —  "(8n)]’ 

n  (x)  =  (ex/T  -J- l)-1.  (4.4.45) 

This  means,  for  one,  that  the  average  number  of  strings  at  a  given 
temperature  T  is 

~  n  (en  (°°))  —  n  (en  ( —  oo)).  (4.4.46) 

Formulas  (4.4.45)  also  imply  that  the  en  are  monotonically  increasing 

functions,  since  by  their  very  meaning  pn,  pn ^  0. 

Let  us  take  the  free  energy  in  the  absence  of  an  impurity: 

00  +oo 

^Pin  =  T  2  J  In  [1  —  n  (en)]  -A-  0Bil  (*,)  -dl^- .  (4.4.47) 

n=  1  -oo 

Finding  the  derivative  of  Eq.  (4.4.35)  with  respect  to  A,  and  combin¬ 
ing  the  result  with  (4.4.47),  we  obtain 

OO  4-00 

^spin  —  T  2  f  In  [1  w  (en)] 

J 

n=  1  -oo 

X  {“^7en — Snm*  In  [1  —  n  (em)]}  d% - y-.  (4.4.48) 

The  second  term  inside  the  braces  yields  zero  because  8"  m  is  an 
odd  continuous  function.  Whence 

oo  maxen 

^^2  J  deBln[l-n(e„)]— f-.  (4.4.49) 

n=  1  min  en 

The  easiest  way  to  establish  the  limits  of  the  en  is  to  employ  Eq. 
{4.4.36).  Indeed,  sending  A,  to  +  oo,  we  have  a  self-consistent  system 
-of  equations  in  en  =  max  en: 

*n= — In  [n  (en+1)  n  (en_t)] ,  (4.4.50) 

with  the  conditions  that  lining  (e Jri)  =  H  and  e0  =  —  oo. 

It  is  easy  to  find  the  solution  to  these  equations  [86].  The  general 
solution  is 

«n  —  T  In  (cpn  —  1), 


(4.4.51) 
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with 

__  sinh  (an  +  ft)  (4.4.52) 

™  sinh  a 

To  find  a  and  P  we  must  use  the  boundary  conditions  for  (4.4.50). 
As  a  result  a  =  p  =  H!2T . 


Fig.  4.13.  The  plot  of  the  functions  en  (>u)  that  satisfy  Eqs.  (4.4.35). 


In  the  other  limit,  X  ->■  — oo,  we  have  gj  — 6f  <C  —T.  There¬ 
fore,  if  we  assume  that  h  (ex)  =  0,  we  have  an  equation  for  en  = 
==  min  en: 

e„  =  — In  [re  (en+1)  n  (en_t)] .  (4.4.53) 


Comparing  (4.4.50)  with  (4.4.53),  we  find  that 

ml_  /Binh»[g.(»+l)/2r]  ~ 

^lnl  sinh2  (H I2T)  V  n  71+1 

(Fig,  4.13).  At  H .  =  0  we  have 


(4.4.54) 


77  0  _ 

r  spin  — 


T 

2 


j  In  (1  +  e~£^T)de  =  — 


Jt2  T 2  ■  E0 
12  ~t~  2 


(4.4.55) 
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Hence,  we  see  that  i^pm  =  Fcharge.and  both  are  half  the  free  energy 
of  noninteracting  fermions  at  H  =  0.  If  a  magnetic  field  is  presents 
it  is  convenient  to  calculate  not  the  free  energy  but  directly  the  magne¬ 
tic  moment  of  the  system,  Sz  —  — dFIdH.  Using  (4.4.28)  and  (4.4*46) 
we  obtain 


Sz  =  lim  In  (l  +  e 

71-+00 


*JT) 


T 

2  £f 


+  °°__  H 
— oo  4  £p 


(4.4.56) 


Here  is  an  important  point.  The  magnetic  susceptibilities  of  the 
spin  subsystem,  %Spin>  and  the  electron  gas,  %host?  coincide,  while* 
the  heat  capacities  differ  by  a  factor  of  two: 

^SPln  _ _  ^host  __  //  /  C  »7\ 

Tx spin  ~  2rXhost  3  "  V  '' 


4.4.4  Universality 

According  to  the  general  conditions  for  renormalizability,. 
the  impurity  parts  of  thermodynamic  functions  must  be  universal 
functions  of  TITK  and  H/Tk  or  functions  of  the  invariant  charge* 
z  ( T/Tk )  (sec.  4.2.6)  and  HIT  at  J  0. 

Equations  (4.4.36)  are  the  simplest  for  eliminating  nonuniversal 
terms.  Let  us  everywhere  substitute  X  —  (2/jx)  In  (jc772£f  )  for  Xi 

(4.4.58). 

In  the  process  the  absolute  term  of  (4.4.36)  becomes  (2  6f/jt)  X 
X  arctan  {ziTe~n%l2l2£$)  and  the  free  energy  is 

F°  +°° 

j  S(?,-|-ln^)ln(l  +  e^r)a)  (4.4.59) 

—  oo 
+  oo 

Fim  =  -  T  j  s  (  K  -  In  )  ln  (4  +  (4A60> 

—  OO 

TK=-eve-*/2J.  (4.4.60a) 

When  T  <<  £f>  the  main  contribution  to  the  integral  in  (4.4.60) 
is  provided  by  the  region  X  ~  ln  (TITK  )<C  ln  (£$  /T).  Therefore,, 
for  the  term  (2 £$/nT)  arctan  (nTe~n^2/2^)  in  Eq.  (4.4.36)  we 
must  substitute  e~n%/2/2.  But  this  can  only  be  done  if  we  wish  to 
calculate  the  impurity  part,  Fimp.  For  the  function  (4.4.39)  the  im¬ 
portant  region  is  just  X  ~  ln  (6f/T).  The  dimensionless  functions 

tn  (k)  =  I'JT 
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depend  on  HIT  only  as  a  parameter  and  satisfy  the  universal  set  of 
equations 

<j> i  —  — In  (1  + 

<j>n  =  s  *  In  (1  +  e^71-1)  (1 +  e0n+i), 

lim  (<j>n/n)  =  HIT .  (4.4.61) 

iTl-voo 


Here  jFimp  is  a  universal  function  of  HIT  and  777k ' 


t+F  cs(co,jy/r)exp[ioi)(2/jt)  in(r/rK)] 

J  2  cosh  co 


dc o 
2n  ’ 


(4.4.62) 


where 


+  oo 

Cs(a>,  HIT)  =  J  ei®Mn(l  +  e(P2S)^. 


—  oo 


(4.4.63) 


Equations  (4.4.61)-(4.4.63)  determine  the  thermodynamics  of  an 
•impurity  in  the  entire  region  of  universality. 


4.4.5  The  Limits  of  Strong  and  Weak  Coupling 


Let  us  send  777k  to  oo  in  Eq. 

(4.4.60).  Since 

In  (1  -f-  eE28/T)  is  bounded,  we  have 

F imp  —  T  In  (1  +  |/,_*+00, 

(4.4.64) 

.and,  according  to  (4.4.54), 

zp  /^r  nx  nr  \  v  vi*  sinh  [H  (2«S  +  1)/2T] 

^imP  (T  >  Tk)  -*■  Tin  sinh(H/2T) 

(4.4.65) 

At  high  temperatures  the  interaction  of  an  impurity  with  the  con* 
duction  electrons  vanishes,  as  expected.  Therefore,  (4.4.65)  des¬ 
cribes  the  behavior  of  a  free  magnetic  moment  S,  and  we  are  deal¬ 
ing  with  the  weak-coupling  limit. 

Now  let  us  consider  the  case  of  strong  coupling,  i.e.  T/TK  -+0. 
According  to  (4.4.54),  we  have 


F imp  (T  <  T-%)  -*■  ~T  In 


sinh  (H2SI2T) 
sinh  (H I2T)  * 


(4.4.66) 


We  can  therefore  conclude  that  at  absolute  zero  the  impurity 
ground  state  is  25-fold  degenerate..  The  impurity’s  entropy  and 
magnetic  moment  are  T  In  2 S  and  S  —  1/2,  according  to  (4.4.46). 
The  conduction  electrons  cannot  compensate  for  the  impurity  spin 
and  decrease  it  by  1/2.  On  the  basis  of  qualitative  arguments,  Mattis 
120]  arrived  at  this  result  as  long  ago  as  1967. 
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In  Sec.  4.4.8  we  will  show  that  when  S  is  not  1/2,  the  strong¬ 
coupling  limit  is  approached  logarithmically  and  the  coefficients  of 
inverse  powers  of  In  [max  (. H ,  T)/Tk]  can  be  found  by  a  perturba¬ 
tion-theory  technique. 

But  if  r<C  7k,  at  S  —  1/2  the  impurity  part  of  the  free  energy 
can  be  expanded  in  a  power  series  in  777k ,  as  noted  before.  Let 
us  prove  this.  It  suffices  to  show  that  C1  (co)  is  analytic  in  the  lower 
half-plane.  Then  at  7  <  7k  we  can  bend  the  integration  contour  in 
(4.4.62)  into  the  lower  half-plane  and  determine  the  integral  via 
the  sum  of  residues  of  cosh  co  [36]: 

oo 

2  (^)2n+1  (-1)”^  (-in  (»+ 1/2)).  (4.4.67) 

n=0 

Indeed,  Eqs.  (4.4.61)  imply  that  <j>1  as  %  —  oo,  and 

the  integral  (4.4.63)  is  finite  at  Im  co  <  0. 

To  determine  the  expansion  coefficients  in  (4.4.67),  we  must 
know  the  (j>1  versus  X  dependence  over  the  entire  range  for  A,,  gene¬ 
rally  speaking.  Nevertheless,  the  heat  capacity  at  T  0  can  be 
determined  by  simple  reasoning  [36];  namely, 

+  OC 

Ci{  —  U t/2)=  j  in  (i  -|-  e'*’1)  dX  =  Jt2/3.  (4.4.68) 


To  arrive  at  this  result,  we  note  that  the  formulas  for  the  free 
energy  of  the  spin  subsystem,  (4.4.59),  and  of  an  impurity  with  spin 
S  —  1/2,  (4.4.60),  are  very  similar.  In  the  strong-coupling  limit 
g  -V  oo  they  coincide  completely.  Whence 


£jmp  __  2£f 
^spin  ftTbc 


(4.4.69) 


This  formula  together  with  (4.4.55)  yields  (4.4.68).  It  goes  without 
saying  that  this  method  can  be  used  only  to  find  the  first  term  in 
expansion  (4.4.67).  The  point  is  that  the  temperature  dependence 
in  (4.4.59)  and  (4.4.60)  lies  not  only  in  s  but  in  as  well.  Therefore, 
the  formula  for  the  free  energy  of  an  impurity,  (4.4.60)  contains 
integral  powers  of  776f  as  well  as  integral  powers  of  777k.  But 
since  zJT  =  +  0  (7V£f)>  terms  with  TV^f  appear  only  in  the 

fourth-  and  higher-order  terms.  (Note  that  if  we  simply  substitute 
e-nk/2  for  ^  jn  (4.4.68),  the  result  is  half  the  one  we  expect.) 

The  same  is  true  for  the  magnetic  susceptibility  at  T  =  0: 


Xlmp  2  £f 

Xspin  mTk 


19-0251 


(4.4.70) 
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Combining  (4.4.69)  with  (4.4.70),  we  arrive  at  the  Wilson  relation: 


, .  Cimp  2ji2 
TX imp  ~~ 


(4.4.71) 


This  relation  has  heen  obtained  in  various  ways  [17,  19,  21-23], 
All  refer  in  one  way  or  other  to  the  strong-coupling  limit. 


4.4.6  The  Thermodynamics  of  an  Impurity 


For  further  studies  we  will  list  the  analytic  properties 
of  Cs  (co,  HIT).  These  will  be  proved  in  Secs.  4.4.7  and  4.4.8.  We 
start  with  the  asymptotics  as  A,-*-  ±oo: 


Cn  (CO) 


£ln(q>ri)  i  —  i  Mcp^i)  ,  ^  /  x 
"THAT4  co-i6  + 


(4.4.72) 


where  cpn  is  defined  in  (4.4.52),  and  Dn  (co)  is  finite  at  co  =  0.  At 
T  (a)  Dn  (co)  for  re  >  1  has  cuts  in  the  lower  and  upper  half- 


T,H>  T  K 

©  T>  H  >  '  K  | 

0 

t,h<tk 

1 

t,h<tk 

00  (13) 

Fig,  4,14.  Singularities  in  the  complex  co-plane  of  Dn  (0)  at 
n  1  (a)  and  n  =  1  ( b ). 


planes  that  start  at  <0  =  0  and  which  we  will  place  on  the  imaginary 
axis  (Fig.  4.14);  (b)  the  discontinuities  at  these  cuts  are  dual: 

discon  Dn+^  (i  |  co  |)  =  discon  Dn  (—i  |  co  |);  (4.4.73) 

for  n  =  1  the  situation  is  different,  namely,  (c)  Dx  (co)  is  analytic 
everywhere  in  the  lower  half-plane  except  at  co  =  00,  a  point  where 
the  function  has  an  essential  singularity  (Fig.  4.15);  it  has  not  yet. 
been  proved  but  there  is  strong  evidence  that 

(d)  discon  Dn  (i  |  co  |)  —  Bn  (|  <0  In  |)  (|  co  |)“,(0*/3T, 


(4.4.74) 
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where  Bn  (co)  has  an  expansion  in  integral  powers  of  co;  finally,  (e) 
Bn  (to)  is  analytic  everywhere  except  at  the  cuts  and  co  —  oo  and 
has  zeros  at  co  =  in  (k  +  1/2),  A  =  0,1,  .... 

At  H^>  T  the  same  properties  are  characteristic  of 

Dn  (co)  exp  {ico  [In  ( T/H )  —  6]},  where  &  is  a  constant,  the  only 


Fig.  4.15.  A  schematic  of  the  strong-coupling  limit  at  S  =£  4/2. 
The  thick  solid  line  represents  the  impurity  spin,  the  solid  line  the  electron  spin, 
and  the  dashed  line  the  impurity  magnetic  moment  at  T  —  H  —  0. 

difference  being  that  co  =  oo  is  not  a  singular  point.  In  this  case 
items  (d)  and  (e)  are  proved. 

For  an  arbitrary  magnitude  of  the  ratio  TlH  there  is  little  hope 
of  finding  the  Cn  (co)  explicitly.  But  at  T  =  0  the  equations  become 
linear  and  enable  finding  en  =  limT^07Yn  analytically  (Sec.  4.4.7); 
the  en  illustrate  the  above  properties,  which  determine  the  dependen¬ 
ce  of  free  energy  on  temperature  and  magnetic  field  strength  both 
at  T^>  H  and  at  T  <C  H. 

Indeed,  at  H< C  T  and  T^>  Tk ,  bending  the  integration  contour 
into  the  upper  half-plane  and  by-passing  the  cut  yield 

oo 

v  _m  f  B2s(t)  „-2tin(r/rTr)  dt  ^  1r,  sinh.  [H  (25  +  l)/rj  . 
*imp-i  J  *  -c-^tne  sISh  (ff/T)  ’ 

(4.4.75) 

at  In  ( TIT k)^>  1  we  arrive  at  the  well-known  perturbation-theory 
expansion  in  inverse  powers  of  In  ( T/Tk )•  According  to  item  (e), 
the  poles  of  1/cosh  co  are  compensated  for  by  the  zeros  of  B  (co). 

Formula  (4.4.75)  implies  that  F imp  can  be  expanded  in  a  power 
series  in  the  invariant  charge  (4.2.36)  for  0<z<l: 

— r  +  Tln  =iH'9L-  (4.4.76) 

If  we  change  variables  in  the  integral  in  (4.4.75),  we  have 

oo  oo 

T  f  e -tzmt-zt  JtiVhJlE!  dt=v  bn(H/T)zn.  (4.4.77) 

e)  COS  tzTl  *** 

0  n=l 

Below  we  will  use  Eq.  (4.4.61)  to  determine  the  first  terms  in  the 
expansion  in  z  and  compare  the  result  with  a  perturbation-theory 
expansion.  As  usual,  the  latter,  (4.4.77),  is  an  asymptotic  expansion 
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and  its  coefficients  bn  grow  like  n\  as  n-+  oo.  This  readily  follows 
from  the  fact  that  the  integrand  has  a  finite  radius  of  convergence 
in  t,  which  is  determined  by  the  position  of  the  pole  of  1/cosh  tz. 

Now  let  us  turn  to  the  region  and  S  >  1/2.  Bending  the 

integration  contour  into  the  lower  half-plane,  we  again  encounter 
a  cut  and  poles  of  1/cosh  to.  At  |  z  |  <C  1  the  cut  plays  the  main  role, 
while  the  poles  are  exponentially  small.  Whence,  according  to 
(4.4.72)  and  (4.4.73),  at  T<C  Tk  the  free  energy  of  the  s-d  model 
with  S  >>  1/2  is  given  by  an  asymptotic  expansion  in  inverse  loga¬ 
rithms  [33,  38],  whose  coefficients  coincide  with  those  of  the  expan¬ 
sion  at  T^Tk  with  5  —  1/2  substituted  for  S: 

oo 

^Lp  =  2  h(S-m)zn(T/TK)  +  0(T/TK). 

71=1 

(4.4.78) 

The  logarithmic  behavior  of  the  free  energy  in  the  strong-coupling 
limit  g  =  oo  was  discovered  by  Cragg,  Lloyd,  and  Nozieres  [58] 
in  the  studies  of  the  Hamiltonian  (4.2.17)  by  numerical  methods  at 
n  <  2  S. 

The  duality  of  the  logarithmic  expansions  in  the  low-  and  high- 
temperature  regions  can  be  explained  qualitatively  in  the  follow¬ 
ing  way.  In  each  interaction  act  of  a  conduction  electron  with  the 
impurity,  the  configuration  with  the  electron  spin  pointing  opposite 
the  impurity  spin  is  the  most  favorable  (Fig.  4.15).  At  high  tempera¬ 
tures,  when  the  effective  interaction  is  small,  the  correlation  between 
the  impurity  spin  and  the  spin  of  the  electron  that  has  just  interact¬ 
ed  with  the  impurity  drops  off  over  a  time  interval  that  is  long  com¬ 
pared  with  the  interaction  time  but  still  logarithmically  small.  In 
the  strong-coupling  limit  (i.e.  at  T  =  0)  the  spins  of  the  impurity 
and  electron  “remember”  their  mutual  position  after  interaction  for 
an  infinitely  long  time.  Whence,  the  actual  magnetic  moment  of  the 
impurity  is  S  —  1/2,  and  we  can  speak  of  a  ground  state  of  the  im¬ 
purity  that  is  2S-fold  degenerate. 

The  interaction  of  the  electron-impurity  system  whose  spin  is 
now  S  —  1/2  with  other  conduction  electrons  can  proceed  in  two  ways. 
First,  this  may  again  be  the  exchange  interaction,  which  produces 
a  “reverse”  Kondo  effect  and  leads  to  logarithmic  corrections  in 
(4.4.78).  But  as  (4.4.78)  shows,  the  interaction  is  now  ferromagnetic, 
i.e.  increases  with  energy.  Indeed,  an  electron  whose  spin  is  opposite 
the  impurity  spin  does  not  interact  with  the  impurity  since  its  energy 
level  is  occupied  by  the  bound  electron.  But  if  its  spin  is  parallel  to 
that  of  the  impurity,  a  spin-flip  process  is  possible  (Fig.  4.15).  Since 
this  is  a  second-order  process,  it  leads  to  a  decrease  in  energy,  i.e. 
the  interaction  is  ferromagnetic  [52], 
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The  other  possible  interaction  mechanism  is  connected  with  po¬ 
larization  of  the  electron-impurity  system.  This  mechanism  leads 
to  power  contributions  made  by  the  poles  of  1/cosh  co  in  (4.4.78). 
These  contributions  are  exponentially  small  compared  to  the  contri¬ 
bution  provided  by  integration  around  the  cut. 

The  situation  differs  drastically  at  S  ~  1/2.  As  we  saw  in  Sec. 
4.4.5,  Ci  (co)  and,  hence,  Dn  (co)  are  in  this  case  analytic  in  the  lower 
half-plane,  and  the  logarithmic  contribution  at  T  <C  7k  vanishes, 
bn  (0)  =  0.  Only  the  poles  of  1/cosh  co  contribute,  which  leads  to 
an  expansion  in  integral  powers  of  TITk  (4.4.67).  However,  just  as 
in  the  case  with  a  Fermi  liquid,  the  expansion  is  asymptotic: 

+  oo 

Di  (  —  in  ( n  +  1/2))  j  e-ziHn+  1/2)  ]n  n  clh  n  i/ft. 

—  oo 

a s  n  oo.  We  arrive  at  the  same  result  in  the  region  H^>  T;  but 
here  the  power  series  in  H  (77 <C  7k,  S  =  1/2)  converges.  In  Sec. 
4.4.7  we  will  obtain  an  explicit  formula  for  Cn  (co)  at  absolute  zero; 
namely  (see  [30,  32,  33]), 

ln<T,H1-r(3/2-t)/^-U  +  2™5  w  .  <4-4-79> 

where 

=  (4.4.80) 

are  functions  analytic  in  the  lower  and  upper  half-planes,  respective¬ 
ly.  Formula  (4.4.79)  illustrates  the  analytic  properties  of  Dn  (co) 
listed  above. 


4.4.7  Magnetic  Susceptibility  at  T  ~  0  [30,  32,  33] 


Here  we  will  solve  Eqs.  (4.4.35)  and  (4.4.36)  for  T  =  0 
and  for  an  arbitrary  magnetic  field  H. 

At  H  =7^  0  the  en  are  finite  functions.  We  introduce  the  notations 


at  e^  0, 
at  877,  <  0, 

at  872  0, 

at  8n<0. 


Equation  (4.4.36)  implies  that  at  n  >  1  all  the  en  are  positive,  whence 
8n  =  0  at  n  >1.  Only  8j  changes  sign,  and  since  it  is  monotonic, 
it  vanishes  at  only  one  point  %  =  B,  i.e. 


81  ( B )  =  0. 


(4.4.81) 
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As  r-*-o, 

T  In  (1  +  e±8jl/r)  -*-dbe%  (4.4.82) 

and  Eqs.  (4.4.35)  become  linear: 

En  =  ilH  +  Anl  *  £1  (4.4.83) 


The  fact  that  all  the  are  zero  at  n  >  1  implies  that  the  ground  state 
is  a  linear  combination  of  only  the  real  solutions  to  Eqs.  (4.3.80)- 
Indeed,  according  to  (4.4.46), 


(Mn)  *  er  +°° 

N  '  ni  2  -oo 


(4.4.84) 


as  71  0.  It  is  expedient  to  write  Eqs.  (4.4.83)  in  such  a  way  that 

En  and  el  are  expressed  in  terms  of  e\: 


en  -  (n  -  1)  H  +  Anl  *  ej,  (4.4.85) 

e"  =  H  -f  AXJ  *  e*  —  ^  arctan  e~nK /2 .  (4.4.86) 


Just  as  we  did  before,  we  introduce  the  dimensionless  quantity 


^  (X,)  —  en  (2/jx)  in  (H /£f)) 


(4.4.87) 


and  substitute  for  arctan  in  (4.4.86),  so  that  the  region 

X  ~  In  (6f !H)  1  provides  the  main  contribution  to  the  integral 
that  determines  the  impurity  part  of  the  energy: 

^lmp  (H)  —  Finv  (°)  ~  ~  K  j  cosh{(n/2)[X— (2/n)ln(2fr/jirK)]}  ‘  (4-4-88) 

—  OO 

The  function  (X)  satisfies  the  Wiener-Hopf  equation 

oo 

(A)  =  \  +  (4.4.89) 

+  b 


where  b  =  B  —  (2 In)  In  (H/£ p)  is  an  unknown  number  such  that 
iK  (b)  =  0,  (4.4.90) 


and  the  kernel  has  the  form 

+oo 

*(*■)  = 


eib>% 


da> 


1  +  e 


2|co|  2ji 


(4.4.91) 


Equation  (4.4.89)  can  be  solved  by  standard  methods  (e.g.  see  [88, 89]). 
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Let  us  take  the  functions 


oo 


tJ)*  (cd)  —  j  (X —  b)  dX, 
o 
o 


a!h  («)  =  j  £iC0Hi  (X  —  b)  dX , 
-00 


(4.4.92) 


which  are  analytic  in  the  upper  and  lower  half-planes,  respectively. 
Applying  the  Fourier  tansform  to  (4.4.89),  we  arrive  at  the  boundary- 
value  problem 

(cd)  =e-N(*~i)  ^  (co)  1)  2 nb  (cd),  (4.4.93) 

=  Ai}  (cd)  t))i  +  g  (co), 

1  e-nb/2  1  _ 

With  =  1+e-2|<0,  and  g  (co)  =  - ^2  -  i5=r  .  The  solution 
to  this  problem  is  given  by 


Vt  (co) 


i 

G+  (0) 


+oo 

r  ^0' 


0  —  ©'  +  i6 


gK) 

G_(0')  ’ 


(4.4.94) 


where  the  functions  G±  analytic  and  without  zeros  in  the  upper  and 
lower  half-planes,  respectively,  make  the  kernel  separable: 

Ari  =  G+G-  (4.4.95) 


These  two  functions  are  equal: 


and  the  functions  f±  (co)  that  make  separable, 

e-M  =  /+  (cd)  /_  (©),  (4.4.96) 


are  defined  in  (4.4.80). 

We  can  easily  evaluate  the  integral  in  (4.4.94).  Bending  the  inte¬ 
gration  contour  into  the  lower  half-plane,  we  have 


.  +  2ji  r  1  1  e  nh/2>  1  I 

~  G+(o>)  Lw  +  id  G  (0)  0  +  ii t/2  G_  (in/2)  J  * 


(4.4.97) 


Now  it  is  easy  to  find  the  dependence  of  the  impurity  part  of  the 
ground-state  energy  on  the  magnetic  field  strength.  But  first  we  have 
to  find  b.  For  this  we  use  the  formula 

apt  (&)=—£  lim  coift  (cd).  (4.4.98) 

(D-+00 

Whence 


-rcb/2  _  G_  (in) 

~  G-(0)  • 


(4.4.99) 
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Therefore,  according  to  (4.4.97)  and  (4.4.99), 

«■»- (■■-!) »w»+4Sr  1»+.6)‘V+^)  '  <4-4J00> 

and,  finally,  the  magnetic  moment  of  the  impurity,  M  =  ~—dEldHy 
is 

-f-oo 

M8(H)  =  S — Y  +  TTjr  j  {'2i,IIlnW%)-tl 

—  oo 

x2S  -c2S~  1  /  \ 

X  T  (1/2  +  ico/ji)  +  - dco.  (4.4.101) 

In  Sec.  4.4.6  we  mentioned  the  analytic  properties  of  the  inte¬ 
grand.  We  will  illustrate  these  properties  by  the  example  of  formula 
(4.4.101). 

The  integral  in  (4.4.101)  has  two  different  representations,  depend¬ 
ing  on  the  sign  of  In  (H/Tk),  with  TK  —  (n/2)ebTK.  At  H  >  the 
most  convenient  integration  contour  includes  the  cut  of  /5s-1 
(Fig.  4.14): 

oo 

Ms  (fl>  fK)  =  5  -  ^  j  r  (1/2  +  CD)  (-£-) 

o 

x  sin  2nSe>  e~2co  in  (H/tk)  , 

CO 

If  we  introduce  the  invariant  charge  z,  i.e. 

1  .  1  i  i  H 
—  —  +  -s-lnz  =  ln-x—  , 

Z  Z  rp 

we  arrive  at  an  asymptotic  series  in  z: 

Ms(H>Tk)  =  S[  1  +  2  an  (S)  zn  ( H/Tk )] . 

n=  1 


(4.4.102) 

(4.4.103) 

(4.4.104) 


The  first  term  in  this  expansion  with  a±  =  —  1/2  coincides  with  the 
term  known  from  perturbation  theory. 

At  H  <  rK  the  integration  contour  includes  the  cut  of  /J5,  the 
poles  of  the  gamma  function,  and  the  pole  at  ib: 

00 

Ms(H<fK)  =  S-±- _^r(l/2  +  z<D) 


X 


(  zc°  —  1)  Jtgoi>] 

\  e  /  CO 


’S  C  *  '2n+‘ 


+2(f: 

n=l  •'K 


Yn- 


(4.4.105) 


4.  An  Exact  Solution  of  the  Kondo  Problem 


297 


With  exponential  accuracy, 

oo 

Ms(tf<7’K)  =  (S-i-)  [l  +  2  a»(S-i-)zn].  (4.4.106) 

n—  1 

All  the  expansion  coefficients  in  (4.4.106)  coincide  with  those  of 
the  high-temperature  expansion  if  we  substitute  S  —  1/2  for  S.  In 
the  ground  state  the  impurity  remains  magnetic: 

lim  M(H)  -5-1/2.  (4.4.107) 

H-*  0 

If  S  =  1/2,  only  the  poles  contribute  to  the  integral  in  (4.4.101} 
(see  Fig.  4.15)  and  we  have 

oo 

Ml/2  (#)  =  2  TTs  )'(n+1/2)  (-1)"  (y-)2”-  (4.4.108). 

Interestingly,  the  series  (4.4.108)  is  absolutely  convergent. 

To  conclude  this  section  we  note  that  the  linear  equations  built 
here  are  the  first  approximations  in  a  power  series  in  TIH  when  T 
is  much  lower  than  H.  A  regular  perturbation  theory  in  powers  of 
TIH  has  been  built  in  [36].  Below  we  consider  the  other  limiting; 
case. 

4.4.8  Solution  of  Equations  (4.4.35)  and  (4.4.36) 
by  an  Iterative  Method  atr>5  [36,  38] 
and  Perturbation  Theory 

In  Sec.  4.4.6  we  showed  that  £h(co)  is  analytic  in  the* 
lower  halfplane.  The  values  of  this  function  at  co  =  in  (1/2  —  n)y 
n  =  1,  2,  .  .  determine  the  coefficients  in  the  expansion  of  the 
heat  capacity  of  an  impurity  with  S  =  1/2  in  powers  of  TV 7k.  Ex¬ 
cept  for  D  \—u t/2)  =  ji2/3,  there  is  little  hope  of  finding  these 
quantities  analytically. 

The  situation  is  quite  different  for  the  expansion  in  inverse  loga¬ 
rithms  both  at  Tk  and  at  r<C  TK  when  S  1/2  [see  (4.4.76} 
and  (4.4.77)].  Indeed,  the  coefficients  of  the  leading  powers  of  %  are 
determined  by  the  behavior  of  D2S  (co)  at  small  values  of  co  or  by 
the  behavior  of  <j>2s  (^)  as  and  can  be  found  from  Eqs. 

(4.4.36)  by  an  iterative  method.  Here  we  will  build  the  first  itera¬ 
tion  of  Eqs.  (4.4.36)  and  show  that 

discon  Z)2s(i|a>l7  -^-->-0) 

=  S  (S  +  i)  - 4jxoj2/k  )  (1  —  |co|/k  In  |co|/n) 


(4.4.109), 
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as  |  co  |  —^  0.  This  formula,  according  to  Sec.  4.4.6,  leads  to  asymp¬ 
totic  expressions  of  the  type  (4.2.38)-(4.2.40)  known  from  perturbat¬ 
ion  theory. 

To  build  the  first  iteration  we  introduce  the  functions  Cn  — 
=  —  In  n  (fin)-  Then  Eqs.  (4.4.36)  can  be  written  as 

Cn  —  In  {1  +  exp  [s*  (Cn+i  +  Cn_i)8nle~XH/2]}  (4.4. HO) 


with  C0  =  0.  The  first  approximation  to  the  C„  is  their  asymptotics 
at  X  — v  ;bz  oo  i 


co  _(21n<pn  at  a:>0, 

"  l21n<p„_i  at  £<0,  rc=£l, 

and 


(4.4.111) 


■Cl  —  In  (1  +  e~XTt  (p3)  at  x  <  0. 

Let  us  find  the  next  approximation: 
d  —  r  _ r>o 

un  —  C"rv 


Linearizing  Eqs.  (4.4,110)  and  going  over  to  Fourier  transforms, 
we  have* 

■d+n-~^-  +d-n^±-  =  S*(dn+l  +  dn_i),  3,  (4.4.112) 

T^-lSPn+i  (pn-2(rn 

■dS-=^-  +  <S-Ji-  =  s.(d>  +  dt)  +  lr_,  (4.4.113) 

Yl'r3  Y2 

.d\-^  =  s*dz  +  Y+,  (4.4.114) 

T  2 

where 


zb  i 
co  bz  id 


.and 


oo  u 

d+  =  j  d  (x)  eUox  dx,  dr  =  j  d  (x)  ei<SiX  dx . 


(4.4.115) 


We  did  not  write  Eq.  (4.4.114)  for  d~  because  this  quantity  is  not 
small.  Solving  the  boundary-value  problem  (4.4.112)  and  (4.4.114) 
as  co  0  leads  to  (4.4.109),  since 

Dn  (co)  =  dn  (co)  +  O  (co3).  (4.4.116) 

Here  we  will  obtain  only  the  principal  order  in  |  co  |  in  (4.4. 109). 
To  this  end  we  neglect  the  influence  of  the  regions  X  >  0  and  X  <  0 
on  each  other.  In  other  words  in  Eqs.  (4.4.112)  through  (4.4.114) 


We  employ  the  identity  <p^  —  1  =  <pn+iVn  -i* 
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■we  leave  only  terms  with  d+  or  terms  with  d~.  Then  these  equations 
transform  into  equations  for  the  d±,  defined  on  the  real  axis: 


\d+ 


<Pn 


*PS*(£^+1  +  dJ_1), 


d\  =  s*dl  -f  Y+ 
(P2 


;and 


(4.4.117) 


^ n  —^n  - s*  (dn+i  +  dn  —  i ) , 

Mr  71— 2  t  71 

dl  — -  =  s  *dl  +  Y_. 

T2 


(4.4.118) 


Hence,  we  see  that  at  least  in  this  approximation  d*t  (co)  =  dn+ 1  (co) 
and  the  duality  of  the  coefficients  of  the  expansion  in  z  at  T  7k 
and  T K  described  in  Sec.  4.4.6  occurs.  It  can  be  proved  that  this 

is  true  for  all  orders  of  perturbation  theory.  The  recurrence  equa- 
tio2is  (4.4.117)  and  (4.4.118)  are  encountered  in  studies  of  high-temper¬ 
ature  expansion  for  the  one-dimensional  Heisenberg  model  [85]. 
Their  solution  is 


<«  =  -  C0-H6  (tPn+^-n|tD|  -  <Pn-l*-(W+2)  M).  (4.4.119) 

This  implies  that  dn  (co)  and,  hence,  Dn  (co)  both  have  a  discontinui¬ 
ty  that  passes  through  point  co  =  0.  Retaining  in  (4.4.119)  the  lead¬ 
ing  terms  as  co  0,  we  arrive  at  (4.4.109). 

Therefore,  the  impurity  part  of  the  free  energy  is 

fr>rK,  —  T  In  (2  s  +  1)  —  T  -  ( 3+ Q  ] 

(/CTk,  -Tln2S-T  S2~1/4  J 


x  [  l1  ^(r/fK))  In8  (T/Tk)  ]  •  (4.4.120) 

In  conclusion  we  note  that  the  more  precise  the  iteration  the  greater 
the  number  of  function  cpn.  Indeed,  as  n  increases,  the  difference  be¬ 
tween  the  asymptotics  at  %  — ^  ±00  and  at  HIT  0  becomes  smaller. 
Therefore,  the  parameter  in  the  perturbation-theory  approach  is  not 
only  small  |  co  |’s  but  large  ns  as  well.  At  n^>  l  we  can  retain 
In  (T/Tk)  in  (4.4.120).  Whence  at  S  >  1  we  have 


f  r  In  2S  +  X.( 

m  „„  (  ,  1  ,  nS 


arctan 


it. S 


In  (T/Tk) 


6  T 


■S*  (l 


In 


In  (T/Tk) 


a  In  (T/Tk)  \ 
ln*(T/TK)+(nS)*  ) 


This  formula  is  equally  suited  for  T »  Tk  and  T  <c  7k:  •  The  next 
iterations  of  Eqs.  (4.4.36)  are  very  complex. 
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4.4.9  Supplementary  Discussion 

In  Chaps.  4.3  and  4.4  we  followed  the  long  path  from 
quantum  field  theory  to  ordinary  integral  equations  that  determine 
the  properties  of  the  system.  The  nonlinear  equations  (4.4.36)  are,, 
of  course,  very  complex.  Nevertheless,  we  saw  how  naturally  the 
universality  and  character  of  the  thermodynamic  functions  follow 
from  these  equations  for  regions  that  we  could  not  dream  of  studying 
by  perturbation-theory  techniques,  namely  max  ( T1  H)<C  Tk-  We 
can  hope  that  numerical  solution  of  these  equations  would  make 
it  possible  to  determine  the  function  F  imv  (T,  H)  in  the  entire  Tr 
H- plane.  And  there  is  no  reason  why  numerical  solution  should 
pose  any  real  difficulties.* 

As  T  0,  the  nonlinear  equations  become  linear  on  a  semiaxis. 
Fortunately,  the  problem  becomes  solvable  analytically  for  any 
magnetic  field  strength,  and  the  answer  can  be  expressed  as  a  com¬ 
bination  of  integrals  and  be  fully  investigated. 

At  T  <C  H  there  exists  a  simple  iteration  scheme  of  finding  the- 
coefficients  of  the  power  expansion  in  T[H  for  any  value  of  HIT k 
[36];  we  will  not  discuss  this  scheme  here.  The  other  limiting  case, 
T^>  H ,  as  the  case  with  S^>  1,  requires  a  more  detailed  study  than 
that  performed  in  Sec.  4.4.8.  An  important  task  is  to  prove  items  (d) 
and  (e)  of  Sec.  4.4.6. 

In  this  article  we  do  not  touch  on  the  s-d  model  with  anisotropic 
exchange, 

Si int  =  J^ZSZ  +  /j.  (oxSx  +  o»Sv)t  (4.4.121) 

at  S  —  1/2,  which  was  solved  in  [32].  There  we  studied  only  the  seg¬ 
ment  / 1|  When  |/  |y  <Z  J ±,  there  appears,  besides  TK> 

another  energy  scale  connected  with  the  anisotropy.  One  would  ex¬ 
pect  interesting  results  for  this  region,  but  as  yet  the  ground  state 
is  not  known  for  this  case.  Equations  (4.4.36)  give  a  correct  descrip¬ 
tion  of  the  universal  dependencies  of  the  physical  quantities  on  TIT k 
and  H/Tk',  the  coupling  constant  J  enters  all  final  expressions  only 
through  Tk,  but  generally  the  dependence  of  Tk  on  J  is  nonuniversal 
because  both  the  dependence  of  the  invariant  charge  z0  on  J  (4.2.28) 
and  the  Gell-Mann— 'Low  equation  (4.2.35)  are  nonuniversal.  How¬ 
ever,  the  exponential  and  pre-exponential  terms  in 

TK  =  eFVJe~1/JmT>  [1  +  0(J)] 

are  always  universal.  This  constitutes  the  basic  difficulty  of  the 
above  theory:  in  the  formula  defining  TK ,  (4.4.60),  the  required 

*  A  good  algorithm  for  solving  (4.4.36)  numerically  appears  in 

problems  with  anisotropic  exchange.  Due  to  strong  anisotropy,  the  number  of 
equations  in  (4.4.36)  becomes  finite  [36]. 
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pre-exponential  factor  is  absent  and,  therefore,  is  no  way  in  which 
we  can  expand  in  powers  of  J  the  various  physical  quantities,  which 
nan  be  expanded  in  powers  of  the  invariant  charge  z.  Actually,  the 
coupling  constant  /p  t  of  the  perturbation  theory  is  not  an  analytic 
function  of  the  coupling  constant  /  in  formula  (4.4.60): 


This  fact  has  no  satisfactory  explanation  as  yet.  It  is  clear,  however, 
that  this  is  the  result  of  the  linearity  of  the  spectrum.  It  can  be  shown 
that  the  limit  U V2  in  Bethe’s  equations  for  the  Anderson  model 
leads  to  Eqs.  (4.4.7)  and  (4.4.8)  for  the  s-d  model  but  with  a  differ¬ 
ent  coefficient  of  the  first  term  on  the  left-hand  side  of  Eq.  (4.4.8), 
i.e.  with  N  Y J  substituted  for  N.  This  leads  to  a  correct  pre-ex¬ 
ponential  factor  in  Tk- 

4.5  SOLUTION  FOR  THE  rc-FOLD  DEGENERATE 

EXCHANGE  MODEL 

In  Sec.  4.2.5  we  saw  that  Ce  and  Yb  impurities  are  des¬ 
cribed  by  an  ra-fold  degenerate  exchange  Hamiltonian 

S€  =  2  (*  —  *f)  chc  hj  +  jf  2  JcUch’yYjy  +  2  O-5-1) 

k,  j  j~  1  ,  .  .  .  ,71  j 

where 

^2/6r , 

and  Ej  is  the  energy  separation  of  the  lines  in  the  multiplet  charac¬ 
terized  by  total  angular  momentum  J  =  nt 2  —  1  (this  energy  is 
due  to  the  presence  of  a  crystal  field). 

We  remark  here  that  we  have  neglected  the  anisotropy  of  the  ex¬ 
change  interaction.  This  can  be  done  if  the  crystal  field  is  weaker 
than  the  energy  of  the  f  level:  — 6f  Ej.  Therefore,  effects  as¬ 
sociated  with  the  nonsphericity  of  the  surroundings  is  accounted  for 
by  the  last  term  in  (4.5.1). 

We  apply  the  Bethe-ansatz  technique  to  the  Hamiltonian  (4.5.1). 
The  details  of  such  an  approach  were  discussed  above  using  the  sim¬ 
ple  s-d  exchange  model,  which  at  S  =  1/2  is  a  particular  case  of  the 
Hamiltonian  (4.5.1)  with  n  =  2.  Hence  the  brevity  of  our  present 
discussion. 

4.5.1  The  Bethe  Ansatz 

When  there  is  no  crystal  field,  the  Hamiltonian  is  inva¬ 
riant  under  SU  (n)-transformations.  We  introduce  the  permutation 
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operator  that  acts  in  n-by-n  dimensional  space;  namely, 

P*%-  -  6ar,  V.  «,  P,  a',  P'  =  1,  . . . ,  n.  (4.5.2) 

Obviously,  the  scattering  matrix  of  an  electron  with  a  total-angular- 
momentum  component  a  by  an  impurity  in  state  (3  is 

A'  =  (eiJP)a^'.  (4.5.3) 

As  in  the  case  with  the  s-d  exchange  model  (Sec.  4.3.1),  in  view  of  the 
linearity  of  the  conduction-electron  spectrum,  the  permutation  ope¬ 
rator  can  be  chosen  as  the  S-matrix  of  noninteracting  particles,  so* 


Fig.  4.16.  Young’s  diagram  for  the  representation  of  the  permuta¬ 
tion  group  [5,  3,  2,  1]  (N  =  11,  n  =  4). 

that  the  factorization  equations  (4.3.46)  are  valid.  Once  more  Be- 
the’s  hypothesis  (4.3.25)  is  valid,  but  now  we  must  assume  that  the 
indices  in  (4.3.25)  and  (4.3.46)  run  through  n  instead  of  two  values. 

The  periodic  boundary  conditions  imply  diagonalizing  the  matrix 

Tj  =  Pjj+iP;j+2  •  •  •  •  •  •  P^'-iPjo-  (4.5.4} 

The  diagonalization  technique  for  the  T-operator  with  an  SU  (ft)- 
symmetry  was  developed  by  Sutherland  [90].  His  method  enabled 
generalizing  the  solution  with  ft  =  2  to  include  a  solution  with  ar¬ 
bitrary  ft.  Another  version  of  this  technique  one  can  find  in  [91,  92]. 

The  number  of  particles  with  a  given  component  of  orbital  angu¬ 
lar  momentum  /,  the  impurity  included,  is  obviously  conserved 
in  scattering.  Therefore,  the  symmetry  of  the  system’s  state  is 
described  by  a  Young  diagram  with  vertical  columns  of  length  rrif 
and  corresponds  to  a  representation  of  the  permutation  group- 
[ft  —  7ft!,  7ft!  —  7ft 2,  .  .  .,  7ftn-2  —  mn-l>  mn 1  (S^e  Fig*  4.16).  The* 
difference  between  the  heights  of  adjacent  columns,  x  —  mj\. 
gives  the  number  of  particles  with  orbital-angular-momentum  com¬ 
ponent  (ft  —  1)/2  —  j  (we  have  put  m0  —  n  and  mn  =  0). 
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Diagonalization  of  T  leads  to  the  following  Bethe-Ansalz  hie¬ 
rarchy: 


Tr'1  (  +  2  V.  mri+1  (  Xp-^+1>  +  J/2  \ 

£  Up-X«+»-l/2  ) 

BAw-w-t)' 


(4.5.5) 


where 

=  ®pi~  • 

Here  the  energy  of  the  state  is  E  =  kj. 


4.5.2  Magnetic  Susceptibility  at  T  =  0 

Just  as  in  the  case  with  n  —  2,  the  solutions  of  Eqs. 
(4.5.5)  lie  generally  in  the  complex  A(h_planes.  But  in  the  ground 
state  with  given  { mj }  all  are  real  and  vary  in  the  intervals- 

(— oo,  Bj),  where  the  Bj  are  functions  of  the  numbers  {rrij}.  In  the 
continuous  limit  (mj  — oo,  L— oo,  rtij/N  =  const,  and  nN!L  = 
=  6f)  the  system  is  described  by  densities  of  the  number  of  “partic¬ 
les'’  p(i)  (X)  in  the  A,-space  (these  functions  were  defined  in  Sec.  4.4.1). 
The  p(;)  are  nonzero  in  the  intervals  (—  oo,  B j)  and  satisfy  the  follow¬ 
ing  equations: 

n-  1  Bk 

2  j  a,*(&-V)p<*>(V)dX' 

fe=l  —  oo 


_ 2*  f  1  ,  iV-1 

“n°"l  4X2  + 1  '  4(X-l/g)2  +  l 


(4.5.6) 


The  Fourier  transform  of  the  kernel  a,jk  is 

aJh  («)  =  [S,-ft—  -2 COsh-(o/2j"  (5i,A-i  +  Snft+i)J  (1  Tt-W),  (4.5.7) 
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The  number  of  particles  with  the  angular-momentum  component  /  is 


'  n-  1 


/  n- i  /  n-f-l  .v 

=  nS  2  '  —  m'  2  /  =  j  p 


(A)  dA 


s  n+  i 


-  J' 


(X)  dA, 


(4.5.8) 


{we  assume  that  p(0)  (A,)  =  8  (A)).  Equations  (4.5.6)  and  (4.5.8)  de¬ 
termine  the  Bj  as  functions  of  {rij}. 

Before  calculating  the  magnetic  susceptibility  we  must  note  the 
following.  To  the  Hamiltonian  (4.5.1)  we  add  the  term 

-gL  HJZ,  (4.5.9) 

where  Jz  =  2  in^)  is  the  ^-component  of  the  system’s  total  angular 
momentum,  and  is  the  Lande  factor  of  the  impurity.  We  then 
calculate  the  dependence  of  the  energy  on  the  magnetic  field  strength. 
However,  we  must  bear  in  mind  that  (4.5.9)  differs  from  the  correct 
Zeeman  term  for  conduction  electrons,  which  as  is  known  is 

H  (2S  +  L).  (4.5.10) 

The  point  is  that  we  will  be  interested  only  in  the  impurity  part  of 
the  magnetic  susceptibility,  and  this  part  at  /<<  1  is  a  weak  func¬ 
tion  of  the  magnetism  of  free  electrons.  The  easiest  way  to  calculate 
the  magnetic  susceptibility  of  an  impurity  is  as  follows. 

Since  Eqs.  (4.5.6)  are  linear,  their  solution  can  be  written  as 

P  =  Phost.  +  “Jf  Pimpi  <  (4.5.11) 


where  Ph0st  satisfies  Eqs.  (4.5.6)  at  g  =  0,  i.e.  when  the  last  term 
on  the  right-hand  side  of  (4.5.6)  is  absent.  Just  as  in  the  case  with 
n  =  2,  it  can  easily  be  shown  that  p^st  describes  correctly  a  gas  of 
free  fermions  consisting  of  particles  with  n  colors.  We  can  therefore 
readily  tell  how  many  particles  of  each  color  there  are  at  T  =  0 
in  the  first  (in  UN)  order: 


host 


Hj  +  Ej 


(4.5.12) 


This  formula  together  with  conditions  (4.5.8)  determine  the  B j  as 
functions  of  H  and  Ej. 

Since  we  have  found  (4.5.7)  on  the  condition  that  the  energy  is 
minimal,  there  is  no  need  to  calculate  the  Bj  with  a  higher  accuracy 
(in  1  IN).  If  we  did  this,  the  energy  would  change  by  a  quantity  of  the 
order  1  IN2. 
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Therefore,  the  magnetic  moment  of  the  impurity  is 
J  BJ-J  BJ  -hi 

Jimp  (H)=  2  /(  j  P%rf>(X)dk-  j  pfi^+1)M<&). 

j—  -  J  —  00  —  CO 

(4.5.13) 

The  system  of  Wiener-Hopf  equations  (4.5.6)  can  easily  be  solved 
only  when  the  Bj  do  not  depend  on  j.  Even  neglecting  effects  asso¬ 
ciated  with  the  crystal  field  (assuming,  for  instance,  that  Tk^> 
3>  max  (Ej  —  Ey))  we  still  have  to  deal  with  different  5/s.  Only 
when  n  =  2,  3,  in  view  of  the  symmetry  of  the  Hamiltonian  (4.5.1) 
with  respect  to  the  substitution  of  —  /  for  /,  do  the  limits  of  integra¬ 
tion  in  Eqs.  (4.5.6)  coincide.  In  this  case  (n  =  2,  3) 

-f  00 

t/rr\  n—  1  3X  f  cfa)  /  ZCD  \  —  ioo/2jt 

j(^)= — ss-sin^r  ]  to^(—sr) 

—  oo 

*  r  (i +-S-) r  ( ■ 1  -i +S)  «p  ( -  %r -^r)  ■  <4-5-‘4> 

where 

a - - •  (4.5.15) 

The  integrand  in  (4.5.14)  has  a  cut  in  the  upper  half-plane. 

For  n  >  3  the  5/  are  different  and  we  can  hardly  hope  to  solve 
Eqs.  (4.5.6)  analytically.  Nevertheless,  we  can  establish  some  of  the 
properties  of  J  (H)  for  arbitrary  n .  Namely,  at  H^>  Tk  we  have  an 
asymptotic  expansion  in  powers  of  the  invariant  charge  z,  where 

1  i  »  i  i  # 

—  —  ln|2|**ln-y-, 

Jlmp-  ^[i-z{B)  +  0(z*)}.  (4.5.16) 

At  £T<C  Tk  the  function  J  (. H )  is  analytic  in  H : 


Mmp  ' 


AW  (0)+  2  K(h/tk)^. 


n=i 


(4.5.17) 


Formula  (4.5.17)  means  that  there  is  total  compensation  of  impurity 
angular  momentum  J  lmp  (. H  0)  0,  while  the  magnetic  sus¬ 

ceptibility  remains  finite  (nonzero).  To  find  its  value  at  H  =  0 
and  the  solution  at  n  =  2,  we  consider  Eqs.  (4.5.6)  as  g  oo.  We 

have 

Ximp  (H  =  0)/xhost  (H  =  0)  =§<Ef/7k. 

20-0251 


(4.5.18) 
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The  susceptibility  Xhost  of  free  fermions  with  the  Zeeman  term  (4.5.9) 
can  easily  be  calculated.  We  have 

Xhost  =  (4.5.19) 

Whence 

x..»  -  <<Wb>2'  <4-5-20) 

Unfortunately,  this  line^of  reasoning  does  not  enable  calculating 
the  next  (higher-order)  terms  in  (4.5.17).  We  note  that  at  n  =  3 
it  follows  from  formula  (4.5.14)  that  bx  =  0. 

4.5.3  Thermodynamics 

The  solutions  to  Eqs.  (4.5.5)  generally  lie  in  the  complex 
plane  and  group  into  strings 

fc  =  43?a  +  t(p  +  i-2k),  (4.5.21) 

h  =  1, 

In  the  continuous  limit  the  distribution  of  the  centers  of  the  strings 

is  described  by  the  densities  of  “particles”  pp}  and  “holes”  p/;7)  (for 
n  =  2  the  definition  of  these  quantities  is  given  in  Sec.  4.4.1). 
In  terms  of  these  functions  Eqs.  (4.5.5)  must  be  written  as 

Pp  }  (W  +  A  pq  *  *  p(/}  =  Alp  *  s  *  an  sin  (nllri), 

J,  kj  l  =  1,  .  .  .,  n;  p,  q  —  1,2,...  .  (4.5.22) 

Here  *  stands  for  the  contraction  operator,  and  the  indices  that 
appear  twice  are  summed  over.  The  matrices  a  and  A  are  defined  in 
(4.4.25),  (4.4.26),  and  (4.5.7).  Curiously,  the  matrix  elements  (A_1)7fe 
and  ajk  are  proportional  to  each  other.  The  difference  between  the 
two  is  that  a  is  a  finite  matrix  of  rank  n  while  A  is  infinite. 

We  minimize  the  free  energy  with  respect  to  p  and  p  and  find  the 

equilibrium  values  of  p  and  p.  Calculations  that  are  quite  similar 
to  those  done  in  Secs.  4.4.1  and  4.4.2  for  n  =  2  lead  to  the  follow¬ 
ing  results. 

We  introduce  the  notation 

BaP  (X)  «  (A_1)ap  =  6a36  (X)  -  ^  (8a,  3+1  +  8«.  p_0  (4.5.23) 

and  the  dimensionless  function 

,  p^[X-(»/2jt)in(eP/r)] 

e(j)  =  In  — — - * - . 

p  P(p3)[l~(n/2n)  lnfej?/T)] 


(4.5.24) 
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Then  the  z[p  satisfy  the  following  equations  (cf.  (4.4.35)): 

Bjk  *  In  (1  +  =-.Bpq*  In  (1  +  e8^)  +  8pl  -n  ^/n)  e~^ 

+  0(Tie*),  (4-5.25) 

lim  8p  V p  =  HIT . 

p-^oo 

The  impurity  fraction  of  the  free  energy  and  the  free  energy  of  con¬ 
duction  electrons  are,  respectively, 


71—  1  +0O 

Flmv  =  -  T  2  j  ( h  -  £  In  If  )  In  (1  +  e8P) , 

j— 1  — oo 


F  host 

N 


T 

2€f 


j  dk\n{i  +  e~hlT) 


n-  1  +oo 

i=l  -oo. 


(4.5.26) 


(4.5.27) 


where 

n(i)  m  =  I _ sin  (ViM _ 

'  n  cosh  (2n%ln)  —  cos  (nj/n) 


(4.5.28) 


The  first  term  on  the  right-hand  side  of  (4.5.27)  is  the  free  energy  of 
charge  excitations.  Just  as  the  case  with  n  =  2,  it  can  easily  be  shown 
that 


-^host  _  ^  T*2  m 


(4.5.29) 


which  is  the  free  energy  of  a  gas  of  non  interacting  fermions  of  n 
colors.  Equations  (4.5.25)  and  (4.5.26)  imply  that  the  integrals 


+  oo 

f  In  (1  + 


—  oo 


e-2itU/Ti  d% 


(4.5.30) 


converge.  Therefore,  at  r«  rK  the  impurity  fraction  of  the  free 
energy  can  be  expanded  in  a  power  series  in  T/Tk' 

oo 

zr‘L=-1’^+2  6»(4r)!”+‘'  (4-5-31) 

71=1 

with  the  entropy  at  T  =  0  being  zero.  This  means  that  the  ground 
state  of  the  impurity  is  a  singlet.  Comparing  Eqs.  (4.5.27)  andj 
(4.5.26),  we  can  easily  find  the  heat  capacity  as  T  0.  As  before* 


20* 
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we  see  that 

^imp  n~~  i  i  . 

^host  T’k  n 

(4.5.32) 

whence,  according  to  (4.5.29),  we  find  that 

JT  m  71  1  -l  3X  /  a  \ 

Cimp=  3  T  Tk  and  7=  6  (re  1), 

(4.5.33) 

Formulas  (4.5.20)  and  (4.5.33)  enable  writing  a 
generalizes  the  Wilson-Nozieres  formula  for  n  — 

relationship  that 
2: 

lim  <:imp  —  4n2 

^Ximp  n(n-\- 1) 

(4.5.34) 

The  same  result  was  obtained  by  Nozieres  and  Blandin  [52].  The 
approach  they  used  was  phenomenological  and  was  developed  by 
Nozieres  in  [19]. 

Just  as  in  the  case  with  n  =  2  (Sec.  4.4.7),  the  first  terms  in  a 
perturbation-theory  series  for  T^>  Tk  can  be  found  by  iterating 
Fqs.  (4.5.25)  for  an  arbitrary  n .  But  the  calculations  become  very 
Cumbersome. 

4.5.4  Discussion 

The  numerical  investigation  of  Eq.  (4.5.28)  can  be  used 
to  explain  the  experimental  data.  The  simplest  way  to  do  this  would 
be  to  verify  (4.5.34).  Unfortunately,  there  have  been  no  experiments 
with  dilute  alloys  with  rare-earth  impurities,  for  which  the  Kondo 
temperature  would  be  so  high  that  the  crystal  field  could  be  neglect¬ 
ed.  High  Kondo  temperatures  were  observed  in  concentrated  sys¬ 
tems  to  which  the  present  theory  can  be  applied  only  for  temperatures 
that  are  greater  than  the  characteristic  energy  of  RKKY  interac¬ 
tion.  It  would  be  especially  interesting  to  build  an  1/ra-expansion  with¬ 
in  the  framework  of  Bethe’s  method  and  investigate  its  convergence. 

4.6  CONCLUSION 

Although  I  have  named  this  article  “An  exact  solution 
of  the  Kondo  problem”,  it  would  be  more  correct  to  say  it  clears  a 
path  to  such  a  solution.  Indeed,  the  solution  of  many  theoretical 
problems  here  is  only  planned,  and  a  detailed  analysis  of  the  exper¬ 
imental  situation  has  yet  to  come.  Still,  we  will  enumerate  some 
striking  problems  that  have  yet  to  be  solved. 

First,  this  is  the  Anderson  model.  This  is  a  completely  integrable 
model,  and  Bethe’s  equations  for  it  were  derived  in  [34].  There  are 
two  reasons  why  we  did  not  include  the  solution  to  this  problem  in 
the  present  article.  First,  we  wished  to  speak  only  of  the  Kondo 
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effect  and,  second,  Bethe’s  equations  for  the  Anderson  model  have 
not  been  studied  except  for  the  case  with  U <C  F2  [95].  Also,  there 
is  no  satisfactory  derivation  of  Bethe’s  equations  for  the  s-d  model, 
which  should  be  obtained  in  the  limit  U  >>  F2.  Nevertheless,  it  is 
the  author’s  opinion  that  the  study  of  these  equations  is  a  promising 
problem  that  could  lead  to  interesting  results. 

The  complexities  in  studying  these  equations  at  U  >>  F2  is  due 
first  of  all  to  the  uncertainty  originating  from  the  approximation 
of  the  band-electron  spectrum  by  a  linear  spectrum  unbounded 
from  below.  In  the  s-d  model  there  is  no  such  difficulty  because  the 
charge  excitations  do  not  interact  with  the  spin  excitations,  and  the 
spin-excitation  spectrum,  due  to  which  the  Kondo  effect  is  present, 
is  bounded.  In  the  Anderson  model  the  two  types  of  excitation  in¬ 
teract  and  Bethe’s  equations  require  completing  their  definition. 

The  linear  spectrum  is  also  the  cause  of  other  difficulties  and  some 
remarkable  properties.  Indeed,  the  effective  Hamiltonian  (4.3.22) 
does  not  allow  for  backward  scattering.  It  is  easy  to  understand  that 
as  a  result  all  quantities  are  linear  in  impurity  concentration.  In 
this  model  there  is  no  RKKY  interaction  between  the  impurities,  since 
there  is  no  reflected  electronic  wave.  For  the  same  reason,  the  elec¬ 
trons  in  the  effective  one-dimensional  crystal  are  distributed  uni¬ 
formly  over  the  entire  volume  and  are  not  localized  near  the  im¬ 
purity.  Indeed,  the  density  of  particles  with  the  spin  component  a 
in  a  one-dimensional  system  with  a  single  impurity  is  given  by 

oo 

pCT  (x)  =  p0  +  Im  i)  —  Go  (x,  CO  +  iO)  G0  ( —  x,  oo  +  iO)  f  (co)  n(co  + 10), 
0 

where  p0  is  the  particle  density  in  the  system  without  the  impurity  f 
t°  (co)  the  scattering  matrix,  n  (co)  the  Fermi  distribution,  and 

oo 

r»  pi®* 

G0(x,  co  +  i0)=  (  ■■ -^g-—  dk 
o 

the  retarded  Green  function  for  free  particles.  For  a  linear  spectrum 
obviously,  G0  (x,  co)  =  0  at  x  <  0,  whence  there  is  no  addition  to 
the  density  of  free  particles.  Hence  the  absence  of  RKKY  interac¬ 
tion.  In  other  words,  even  the  low-energy  electrons  do  not  stay  in 
the  impurity’s  vicinity,  but  their  spin  remains  correlated  for  a  long 
lime  with  the  impurity  spin. 

In  a  real  situation,  where  the  conduction  band  has  a  bottom, 
t lie  density  of  the  electron  spin  has  a  maximum  at  the  center  of  the 
impurity  with  a  width  r0  —  /&f  Yk,  and  at  r^>  r0  falls  off  accord- 
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ing  to  the  law  [96] 

0  ^  {cos  2kFr -  ^  [sin  2 kFr 

+  sFcos2feFr]  +  0(r^)}  , 

where  Af  (i/)  and  %  (#)  are  the  magnetic  moment  and  susceptibility 
at  T  =  0. 

It  would  be  interesting  to  build  a  solution  to  the  Anderson  and  ex¬ 
change  models  with  a  bounded  electron  spectrum.  Apparently,  new 
ideas  are  required  here,  because  the  solutions  presented  are  based 
on  the  assumption  that  only  forward  scattering  is  possible. 

Among  the  methods  used  earlier  in  the  study  of  the  Kondo  prob¬ 
lem,  Bethe’s  method  proved  to  be  the  best  suited.  But  the  method 
is  very  sensitive  to  the  quantity  to  be  calculated.  Thermodynamic 
functions  are  relatively  easily  calculated  within  the  Bethe  approach, 
but  the  situation  is  different  for  transport  coefficients  and  dynamical 
characteristics  of  the  system.  The  latter  two  types  of  quantities  re¬ 
quire  calculating  the  Green  function,  but  at  present  there  are  no 
mathematical  tools  to  do  this.  Even  calculating  the  matrix  ele¬ 
ments  of  one-particle  operators  encounters  great  difficulties.  Prog¬ 
ress  in  this  field  will  be  connected  with  a  new  mathematical  appa¬ 
ratus.  For  this  reason,  at  present  only  the  transport  coefficients  that 
are  simply  connected  with  equilibrium  quantities  or  the  scattering 
phase  are  known.  One  such  quantity  is  the  impurity  magnetic  re¬ 
luctance  at  T  =  0  and  arbitrary  H.  It  is  well  known  that 

R  (H)  -  R0  cos2  nM{H) 

(e.g.  see  [24f ]). 

At  H  —  0  the  reluctance  attains  the  unitary  limit  R0  and  drops 
as  the  field  grows.  The  Kondo  effect  manifests  itself  in  the  increase 
of  field  strength  aiding  the  current. 

An  important  development  in  Bethe’s  method  is  the  search  for- 
new  separable  S-matrices.  For  our  problem  it  would  be  most  inter¬ 
esting  to  have  separable  S-matrices  that  correspond  to  the  various 
representations  of  the  0  (3)  ®  0  (3)  group.  Such  scattering  matrices 
would  enable  studying  exchange  Hamiltonians  for  rare-earth  im¬ 
purities. 

The  author  wishes  to  express  gratitude  to  A.  I.  Larkin,  who  in¬ 
troduced  him  to  Bethe’s  method,  to  V.  A.  Fateev,  B.  M.  Filev,  and 
A.  M.  Tsvelik  for  their  cooperation,  to  A.  A.  Abrikosov  and 
L.  P.  Pitaevsky  for  their  support,  and  to  B.  L.  Altshuler,  A.  A.  Be¬ 
lavin,  S.  A.  Bulgadaev,  A.  A.  Gogolin,  Y.  N.  Gribov,  G.  I.  Dzha¬ 
paridze,  I.  E.  Dzyaloshinskii,  M.  I.  D’yakonov,  A.  B.  Zamolod- 
chikov,  Al.  B.  Zamolodchikov,  V.  Korepin,  P.  P.  Kulish,  I.  B.  Le- 
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ground-state  energy,  11 

Hall  coefficient,  correction  to,  191 

Hall  current,  187 

Hamiltonian, 

Anderson,  245ff,  253 
effective  exchange,  248ff,  263ff 
Hartree  term,  164 
homogeneous  strain,  9 If 
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zero-point,  37f 

valencedensity  wave  (VDW),  103 

Wigner  crystal,  107,  120ff,  126 
Wigner  crystallization,  71,  120 
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ERRATUM 


p.  283,  formula  (4.4.39)  instead  of  In  (1+a)” 
read  In  (l+e~e^r) 


